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ABSTRACT - A mathematical model is developed for axisymmetric, incompressible, and fully
developed hemodynamic transport of a reactive diffusing species, e. g. oxygen, in a rigid,
impermeable artery under constant axial pressure gradient which undergoes a first-order
chemical reaction with streaming blood. A two-fluid model is deployed where the core region is
simulated as an Eringen micropolar fluid, and the plasma layer engulfing the core, i.e., near the
boundary, is analyzed as a Newtonian viscous fluid. At the interface of the core and plasma
region, the velocity and shear stress are equal, and micro-rotation is constant. Closed-form
solutions are presented for the velocity and micro-rotation profiles, and a Gill decomposition
method is deployed for the concentration field. Expressions are derived for the dispersion
coefficient, mean and transverse concentration functions. Transverse concentration is observed
to be enhanced with increasing micropolar coupling number (N) and reaction rate (f);

however, it is reduced with greater micropolar material parameter (S) and viscosity ratio (A).

Additionally, graphs are presented for the evolution in dispersion coefficient, and the rate of
dispersion coefficient with micropolar parameters is examined. Finally, both axial and transverse
mean concentration distributions for all key parameters are investigated. Transverse
concentration is observed to be enhanced with increasing micropolar coupling number and
reaction rate; however, it is reduced with greater micropolar material parameter and viscosity
ratio. Axial mean concentration peaks are reduced in magnitude and displaced further along the
arterial geometry with greater micropolar material parameter values, whereas the opposite effect
is induced with greater micropolar coupling number. A slight increase in axial mean
concentration peak value is computed with increasing reaction parameter. The dispersion
coefficient is reduced with increasing micropolar material parameter but grows with a greater
viscosity ratio. The study is relevant to hemorheology, diseased arteries and coagulating
hemodynamics and may help physiologists and clinicians in furnishing a more refined
understanding of diffusion processes in cardiovascular hydrodynamics.

KEYWORDS - Hemo-rheology; Micropolar model; Newtonian model; Unsteady
hydrodynamic dispersion; Bulk chemical reaction; Coagulation; Convective diffusion.
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NOMENCLATURE
Tij Cauchy stress tensor
r couple stress tensor
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Ky, A

coefficient due to viscosity
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1.INTRODUCTION

It has been firmly established in medical sciences for many decades that blood comprises
a sophisticated composite suspension of proteins, lipoproteins, ions, white, and red blood
cells suspended in plasma (water). Erythrocytes alone constitute 40% of blood by volume,
and owing to the small semi-solid and toroidal geometry of these cells, they result in a
non-trivial elevation in blood viscosity of blood — this contributes to the fact that normal
human blood is approximately four times more viscous than water[1]. Furthermore, this
viscosity varies in the human circulation system and assumes strongly rheological
properties in the microcirculatory system [2,3]. This has been predicted theoretically and
confirmed experimentally [4]. Moreover, strongly non-Newtonian characteristics are
observed in small branches and capillary sections of the body, wherein cell-free skimming
leads to a decrease in viscosity. These investigations have broadened the science of
hemodynamics to create a new field in its own right, namely hemo-rheology, which may
be regarded as the study of how the blood, the blood cells, and the vessels can function
and interact as parts of the living organism. More specifically, hemorheology or
hemodynamic biorheology is the science of deformation and flow of blood and its formed
elements. This field includes investigations of both macroscopic blood properties using

rheumatic experiments as well as microscopic properties in vitro and in vivo.



Hemorheology features in numerous human ailments including diabetes mellitus [5],
aneurysmal subarachnoid hemorrhage [6], Alzheimer’s disease (in which erythrocyte
aggregation reduced oxygen transport is observed) [7], thoracic aortic aneurysms and
blood clots [8] and coronary perfusion in cardiac syndrome [9]. Many excellent reviews
of hemorheology have appeared in recent years, describing in great detail clinical
observations of abnormalities. These include Baskurt and Meiselman [10] and Stoltz et
al. [11]. Blood flow in the microvasculature is essentially determined by viscous forces
(i.e., blood viscosity), as elaborated by Skalak et al. [12]. At low shear rates, even in large
arteries, blood exhibits non-Newtonian characteristics. The presence of multiple
suspensions (proteins, fats, ions, red and white blood cells, etc.) generates markedly
rheological properties in blood. To more precisely simulate shear stress-strain
characteristics of actual blood, therefore rheological models are required, and these are
invariably adopted from polymer physics and chemical engineering for which they were
originally developed [13]. The simpler and more popular rheological models for
hemodynamics, e.g., shear-thinning, power-law, viscoplastic (yield stress), e.g., Casson,
Quemada models etc. have been summarized by Robertson et al. [14] and shown to
predict reasonably well the shear flow behavior of blood in leukemia, haemolytic anemia,
and thalassemia conditions. However, many more complex models are available, which
can simulate viscoelasticity, retardation, relaxation, memory, and other rheological
effects in blood. These include the Oldroyd-B elastic, viscous model, Maxwell upper
convected (UCM) viscoelastic models, FENE-P (finitely extensible nonlinear elastic-
Peterlin) model, Williamson fluids, Walters-B short memory fluid model etc. However,
these models cannot simulate the microstructural characteristics of streaming blood.
Several models have, however, been developed which analyze the microstructural feature

of blood and other complex liquids. These include the polar (Stokes couple stress) model



