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Abstract
In this study heat transfer effects on cilia induced mucus flow in human airways is presented. The elliptic wave pattern 
of cilia tips produces metachronal wave which enables the transportation of highly viscous mucus with nonzero inertial 
forces. Upper Convective Maxwell model is considered as mucus. The governing partial differential equations are trans-
formed from the fixed frame to the wave frame by using Galilean transformation and viscous dissipation is also incorpo-
rated in the energy equation. The non-linear governing equations are evaluated by the perturbation technique by using 
software “MATHEMATICA” and pressure rise is computed by numerical integration. The impact of interested parameters 
on temperature profile, velocity, pressure rise and pressure gradient are plotted by the graphs. The comparison of veloci-
ties due to symplectic and antiplectic metachronal wave are also achieved graphically.

Keyword Viscoelastic mucus · Airway mucus clearance · Perturbation method · Inertial flow · Ciliated surface · Thermal 
analysis

List of symbols
V  Velocity field (cm/s)
W,U  Axial and radial velocity in fixed frame (cm/s)
ρ  Density of fluid (kg/cm3)
µ  Viscosity of fluid (kg  cm–1  s–1)
P  Pressure (kg  cm–1  s–1)
ψ  Stream function  (cm2/s)
S  Stress tensor (kg  cm–1  s–1)
c  Wave speed (cm/s)
a  Mean radius of tube (cm)
λ  Wavelength (cm)
ε  Cilia length (cm)
α  Eccentricity of elliptical path (cm)
β  Wave number (dimensionless)
λ1  Relaxation time  (s−1)
cp  Specific heat capacity (kg  cm2/s2K)
T  Temperature field (K)
T0  Temperature at the centre of the tube (K)
T10  Temperature on the ciliated surface (K)

k  Thermal conductivity (kg cm/s3K)
Re  Reynolds number (dimensionless)
Br  Brinkman number (dimensionless)
Pr  Prandtl number (dimensionless)
Ec  Eckert number (dimensionless)

1 Introduction

Due to the presence of toxic chemicals, dust particles, 
pathogens and viruses in inhaled air, lungs are abnor-
mally resistant to environmental injury. Lungs resistance 
based on strong defence delivered by the airway mucus 
made up of water and mucin and ciliary beating helps to 
transport the inhaled toxin out of the lungs trapped in 
airways mucus. The weak clearance and thick mucus add 
pathogenesis of airway diseases and causes to failure of 
mucus clearance that results in abnormal lung function 
which is mentioned in Ref. [1]. Cilia play an important role 
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for mucus clearance that is essential for normal lung func-
tion. Muco ciliary clearance can only be functional if cilia 
beat frequency is normal. Moisture and humidity (depend-
ing upon temperature gradient) present in environment 
is necessary to regulate ciliary beat frequency. Lee et al. 
[2] studied the muco-ciliary transport by considering the 
Newtonian fluid model in both PCL and mucus layers and 
investigated the factors affecting this transportation and 
underlying the diseases related to respiratory tract due to 
defects in ciliary systems such as cystic fibrosis. Results are 
obtained by the immersed boundary method combined 
with the projection method and concluded that the factors 
which affect the muco-ciliary transport include number of 
cilia, cilia beat frequency and the depth of PCL. Mercke et. 
al [3] performed the experiments on rabbit’s trachea and 
concluded that relationship between metachronal wave 
movements and temperatures ranging from 20° and 40 °C 
is linear. Clary et. al [4] studied the effect of temperature on 
ciliary beat frequency and concluded that cilia beat with 
higher frequencies when temperature rises. Kilgour et al. 
[5] experimentally determined that a fall in environmen-
tal temperature causes to reduce in ciliary beat frequency 
and a decreases the mucus speed. Diesel et al. [6] also 
found a similar linear relationship between environmen-
tal temperature and mucus velocity in respiratory tract. 
Furthermore different researchers studied the effect of 
temperature and vapour pressure on rate of muco ciliary 
clearance. Also Hatanaka et al. [7]. discussed the effect of 
temperature difference on ciliated epithelium present in 
the respiratory tract and found that by the modification of 
temperature (temperature gradient) cilia beat frequency 
can be regulated for the increase velocity of ciliary tips 
required for the muco ciliary clearance.