[15,16] and the more comprehensive Eringen micromorphic model [17]. The most
generalized form of the micromorphic model includes gyration (microrotation), i.e., the
spin of microelements, couple stresses, and also axial contractions/extensions. It is,
however, a very complex formulation and has been employed in only several studies of
blood flow, notably Narashimhan [18] and Philip and Chandra [19]. A much simpler but
still robust subset of the microfluid or micromorphic fluids is the micropolar model, also
introduced by Eringen [20]. These fluids feature a non-symmetric tensor, intrinsic
motion, and local microstructures. Early work in blood flows using the micropolar model
[21] has shown that They can successfully explain key hemodynamic anomalies, e.g., the
Segre-Silberberg effect, Fahraeus-Lindquist effect, and blunting of velocity profiles,
whereas alternate non-Newtonian models, at best, can only reproduce one or two of these
anomalies. Many studies have, therefore, explored theoretical and numerical micropolar
blood simulation in the past four decades. Chataurani and Mahajan [22] investigated the
micropolar Poiseuille blood flow analytically with non-zero couple stresses at the vessel
boundary. They derived expressions for axial and rotational (micro-rotation) velocity
components and also apparent viscosity and validated with experimental values (for blood
flow). Akay and Kaye [23] studied the time-dependent stratified two-phase micropolar
blood flow in small diameter capillaries using two different spin boundary conditions.
Chaturani and Palanisamy [24] analyzed the micropolar blood flow in a stenotic arterial
geometry using finite Hankel and Laplace transforms. They observed that micropolarity
accelerates the flow in certain locations (compared with Newtonian fluid) and
furthermore reproduced the apparent viscosity variation accurately with tube radius, i.e.,
inverse Fahraeus-Lindqvist and Fahraeus-Lindqvist effects. Mekheimer and Elmaboud
[25] simulated the micropolar blood clot dynamics in annular peristaltic flow in small

diameter vessels, also computing pressure rise and friction force on the inner and the outer



tubes with different clot heights. Bég et al. [26] used variational finite element and finite
difference codes to compute the biomagnetic micropolar convective blood flow in
perfused tissue regions, computing wall couple stresses, hemodynamic impedance, and
microrotation contours for a range of gyroviscosity and coupling parameters. Sarifuddin
et al. [27] employed a Marker and Cell (MAC) method to simulate the transient
micropolar blood flow and heat transfer through constricted rigid arteries. They computed
wall shear stress, streamlines, separation-reattachment points, pressure drop, and
temperature contours, noting that non-zero micro spin velocity on the arterial wall leads
to early flow separation and that excess pressure drop arises across the cosine-form
stenoses compared with other irregular geometries. Rashidi et al. [28] used a differential
transform method (DTM) to compute the magnetized micropolar blood flow in free
convection hemodynamic filtration systems. Further studies deploying the micropolar
model in a variety of biological transport problems include Ali et al. [29] (bacterial
swimming slime dynamics), Chaube et al. [30] (electro-kinetic biomicrofluidic devices
using non-Newtonian fluent media) and Akbar et al. [31] (cilia-generated pumping of
micropolar physiological fluids in channels). All these studies have identified the
exceptional versatility of Eringen’s micropolar model in modelling more precisely

hemodynamic flows and also a range of other biophysical fluid dynamics phenomena.

In hemodynamics, biochemical reactions arise frequently. These are associated with
diffusing constituents, e.g., oxygen reacting, and also other phenomena such as
coagulation, which is a rigorously regulated biochemical network of reactions (featuring
includes zymogens, enzymes, co-factors, inhibitors etc.) which leads to the generation of
thrombin at the site of an injury and simultaneously eradicate it in the peripheral area
[32]. Chemo-hemodynamics is, therefore, of considerable interest in more detailed

simulations of real blood flows and has received some attention in recent years.



Interesting clinical studies include Mann et al. [33] (on surfacial reactions in blood),
Mann et al. [34] (on coagulation chemical reactions on the subendothelium and
endothelial cells), Mann [35](on physico-chemical coagulation in thromboses), Shen et
al. [36] (on diffusion-reaction in blood clotting), Zhao et al. [37] (chemo-hemodynamic
regulation using nitric oxide synthase (NOS) inhibitor in arterialized venous flaps). A
number of mathematical models have also been developed for studying reactive
hydrodynamics of blood flows, and these also feature dispersion effects (usually modelled
with modifications of the classical Taylor theory). Ng [38] developed an asymptotic
method of averaging to study reactive blood flow with an extended Aris dispersion model.
He computed the impact of the second-order effects of the reaction on the advection
velocity and the reaction rate itself. Murthy and Feyen [39] have examined theoretically
the dual influence of variable permeability and homogeneous and heterogeneous
chemical reactions on the dispersion of a solute in hydromagnetic blood flow through a
conduit containing sparsely and randomly packed porous media. They found that for both
diffusions with a first-order homogeneous reaction or homogeneous and heterogeneous
chemical reactions, the variation of permeability increases the effective dispersion
coefficient, whereas it reduces it with a stronger magnetic field. These studies were
confined to Newtonian reactive blood flows. Roy et al. [40,41] however recently
investigated solute dispersion in non-Newtonian Casson fluid flow using the Aris-Barton
approach. Debnath et al. [42] very recently investigated the dispersion of a reactive solute
in steady and furthermore studied oscillatory flows [43,44] of a two-fluid, three-layer
Casson-Newtonian continuum with the Aris-Barton approach. They considered blood in
the central region to be a Casson viscoplastic fluid (a core of red blood cells in suspension)
and a peripheral layer of plasma modelled as a Newtonian fluid. They employed