Cilia motion plays important role in many physiologi-
cal processes including, respiration and reproduction [8]. 
Single cycle of ciliary motion consists of forward and back-
ward strokes. During power stroke cilia starts its motion 
towards base of cilium shaft and returned back to its initial 
position until the start of second ciliary beat [9]. A cilia 
beat with a constant phase difference with one another, 
a large curvature in the cilium is present at its base which 
helps to move very rapidly through the fluid medium with 
a whip-like motion called the metachronism. This collec-
tive ciliary motion of cilia has been studied in many bio-
logical studies [10]. Cilia are present in the human airways 
where foreign matters out of lungs. The moving cilia which 
are responsible for muco-ciliary clearance exhibit a coor-
dinated and periodic pattern due to phase difference in 
their beat and are characterized by metachronal waves. 
The interaction between cilia and airways mucus is con-
sidered very sophisticated hydrodynamic-structural inter-
action. Many researchers [11, 12] studied the interaction 
between cilia and mucus by using different mathematical 

and computational models. Two types of approaches are 
present in literature for the motion of cilia tips, the first one 
is the sub-layer and second is envelope model approach 
[13]. Cilia consists of two strokes i.e. power and recov-
ery strokes, therefore ciliary motion have been studied 
by using different mathematical models. If the direction 
of propagation of metachronal wave is towards forward 
stroke, symplectic beat pattern is produced whereas, when 
it propagates in opposite direction, antiplectic wave pat-
tern is produced. These both types of beat patterns are 
observed in mucus clearance and other biological func-
tions. Many researchers [14–16] studied different ciliary 
beat patterns and diseases related to ciliary activity. Lauga 
[17] much later has also shown that dynamics of tracheal 
cilia features sympletic waves used to propel viscoelastic 
mucus. There are also cases where the metachronal waves 
may propagate oblique to the effective stroke.

Mucus is considered as non-Newtonian gel at macro-
scale and it is different from classical solids and liquids by 
its response to shear stress and shear rate.and it is con-
sidered as fluid with low viscosity at nanoscale. Mucus 
is a heterogeneous mixture mainly composed by water 
(∼95%), mucins (up to ∼5%), and other minority compo-
nents such as cellular debris, fragments of genetic mate-
rial, lipids, etc. Vasquez et al. [18] considered the viscous 
fluid model as mucus depending upon ciliary beat fre-
quency and temperature. Many researchers studied mucus 
as different fluid models including Sisko model [19], Jef-
fery model [20], Maxwell model [21] and Williamson model 
[22]. To make the problem less complicated, we choose the 
simplest viscoelastic fluid constitutive equation, i.e., one 
that is linear and which has only one “relaxation time” i.e., 
the simplest spring-and-dashpot models analogous with 
the Maxwell fluid model.

The inertia has two effects on ciliay flow. First, the 
momentum diffusion from the cilia at the boundary into 
the channel is delayed. Second, the energy input into the 
fluid in the effective stroke is retained beyond its duration. 
Khaderi et al. [23] discussed that at moderate Reynolds 
numbers, the high energy input into the fluid by the fast 
recovery stroke creates a large flow in the direction of the 
recovery stroke. Furthermore, some representative stud-
ies on cilia motion with different fluid models have been 
carried out in literature with long wavelength approxima-
tion and without inertial effects [24]. However the study 
of Maxwell fluid flow induced by the ciliary movement 
with heat transfer under the effect of inertial forces has 
not been studied in literature. Therefore, to make the fast 
process of mucociliary clearance inertial and thermal 
effects are considered for the Maxwell fluid flow. In this 
research mathematical model has been developed for 
cilia induced mucus flow in human respiratory system 
with the effect of heat transfer at moderate Reynolds. The 
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UC Maxwell model is considered as mucus flow which to 
the authors’ knowledge has not yet been studied explicitly 
in ciliated propulsion with heat transfer. This model has 
several unique features not available in other viscoelastic 
models. Also, it is a generalization of the Maxwell linear 
model for large deformations and is formulated using the 
upper-convected time derivative. Although the UC Max-
well model successfully incorporates the first difference 
of normal stresses it cannot predict the second difference 
of the normal stresses. It does however predict that for 
simple shear, shear stress is proportional to the shear rate 
and the first difference of normal stresses and reasonably 
approximates mucus rheology over a wide range of shear 
rates. The Upper Convective Maxwell model has been 
studied in biological fluid mechanics for endoscopic flows 
by Abbasi et al. [25] and embryological transport by Narla 
et al. [26]. But no one has described the inertial and ther-
mal effects on the mucus flow (Maxwell fluid model) due 
to the ciliary activity which is beneficial for the muco cili-
ary clearance required for the normal functioning of lungs.

The present study is organized in five sections; intro-
duction and literature review is added in section one, 
mathematical modelling of thermal analysis of airway 
mucus clearance by ciliary activity in the presence of iner-
tial forces by the help of mass, momentum and energy 
conservation is presented in section two. Results regarding 
the velocity, stream function, pressure gradient and tem-
perature are calculated by perturbation method in section 
three. In section four graphical results for the pressure gra-
dient, velocity and temperature are plotted and effects of 
Maxwell rheological parameter (relaxation time) and Reyn-
olds’ number are discussed. In the last section results are 
summarized with critical observation.

2  Mathematical model

The geometrical model for mucus clearance is presented 
in Fig. 1. We have considered the effects of heat transfer of 
an Upper-Convective Maxwell (UCM) fluid (mucus) flow-
ing in ciliated tube. Due to presence of continuously beat-
ing cilia at the boundaries of cylinder, metachronal wave 
is produced which moves in the direction of z-axis with 
speed c. The temperature at the boundaries is taken as T1. 
In this research envelop model approach [27] is used for 
elliptic motion of ciliary tips. The continuity, momentum 
and energy equations for convective flow of Upper-Con-
vective Maxwell (UCM) fluid (mucus) flowing through the 
cylindrical tube can be written as

(1)∇ ⋅ V = 0,

stress tensors for the Upper-Convective Maxwell model 
can be written as [28]

The velocity vector is defined as

Substituting in Eqs. (4), (5) into the Eqs. (1) and (2), the 
partial differential takes the following form:

where d
dt

=
�
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.

Here the stresses satisfy the following expressions:
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Fig. 1  Geometry of the flow problem
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where ∇ = u
�

�r
+ w

�

�z
.

Axisymmetric flow states the following boundary condi-
tion at the center of the regime

No slip condition due to the metachronal wave gener-
ated by the ciliary tip suggests the following condition as 
given in [27]

at

Following non-dimensional parameters and transfor-
mation from fixed to wave frame given in Ref. [27] are 
introduced to normalize the above equations,

After using Eq. (15), Eqs. (7)–(14) take the following form
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The non-dimensional boundary conditions can be writ-
ten as

at

Introducing stream functions to reduce number of 
unknowns

Equation (16) is identically satisfied and Eqs. (17) to (23) 
are transformed to:
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Taking cross derivative and subtracting to eliminae the 
axial �p

�z
 and radial pressure gradients �p

�r
 from Eqs. (25)-(26) 

yields:

Here:

The volumetric flow rate can be defined in the inertial 
frame as:

After transforming volume flow rate in wave frame we 
get
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The mean-time volume flow rate can be written as:
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3  Perturbation solutions for velocity profile

The Eqs. (25) to (31) are higher order non-linear partial dif-
ferential equations therefore it is impossible to find the 
closed form solution so.to find the solution perturbation 
technique [29] is applied for small wave number.

3.1  Zeroth order system
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The associated boundary conditions are:

Pressure rise per wavelength can be calculated as:

3.2  First Order SYSTEM

The relevant boundary conditions are:

Integrating Eq. (42b) we get pressure rise

(40a)�0 = 0,
�

�r

(

1

r

��0

�r

)

= 0,
��0

�r
= 0 at r = 0

(40b)�0 = F0,
��0

�r
= w(h), �0 = 1 at r = h

(41)Δp�0 = ∫
�p0

�z
dz

(42a)

Re
�

�r

(

−
1

r

��0

�z

�

�r

(

1

r

��0

�r

)

+

(

1

r

��0

�r

)

�

�z

(

1

r

��0

�z

))

=
�

�z

(

1

r

�

�r

(

rS0rr
)

−
S0��

r

)

−
�

�r

(

1

r

�

�r

(

rS1rz
)

+
�S0zz

�z

)

(42b)

�p
1

�z
= − Re

((

−1

r

��
0

�z

)

�

�r

(

1

r

��
0

�r

)

+

(

1

r

��
0

�r

)

�

�z

(

1

r

��
0

�r

))

+
1

r

�

�r

(

rS
1rz

)

+
�S

0zz

�z

(42c)

1

r

�

�r

(

r
��1

�r

)

= −
�

�r

(

1

r

��1

�r

)

S0rz −
�

�r

(

1

r

��0

�r

)

S1rz −
�

�r

(

1

r

��0

�r

)

S0zz

+ Re Pr

((

−1

r

��0

�z

)

��0

�r
+

(

1

r

��0

�r

)

��0

�z

)

,

(42d)
�p1

�r
= 0,

(42e)S1rr = −2
�

�r

(

1

r

��0

�z

)