perturbation methods to derive the velocity profiles and a finite difference numerical



technique for effective dispersion coefficient by solving the moment equations.
Furthermore, they used a Hermite polynomial representation of central moments to
compute the axial distribution of mean concentration. Micropolar diffusion and reactive
flows have also received some attention. Siddheshwar and Markande [45] studied using
asymptotic long time analysis, the transient convective diffusion of a species in
micropolar blood flow. They derived a time-dependent expression for the exchange
coefficient, which was shown to be independent of the velocity distribution of the flow
but dependent on the initial solute distribution. Vidyanidhi and Murty [46] analyzed the
dispersion of a solute in a micropolar fluid flow in a tube with an irreversible first-order
chemical reaction, observing that the Taylor dispersion coefficient decreases with an
increase in coupling micropolar parameter whereas it increases with micropolar material
parameter values. Further studies include Soundalgekar and Haldavnekar [47] (solute
dispersion with a harmonically varying concentration in micropolar channel flow),
Siddheshwara and Manjunath [48] (on transient convective diffusion with heterogeneous
catalytic chemical reaction in micropolar plane-Poiseuille flow). These investigations all
confirmed a significant deviation in transport characteristics computed with the

micropolar model relative to the conventional Newtonian model.

In the present study, a novel mathematical model is developed for axisymmetric,
incompressible and fully developed hemodynamic convective diffusive transport in a
rigid, impermeable artery under constant axial pressure gradient with unsteady reactive
hydrodynamic dispersion- as a simulation of reactive oxygen behaviour in rheolgical
arterial blood flow. In this study the following methodology is deployed. First a two-
fluid model is deployed where the core region is simulated as an Eringen micropolar fluid,
and the plasma layer is analyzed as a Newtonian viscous fluid. Second, the diffusing

species, e.g., oxygen, is studied which undergoes a first-order chemical reaction with



streaming blood. Third, analytical solutions are developed for the non-dimensional
boundary value problem. This involves the derivation of closed-form solutions for the
velocity and micro-rotation (angular velocity of micro-elements) profiles, and a Gill
decomposition method [49,50] for the concentration field. Fourth, expressions are
derived for the dispersion coefficient with reaction and without reaction and also the mean
and transverse concentration functions. Fifth, the influence of micropolar coupling

number (N), micropolar parameter (s), viscosity ratio (ratio of micropolar viscosity to

Newtonian viscosity) (i.e. A ), reaction rate parameter (,B) on linear (axial) velocity,

dispersion coefficient (Kz) rate of dispersion coefficient, axial and transverse mean

concentration distributions is visualized graphically. Specifically, the novelty of the
present work is therefore the combination of multiple features which have only been
addressed individually in previous studies. Herein we amalgamate (i) a two-fluid model
with micropolar core region and Newtonian plasma layer, (ii) a first-order chemical
reaction model and (iii) the Gill decomposition method for the concentration field. This
multi-faceted simulation therefore addresses simultaneously multiple hemo-rheological
and physico-chemical characteristics of streaming blood. The study is relevant to
diseased hemodynamics and coagulation in blood flow associated with chemical

reactions.

2. MICROPOLAR RHEOLOGICAL MODEL

In this study, both Newtonian and micropolar fluids are examined to stimulate blood flow.

The constitutive equations for micropolar fluids in the tensorial form are:

v, =0, @)

AN =Ty (2
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Here the linear constitutive laws take the forms [51,52].

1
T; =—po; +§ (Qu+ K)(Vi,j +Vj,i) + K& (0, —W,), (4)
I :aWk,ké‘ij +PW, j + Wi, (5)

where Tij and Tij are Cauchy stress tensor and couple stress tensor, respectively. 5”- is
the Kronecker delta, ¢ is the alternating tensor, p is the isotropic pressure, V; are the

components of velocity vector, @, are the components of vorticity vector

(@ = @A/ 2)&V, ;)W are the components of micro-rotation vector wand o and j are

the fluid density (blood) and micro-gyration parameter and a comma after a suffix denotes

covariant differentiation. Furthermore, the coefficients of viscosity u,x and the

coefficients of gyro-viscosity «, g and y satisfy the following inequalities [52]:

2u+x 20, k>0, 3a+,8+}/20,}/2|ﬂ|. (6)
For the flow under consideration, the velocity field is given by u = (u,v,0) , and the
micro-rotation vector is w = (0,0, w) . Owing to the solenoidal nature of the microrotation
vector, the coefficient of gyro-viscosity & and s do not appear in the governing

equations. Moreover, these equations reduce to the classical Navier-Stokes equations (for

the Newtonian case) when N,¢ and jvanish.