,

(42f )

S1rz =
�

�r

(

1

r

��1

�r

)

− �1

[(

−
1

r

��0

�z

�

�r
+

1

r

��0

�r

�

�z

)]

S0rz

− S1rr
�

�r

(

1

r

��0

�r

)

−

[

�

�r

(

1

r

��0

�z

)

+
�

�z

(

1

r

��0

�r

)]

S0rz

(43a)�1 = 0,
�

�r

(

1

r

��1

�r

)

= 0,
��1

�r
= 0 at r = 0

(43b)�1 = F1,
1

r

��1

�r
= 0, �1 = 0 at r = h



Vol.:(0123456789)

SN Applied Sciences           (2021) 3:461  | https://doi.org/10.1007/s42452-021-04439-1 Research Article

To solve the zeroth and first order system for velocity 
profile, stream function, shear stress and temperature 
profile, we use the symbolic software “MATHEMATICA”. The 
expressions of zeroth and first order solutions are included 
in “Appendix” and their analyses are constructed through 
the graphs.

4  Graphical results and discussion

As suggested by Wu et al. [30], heat transfer in airway 
mucus by ciliary activity in the presence of inertial forces 
energy and momentum equations are modelled. As the 
mucus flow depends on temperature, speed and pres-
sure exerted by the ciliary movement, therefore results 
for pressure gradient, velocity and temperature profile 
are calculated by the software MATHEMATICA and impact 
of inertial force and relaxation time is presented through 
graphs. As the mucus flow in the airway has relevance with 
the physiological process [31], therefore, we have assumed 
� = 0.4, � = 0.1, � = 0.2, Re = 1and�1 = 0.1 from the previ-
ous study of mucus flow (Maxwell fluid model) under the 
inertial effects [23].

The muco ciliary clearance causes a significant increase 
in the movement of cilia by the pressure forces also the 
pressure gradient in the airway cause liquid flow down 
and up during inhalation and exhalation, it is also men-
tioned in the Ref. [32] pressure gradient helps to propel 
the mucus out of the airways (muco ciliary clearance). The 
metachoronal wave allows the changes in the pressure 
drop which also depends on the movement of the mucus 
and its viscosity therefore in this research we discuss the 
pressure gradient for the different values of Reynolds num-
ber and relaxation time.

Figure 2a shows that pressure gradient reduces for the 
increasing values of Reynolds number near the centre of 
tube but it increases near the ciliary tip, therefore for the 
muco ciliary clearance near the ciliary tip inertial forces 
are required. Therefore in Fig. 2b it is shown that near the 
centre of tube pressure gradient increases with increas-
ing values of relaxation time, whereas contrary response 
is computed near the ciliary tip as the mucus viscosity near 
the ciliary tip rises by the increasing values of relaxation 
time, hence for the mucociliary clearance more pressure 
change is required. It is also previously discussed in Ref. 
[27] that the propulsion of mucus is quite sensitive for 
the mucus formation and pressure gradient increase with 
increasing relaxation times.

As the mucus flow is generated by the metachronal 
wave in the axial and radial direction of the tube therefore 

(44)Δp�1 = ∫
�p1

�z
dz

velocity field is described through the Fig. 3 and Fig. 4. Fig-
ure 3(a, b) shows the axial velocity for different values of 
Reynolds number (Re) and relaxation time (λ1). These fig-
ures show that the increasing values of Reynolds number 
clearly indicates that the effect of inertial forces is dominate 
over the viscous force, so mucus flow increases. Similarly, 
by increasing relaxation time deceleration is produced 
in the flow. Thus it is concluded that mucus having weak 
viscoelastic property generates maximum flow and make 
the fast process of muco ciliary in the airways. Figure 4(a, 
b) present the velocity distributions in radial direction for 
various values of Reynolds number (Re) and relaxation time 
(λ1) parameter. It is observed through these graphs that the 
increasing values of Reynolds number make the fast mucus 
flow in the radial direction across the entire cross-section. 
Whereas, by increasing relaxation time considerable resist-
ance is produced in the mucus flow since elastic forces 
make the mucus thick by which the resistive property of 
mucus enhances which makes the slow flow.