3. REACTIVE DISPERSION TWO-FLUID BLOOD FLOW MODEL

As illustrated in Fig. 1, the regime under consideration studies solute dispersion e. g.
oxygen, in fully developed incompressible viscous blood flow through a rigid artery of
radius R'. The model developed amalgamates for the first time, the previous formulations
of Chataurani and Mahajan [22] (micropolar hemodynamics), Debnath et al. [42]
(micropolar transport in rigid arteries), Siddheshwar and Markande [45] (convective
diffusion in micropolar fluids) and Vidyanidhi and Murty [46] (reactive Taylor dispersion

in micropolar fluids).
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Micropolar core flow

Platelets RBC

Fig. 1 Two-fluid blood flow in a rigid arterial segment with bulk chemical reaction

The concentration C’(z’,r’,t") of the species dissolved in the blood is governed by the

following partial differential equation:

’ ’ 21 ’
£+u'(r')£= Da c + Di(r'%
r

at a2 v or )_ﬂ’c no=<r<r. ()

here D denotes constant molecular diffusivity of the species (e. g. oxygen) in blood,

u’(r") is blood velocity. Also, the species undergoes a first order chemical reaction with
flowing blood at a constant rate 3’ . The blood vessel walls in the present study is assumed

to be impermeable, i.e.,
oc’
.—=0 at r'=R/,
- ®

Also, due to symmetry:

oC’
—=0 at r'=0.
.~ ©)

The initial and upstream and downstream conditions are taken as:

M&(z')

C'(z',r',0)= :
(.r.0) =205

(10)

C' (20, 1", 1) =0. (11)

Where M is the mass of the species released in the blood flow and &(.) is the direct delta

function. The blood considered in this study is simulated with a two-fluid model where
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the core region (0<r'< Rl') be is modelled by as an Eringen micropolar fluid (containing

various suspensions as shown in fig. 1), whereas the plasma layer (R{ <’ <R’) near the
boundary is taken as Newtonian fluid. Constant axial pressure gradient is assumed. We
suppose that in both core and plasma layers, the fluid is steady, axisymmetric,

incompressible, and fully developed. We denote (0, O,vi’(r’)),i =1,2, the velocity vector,

where the subscript 1 indicates the velocity in the core region (micropolar zone), whereas
subscript 2 represents the velocity in the plasma region (Newtonian zone). The
microcirculation velocity of the micropolar fluid in the core region is represented by

(0,w'(r"),0). Thus, the governing equation for fluid flow in the core region:

_op’ 1d dv, K‘i b , ,
oz’ tlrx )r’ dr’(r drj r dr,(ra))—O, O<r'<R (12)
7'_[75( rw ) (_+2w) 0, 0<r'<R! (13)

Where x" and 5’ are the micropolar fluid viscosity and gyroviscosity coefficients

and ,ul' is the dynamic viscosity coefficient of the micropolar fluid.

The governing equation for the fluid flow in the plasma region is:

o, d (v,
oz’ r’dr’ dr’

j 0, Ri<r'<R (14)

The quantity, ,ué in Eq. (8), is the dynamic viscosity of the Newtonian fluid.

4. NON-DIMENSIONALISATION OF MODEL

Throughout the remainder of the analysis, the following dimensionless quantities are

adopted:
' ' 13~ '
t_th’ _I‘_’ Z’:i, C 7R C’ ﬁ(i—lZ)
R’ R’ R’ M 15
WR, B KJ _&! _i’ ( )
U’ W+ K R 4
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U=—(R"?/1)op'/d7" is a reference velocity, N indicate the micropolar coupling
number, 1 is core radius to total radius ratio and A is the viscosity ratio. Using the

scaling as defined in Eq. (15), the initial-boundary value problem (IBVP) given by Eqgns.

(12-14) emerges as follows:

1d( dvy) Nd

—— | r— [+——(r 1-N)=0, O<r

rdr( derr r dr( a))+( ) <t (16)

d(1d s (dv

— | ==(rw) |- —L+2w =0, O0<r 17

dr(rdr( )j 2—N(err j == 1n
1d( dv,
——|r—= |+ 1=0, n<r<l 18
rdr( drj 7 (18)

Here S°=x'R?(Q2u/+x')/y'(1+K')is the micropolar material parameter, r is
dimensional radial coordinate. For the present problem the flow boundary conditions are
adopted as follows:

()  Atthe centre of the artery, the fluid velocity is finite, i.e.,

V,W<o at r=0 (13)

(1)  Atthe interface of the core and plasma region, the velocity and shear stress
are the same. Also the micro-rotation (angular velocity) at the interface is

constant. Thus,

V=V, at r=p (14)
dv, 1-N dv
—L1Li i Nw=—"—1-—-"2 gt =
dr TR A dr & ren (15)
1d
—— =0 at r=
Cgr(w)=0 at r=p (16)

(1) No-slip boundary condition at the boundary of the plasma layer (vessel
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wall periphery) leads to:

v,=0 at r=1 (7)

Similarly, the dimensionless form of the convection-diffusion Eq. (7) with associated

initial and boundary conditions (8-11) is transformed by virtue of Eq. (15) to:

oC oC 10(_oC) oC
—+Peu(r)—==—|r— |+—--C, 18
ot ()82 rar[ arj oz’ g (18)
c(,r,2)=5(z), (O<r<1), (19)
(Z—cr:zo at r=0, (20)
%:O at r=1, (21)
%:C(t,r,z)zo, at z — oo, (22)

Here ﬁ=,3'R'2 I D is the dimensionless bulk reaction rate and Pe(=UR’/ D) Is the

effective Péclet number, which quantifies the relative contribution of convection to

diffusion.

5. NEWTONIAN LINEAR & ERINGEN SPIN MICRO-ROTATION VELOCITY
PROFILES

Now by solving the coupled equation (16) and (18) subject to boundary condition (19) —

(23) we obtain the solutions for the linear velocity and microrotation in the core region

(Vl,W) and linear velocity in the plasma region (Vz) :

A e N e o 2NFG(Sn)
v, = (1 n )‘|‘2 |:77 r+ §Z (|0(S77) 1}:|' 0<r<77 (29)




15

W=

1-N [r_ 21,(sr)

2(2-N) slo(sn)}’ O<r<n (30)

v2=%(1—r2), n<r<1 (31)

If (7,4) — (1,2) then this two-fluid model is reduced to the single fluid (micropolar) model

having following velocity components i.e.

_1-N 2 2N[Ig(sr)
Vl_—2(2—N){l r’+—- [I 6 1]} O<r<1 (32)
_ 1-N _21,(sr)
_2(2_N){r 5.6) } O<r<1 (33)

Further, if (7,s) — (0,0),4 =1, and N =0, then, Eq. (29) original core flow becomes:

vlzi(l—rz), 0<r<1 (34)
This corresponds to classical Newtonian Poiseuille flow

6. GENERALIZED DISPERSION MODEL

Following Gill [49], the species concentration field can be decomposed in terms of mean

concentration as follows:

C(t,r,z)= C+Zg (r, t)a , (35)

1
Where C = 2J' rC(t,r, z)dr indicates the mean concentration of a species. By assuming

that the behaviour of mean concentration C is diffusive in nature right from the

beginning, then accordingly, the mean concentration can be expressed as follows:
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o€ &, .0C
E—gKi 0= (36)

The terms K, and K, in Eq. (36) are termed as the advection and dispersion coefficient,

respectively. Using Eq. (35) in Eqg. (36) and Eq. (24) and after some algebraic

manipulation, we obtain the following system of partial differential equations:

1.

ot ror arj_ﬂgl_(PeMKl)' (37)

og, 1 a(r%

2 - arj—ﬂgz—(Peu-l-Kl)gl-l-(l—Kz) (38)

ot ror

agk+2 zlgﬁr%J—ﬂgk+2 —(Peu + Kl)gk+1 + (1_ KZ) fk

ot ror or
k+2 (39)
_Z Ki9i, (K=121L)
i=3
The initial and boundary conditions on gf are prescribed as follows:
0i 0,r)= 50i ’ (1=012) (40)
%:0 (i=0,1,2) at r=1, (42)
%—0 (i=0,1,2) at r=0 42
or 7 - (42)
It may be inferred that:
1
[r-gi(r,tydr=0 (43)
0

The coefficients K; and K, can be derived by taking the cross-sectional averages as:

K,(t) =—Ped, (44)

K,(t)=1- 2Pej01rgludr. (45)
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1
K., ()= —2Pe.[O rg;,,udr. (46)
U in Eqgn. (44) is average velocity given by:

n 1
u= ZJ- rv,dr + Zj rv,dr
’ ’ 47)

6.1. Dispersion coefficient:

In order to solve Eq. (37) with the given initial and boundary conditions (Egs. (40) -(42),

one may deploy finite Hankel transforms defined by:

1

G1(6:py) = Hgs) = fo r gulo(ir)dr. (48)

Where J, is the Bessel function of order zero and P; is the positive roots of Jl(pi) =0 .

The corresponding inverse transform:

o0

AR UICIN I
i=0 l

2Jo(piT) .
Zoleir) 5 . (49)

Taking the Hankel transform of Eq. (37) and Eq. (40) with the aid of Eqgs. (41) and (42)

gives:
90, 2)§, = 50
W‘F(ﬁ*‘Pl’)gl—_Im: (50)
91(0;p;) = 0, (51)
Here:
1
l,, =Pe[r(u-a)Jy(p,rydr, (52)
0

Solving Eqg. (50) subject to the initial condition (51), we obtain:

exp(— (B +pPD) — 1
B + p?

g1t p) = (83)

in-
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Hence,

& 23,(pir) exp(—(B+ pA) -1
G020

L, (54)

Using Eq. (45) and (53), we obtained the dispersion coefficient with reaction and without

reaction (£ =0) as:

= exp(=(B+pi)t) -1
K, =1- ' | D
2 ; B+ piz in'2n (55)
Where,
L do(pir)
l,, =4Pe| ru—2"~dr. 56
! 35(p) (56