For the high flow of mucus metachoronal wave pattern 
is important so in this study the comparison of symplectic 

Fig. 2  Axial pressure gradient versus axial coordinate for various 
values of Reynolds number (Re) and Maxwell parameter ( �

1
)



Vol:.(1234567890)

Research Article SN Applied Sciences           (2021) 3:461  | https://doi.org/10.1007/s42452-021-04439-1

and antiplectic wave patterns are presented in Fig. 5(a-b). 
The velocity of mucus comprising on a gel material shows 
that with the increasing values of relaxation time both 
axial and radial velocities decreases but the magnitude 
of velocity is high in symplectic wave pattern, so the sym-
plectic wave is more effective than antiplectic wave that 
is claimed in the first section.

The heat transfer analysis of airway-boundary yielded 
the mucus layer temperature that allowed to predict 
temperature distributions in the airway as suggested in 
[24]. In this study the energy and momentum equation is 
modelled under the inertial effects and elastic property 
of the fluid. The momentum and energy equation collec-
tively give the expression of temperature distribution of 
the mucus layers that changes by under the inertial forces 
and relaxation time. The temperature distribution can 
be visualized by the Fig. 6(a, b) under different values of 
Reynolds number (Re) and relaxation parameter (λ1). Fig-
ure (6a) shows that by increasing Reynolds number (Re) 
temperature distribution reduces as inertial forces make 
the mucus thin and the process of heat transfer become 
slow due to reduction in bounding forces within mucus. 

The reduction in temperature distribution may affect the 
ciliary beat frequency that will make problem in muco cili-
ary clearance. Figure (6b) shows that by increasing relaxa-
tion time (λ1) the temperature distribution in the mucus 
flow increases, because the fluid become thick and attrac-
tive force between the molecules enhances which helps to 
transfer the heat transfer in mucus. Thermal analysis shows 
that for the mucocilairy clearance the normal temperature 
is required that is equivalent to the body temperature  (370) 
and in this study it can be controlled by the inertial forces 
and relaxation time.

5  Conclusions

In this research mathematical model has been developed for 
cilia induced mucus flow in human respiratory system with 
the effect of heat transfer at moderate Reynolds number. 
Upper Convective model is considered as mucus. The gov-
erning partial differential equations are transformed from 
the fixed frame to the wave frame by using Galilean trans-
formation and resulting differential equations are solved by 
perturbation method considering small wave number. The 

Fig. 3  Axial velocity versus radial coordinate for various values of 
Reynolds number (Re) and Maxwell parameter ( �

1
)

Fig. 4  Radial velocity versus radial coordinate for various values of 
Reynolds number (Re) and Maxwell parameter ( �

1
)
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effects of various parameters i.e. Reynolds number (Re) and 
relaxation time (λ1) for specified values of wave number have 
been shown in graphs. If Re → 0 , � → 0 and �1 → 0 the Max-
well fluid model reduces to the viscous fluid model and our 
results are matching precisely with the existing results [27]. 
This study has shown following features:

 I. With increasing Reynolds number there is an eleva-
tion in axial and radial velocity and

 II. With increasing values of relaxation time there is a sub-
stantial enhancement in axial pressure gradient and 
also a strong retardation in the axial and radial flow.

 III. The graphical results show that with the increasing 
values of fluid parameter axial velocity decreases 
which indicates that high viscoelasicty effect the 
efficiency of ciliary activity that results to reduce 
the axial flow (horizontal velocity).

 IV. It is analyzed that symplectic wave dominate over 
the antiplectic wave for the mucociliary clearance 
in the airways.

 V. Magnitude of temperature profile decreases by 
increasing Reynolds number and rises by the 
mounted values of Maxwell parameter.

 VI. The mathematical analysis is precisely matching 
with the experimental studies [33] in which it has 
been shown that for rise in viscosity and elastic-
ity of mucus alters the efficiency of propulsion of 
mucus in the trachea which may be due to respira-
tory infections. In this study it is also analysed that 
the flow rate increases for the low values of relaxa-
tion time which make the fluid more elastic also 
the inertial forces help to accelerate the flow which 
reduces the viscosity of the mucus.

This study shows that mucociliary clearance in the air-
way can be controlled by the viscosity and elasticity of the 
mucus in the presence of temperature and inertial effects. 
The present study will hopefully provide significant appli-
cations in bioengineering, medical sciences, and medical 
equipment for the clearance of viscoelastic fluid from dust 
and viruses.

In this study we have considered the single layer of 
mucus in the trachea but near the shaft of cilium and at the 
center of tube mucus has different viscosity, so in future 
two layer approach of ciliary motion can be considered.

Fig. 5  Comparison of velocity profile of mucus with symplectic and 
antiplectic wave pattern

Fig. 6  Variation of temperature profile versus radial for various val-
ues of Reynolds number (Re) and Maxwell parameter ( �

1
)
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