Additionally, due to bulk degradation, the rate of decrease is further assessed

6.2 Mean and Transverse Concentration

The expression for the higher-order term in the series solutions are negligible (see- Wang

and Chen [50]) and at the large time t>3 only gl(r,t) is sufficient to estimate the solute

concentration. Therefore, by neglecting the K; onwards we get:

oC_ ,.-oC 0°C
E:—Peu E-'_ Kz(t)a? (57)

The solution of mean concentration w.r.t. the initial boundary condition given earlier is:

exp| - (z- PeUt)2 (58)
a5ty |

C=

1
2\ (1)

where,
£(t) = [ K,(s)ds. (59)

The transverse concentration is obtained as:
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C(r,r,z)=5+igi(r,t)§7§ (60)

However, with the progress of time, the higher-order terms of the series become
negligible. Wang and Chen [46] have shown that after time t > 3, only the first term of

the series is sufficient i.e.:
- oC
C(r,r,z)=C+g,(r,t)— (61)
o/
In the plots described in the next section, we use a specific definition for the rate of

decrease of dispersion coefficient due to coupling number (N ) ie.

7. RESULTS AND DISCUSSION

Figures 2- 9 illustrate the impact of micropolar coupling number (N), micropolar

parameter (s), viscosity ratio (ratio of micropolar viscosity to Newtonian viscosity) (i.e.
A) and reaction rate parameter £ on linear (axial) velocity (U i.e. V;,V, in the core and

plasma regions), time variation of dispersion coefficient (Kz) , axial and transverse mean

concentration distributions. Generally, we prescribe high Péclet number (Pe = 100 i.e.

convection dominates diffusion) and radius ratio is set as » =0.95.
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Fig 2. Dimensionless velocity profile for a variety of (a) micropolar coupling number (N) where (s =2,4 =0.3)
; (b) micropolar material parameter (s) where (N =0.4,2=0.3); (C) viscosity ratio (1) where (s=2,N =0.4)..

Figures 2(a-c) illustrate the linear velocity variation with a radial coordinate for several
parameters. In all cases, a substantially greater maximum velocity at the vessel centreline
(r =0) is computed with Newtonian single fluid compared with the two-fluid micropolar-
Newtonian scenario. An increase in micropolar parameter (s), as observed in Fig. 2a,
strongly boosts the linear velocity, i.e., induced significant flow acceleration. Conversely,

increasing micropolar coupling number (N), as visualized in Fig. 2b damps the velocity

i.e., produces substantial deceleration across the tube cross-section. Increasing viscosity
ratio (ratio of micropolar viscosity to Newtonian viscosity) (i.e., A ) however, results in
a marked acceleration in the flow. Clearly, greater micropolar (core region) viscosity
relative to Newtonian viscosity enhances velocity magnitudes. In all cases smooth
parabolic topologies are computed across the vessel cross-section, and there is no

backflow, i.e., flow reversal does not arise.
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Fig 3. Time variation of dispersion coefficient (K,) for a variety of (a) micropolar coupling number (N) where
(s=2,2=0.3,p=1); (b) micropolar material parameter (s) where (N =0.4,4=0.3,4=1); (C) viscosity ratio

(1) where (s=2,N =0.4,p=1); (d) reaction parameter (5) where (N =0.4,1=0.3,s=2) ..

Figures 3a-d depict the transient variation in dispersion coefficient (K,) with all key

parameters. In all plots, the dispersion coefficient ascends very steeply from initiation and
eventually attains a plateau at large time (steady state). With increasing micropolar

material parameter (s), there is a distinct elevation in the dispersion coefficient (Fig. 3a)
at all times (t). However, the dispersion coefficient is suppressed with increasing
micropolar coupling number (N) as observed in Fig. 3b. A weak enhancement in the
dispersion coefficient accompanies an increase in the viscosity ratio (ratio of micropolar
viscosity to Newtonian viscosity) (i.e., A ) as seen in Fig. 3c. However, a strong depletion

in the dispersion coefficient is induced with increasing bulk reaction parameter (ﬂ)

although the modification is less prominent than with increasing micropolar coupling

number (N).
8 (a) e (b) — A=0—1—2
\ .
’ 35 No reaction
\ o
= 25
2
15
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Fig 4. Plots of dispersion coefficient (K ) at the asymptotic time (t =1) with (a) reaction rate parameter () ; (b)

micropolar coupling number (N ), where, s=2, and 1=0.3.
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Figures 4a-d depict the distribution of dispersion coefficient (Kz) with several key

parameters, computed at the asymptotic time t =1. In Fig. 4a it is evident that a smooth
decay is produced in dispersion coefficient magnitudes with an increase in bulk reaction

parameter () and at very high values of this parameter, all profiles converge to the
asymptotic limiting value of unity. Increasing the micropolar coupling parameter (N)

also results in a strong depletion in dispersion coefficient values. The maximum dispersion

coefficient is computed in the absence of chemical bulk reaction g=0. Figure 4b

confirms this trend in which it is observed that the maximum dispersion coefficient is
computed for the “no reaction” scenario. Quite a notable reduction in dispersion

coefficient is clearly associated with increasing bulk reaction parameter () consistent
with [53] and also increment in micropolar coupling parameter (N) . In the limit of large

N , the dispersion coefficient attains unity value.
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Fig 5. Plots of dispersion coefficient (K, ) at the asymptotic time (t =1) with (a) viscosity ratio (1) ; (b) micropolar

material parameter (s) , where, N =04, and 5=1.
Figures 5a-b illustrate the evolution in dispersion coefficient K, with (a) viscosity ratio
(ﬂ) (b) micropolar parameter (S) again at asymptotic time (t = 1). In both plots the
bulk reaction parameter us constrained as unity (g =1) . A linear growth in dispersion

coefficient (Kz) accompanies increasing values of viscosity ratio, as plotted in Fig. 5a.

However, there is a strong decrement in dispersion coefficient with increasing micropolar
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material parameter (s). Clearly the micropolar core flow characteristics have a substantial

impact on hydrodynamic dispersion of the solute in the regime. Fig. 5b shows that a
sigmoidal variation in dispersion coefficient is computed with increasing micropolar

parameter.

(a) — N =03 —04——05 — (b) —A=0—1—2

0 . .
107 100 10 102 10° 1072 107! 10°

B N
Fig 6. Variation of (a) Ry, 5 with f,and (b) R,y with N, at the asymptotic time t=1, where s=2, and 1=0.3.
The increment and decrement of dispersion coefficient as we seen Figs. 5 and 6 due to

B,N and A is further assessed by defining Ry, as:

R, s =1- Kj;—o (57)
R, as:

Ry =1 Kj:_o (63)
And Ry, as:

Ry, =1—$j_0 (64)

The parameter RKM and RKZ,N determine rate of decrement of dispersion coefficient due

to reaction rate constant and micropolar coupling number respectively, whereas, RKZ, 2

estimate the rate of increment of dispersion coefficient due to viscosity ratio. These
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incremental and decremented rate of dispersion coefficients w.r.t. the associated
parameter are displayed through Figs. 6a-b and 7.

A strong increase in RKz,ﬂ is induced with higher values of reaction parameter, s, as
computed in Fig. 6a. The dispersion coefficient rate therefore grows with more intense
first order chemical reaction in the blood flow. RKb s is however noticeably depressed
with increasing micropolar coupling number, N at all values of g . Fig. 6b shows that
RKZ,N however increases significantly with N ; on the other hand, it is weakly reduced

with increasing bulk reaction effect () and this behaviour is most prevalent at high N

values.

-0.03

-0.04 : : : : '
0 0.2 0.4 0.6 0.8 1

A

Fig 7. Variation of Ry, with /,and at the asymptotic time t=1, where, N =04, and f=1.

Figure 7 depicts a linear decay of RKM with increasing viscosity ratio. In other words

the dispersion coefficient rate RKM is suppressed with increasing micropolar viscosity
(core blood flow) relative to Newtonian viscosity (plasma peripheral layer). Conversely

a non-trivial increment in dispersion coefficient rate RKM is induced with a rise in

micropolar material parameter(s). Maximum dispersion coefficient rate RKM IS
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therefore achieved with minimal viscosity ratio and strong micropolarity of the core blood

flow.
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Fig 8. Axial mean concentration at the dimensionless time 7=10 with Pe=100, for a variety of (a) micropolar
coupling number (N) where (s=2,1=0.3,8=1); (b) micropolar material parameter (s) where

(N =0.4,1=0.3,B=1); (c) viscosity ratio (1) where (s=2,N=0.4,3=1); (d) reaction parameter (8) where

(N=04,2=035=2)..

Figures 8a-d visualize the evolution in axial mean concentration at the dimensionless

time t=10 with axial coordinate (z), for the convection-dominated case i.e. Pe=100,

for different values of the control parameters. Axial mean concentration peaks are
decreased in magnitude (Fig. 8a) and the centre of gravity of the species migrate further
along the arterial geometry with greater micropolar material parameter (s) values.
Symmetric parabolic (bell shaped) distributions are consistently computed. Figure 8b
shows that the opposite effect is induced with greater micropolar coupling number (N)
i.e. the peaks are elevated in magnitude but displaced backwards along the axial direction,
although parabolic topologies are again observed. A slight increase in axial mean

concentration peak value is caused with increasing reaction parameter. Figure 8c indicates
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that, although no tangible modification in axial concentration peak values is caused with

an increase in viscosity ratio (/1) the peaks are however translocated further along the

axial direction. With increasing reaction parameter (,B) Fig. 8d displays that whereas

there is no displacement of peaks along the axial direction, there is a slight enhancement
in axial concentration peak magnitudes i.e., the minimum peak axial concentration

corresponds to the “no reaction” case (B =0).

0.1086 0.1086
_—_'\
(a) _ 0.1 —_
01084 ——— 01 01084 (P)
0.1082 . 01082 T —q3
&) U ¥ @) TTTTe—,—
0.108 0108l
— A=05
o078l 0_5—*”"—/_‘/_0—_ 010781 T ——
t=3,2—2=-0.1
0.1076 01076 ‘ ‘ C[tm3:-m-o1]
0 02 04 06 08 ! % 02 04 06 08 1
r r
0112 0.112
(c) —
—-_/_——_ \—\\—
otter 1 o111l (d)
01116 0.1116
11
O . —— 0 —
1.1
0.1114 P —] 0.1114
01112 0A126—s t=3,2-2%=01
e s=12
s=12 B e S
o
0.111 0.111
0 0.2 04 06 08 1 0 0.2 04 06 0.8 1
r r
0.102 010260 o
| N — 039 o N=082eg .
(e) )
0.1015 0.1015
e e 03—
| —— | R
O o.101 O o0.101
. .
o005 . 0.1005 oo
PR pp—
0.1 0.1
0 02 0.4 06 0.8 1 0 02 0.4 06 08 1



27

0.099 0.099
’-—‘H““M_
A=02
(©) 502 —_— oossot (h) —
0.0088—>—
0.0388
/ s 01 .
ot 0,087 —
0.0086+——— @) .
0.0986
oomst i =01
0.0384 : : ‘ ‘
0 02 04 06 08 1
' T

Fig 8. Transverse concentration at the different axial locations at the time t =3 for various (a, b) viscosity ratio
(2) where (s=2,N=0.4,5=1); (c,d) micropolar material parameter (s) where (N =0.4,4=0.3,4=1); (e f)

micropolar coupling number (N) where (s=2,1=03,8=1); (9, h) reaction parameter (p) where
(N=04,1=035=2)..
Finally, Figs 9a-h visualize the transverse concentration distributions with radial

coordinate for all key parameters. Plots are grouped in pairs for upstream (Z— Z,= -0.])

and downstream (Z—Zg =0.1). Here, z, =Pelt signifies the center of gravity of the

reactive species which is moving at the average speed of the blood in the downstream
direction in the blood vessel. Figures 9a, b show that transverse concentration increases
with radial coordinate in upstream (column 1) whereas it decreases with radial coordinate

in downstream (column 2). In both plots there is a strong depletion in transverse
concentration of the reactive species (e. g. oxygen) with greater viscosity ratio (ﬂ) . With

increasing micropolar material parameter (s), as displayed in Figs. 9 c,d there is

significant suppression in transverse concentration magnitudes. Figures 9 e, f indicate

that with increasing micropolar coupling number (N) there is a marked enhancement in

transverse concentration at all values of radial coordinate i.e. anywhere across the blood

vessel cross section. A very distinct elevation in transverse concentration is computed
with increasing reaction parameter (ﬂ) in Figs. 9g-h and this is consistent at all values

of radial coordinate.
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8. SUMMARY AND CONCLUSIONS

A comprehensive mathematical model has been developed for axisymmetric,
incompressible and fully developed hemodynamic transport (blood flow) in a rigid
impermeable artery under constant axial pressure gradient with unsteady reactive
hydrodynamic dispersion. A two-fluid model has been employed wherein the core region
is simulated as an Eringen micropolar fluid and the plasma layer is analyzed as Newtonian
viscous fluid. The diffusing species e.g. oxygen is assumed to experience a first-order
chemical reaction with streaming blood. Analytical solutions are developed for the non-
dimensional boundary value problem. Closed-form solutions are presented for the
velocity and micro-rotation (angular velocity of micro-elements) profiles and a Gill
decomposition method is deployed for the concentration field. Expressions are derived
for the dispersion coefficient with reaction and without reaction and also the mean and
transverse concentration functions. Extensive graphical visualization of the impact of key
rheological and reaction parameters on transport characteristics has been presented. The
key findings of the present computations are:

0] Transverse concentration is elevated with increasing micropolar coupling
number and reaction rate whereas it is decreased with greater micropolar
material parameter and viscosity ratio.

(i)  Axial mean concentration peaks are reduced in magnitude and displaced
further along the arterial geometry with greater micropolar material parameter
values whereas the opposite trend is observed with greater micropolar
coupling number i.e., peaks are displaced backwards and enhanced in

magnitude.
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(iii) A slight elevation in axial mean concentration peak value is produced with
increasing reaction parameter although there is no displacement of peaks
along the axial direction.

(iv)  Dispersion coefficient is reduced with increasing micropolar coupling number
whereas it is enhanced with greater viscosity ratio.

(V) Peak axial velocity is also enhanced with greater viscosity ratio although the
two-fluid case always achieves much lower magnitudes than the single fluid
(Newtonian) case.

(vi)  Transverse concentration always increases with radial coordinate for the
upstream radius ratio case whereas it decreases with radial coordinate for the
downstream case.

(vii)  Minimal peak axial concentration is computed for the “no reaction” case.

(viit) Dispersion coefficient linearly increases with A ; however, rate of increment

RKM exhibits a linear decrease with increasing viscosity ratio.

(ix) A slight increment in dispersion coefficient rate Rsz,1 due to viscosity ratio
is induced with elevation in micropolar material parameter. Maximum
dispersion coefficient rate RKZ, , due to viscosity ratio is therefore computed

with minimal viscosity ratio and strong micropolarity of the core blood flow.
The present analytical study has revealed some interesting dispersion and hemodynamic
characteristics of relevance to coagulation and biochemical reactions in streaming blood.
However, the blood vessel has been assumed to be rigid. Furthermore, only homogenous
reactions have been addressed whereas much more complex multi-stage chemical

reactions in blood may be investigated. Future investigations may also consider
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deformability of the blood vessel wall and furthermore may explore nanoparticle doping

[54] which is of relevance to pharmacodynamic treatments of diseased arteries.
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