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A B S T R A C T   

Thermal energy management associated with the transmission of heat is one of the main problems 
in many industrial setups (e.g. pharmaceutical, chemical and food) and bio-engineering devices 
(e.g. hospital ventilation, heating, cooling devices, heat exchanger and drying food, etc). The 
current study aims to examine thermo-bioconvection of oxytactic microorganisms taking place in 
a nanofluid-saturated needle with the magnetic field. Stefan-blowing is applied. The leading 
equations of continuity, momentum and energy, species transport equations for oxygen concen-
tration and population density of microorganisms are reduced dimensionless and Lie symmetry 
group transformations are used to generate appropriate invariant transformations. The resulting 
similarity boundary value problem (in which the blowing parameter is coupled with concentra-
tion) have been simulated using MATLAB (2015a) bvp5c built in function. The impact of the 
emerging factors on the nondimensional velocity, temperature, nanoparticle concentration and 
motile microorganism density functions and their slopes at the wall, are pictured and tabulated. 
Justification with published results are included. It is found that all physical quantities decrease 
with Stefan blowing and increase with power law index parameter. With elevation in magnetic 
field parameter i.e., Lorentzian drag force, the friction factor reduces while the local Nusselt 
number, local Sherwood number, and the local motile microorganism density wall gradient in-
crease. Present study could be used in food and pharmaceutical industries, chemical processing 
equipment, fuel cell technology, enhanced oil recovery, etc.   

1. Introduction 

Investigation of the hydrodynamics of electrically conducting liquids/gases subjected to a magnetic field is known as magneto-
hydrodynamics (MHD). MHD phenomena have many industrial applications [1]. Recent trends in nanotechnology have witnessed a 
proliferation in deployment of nanofluids. A new sub-set of these nano-scaled engineered liquids are magnetic nanofluids which are 
synthesized via the careful suspension of magnetic nanoparticles within a base fluid e.g. air, lubricants, water, etc. Magnetic nanofluids 
provide a mechanism for controlling flow, heat/mass and microorganism transfer rates with the imposition of an exterior magnetic 
field which may be static or oscillatory. These characteristics of a magneto-nanofluids make them ideal for many complex applications 
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Nomenclature 

b̃ chemotaxis constant (m)

C fluid concentration (− ) 

Cp specific heat at constant pressure 
(

J
Kg K

)

Cw needle surface concentration (− ) 
C∞ free stream concentration (− ) 
Cf x local skin friction coefficient( − )

DB Brownian diffusion coefficient 
(

m2

s

)

Dm micro-organism diffusivity coefficient 
(

m2

s

)

Dn diffusivity coefficient 
(

m2

s

)

DT thermophoretic diffusion coefficient 
(

m2

s

)

f(η) dimensionless stream function( − )

kf effective thermal conductivity of the fluid
(

W
m ·K

)

ks effective thermal conductivity of the solid fraction 
(

W
m ·K

)

knf effective thermal conductivity of the nanofluid 
(

W
m ·K

)

L characteristic length (m)

Lb Lewis number ( − )

m power law parameter ( − )

M magnetic parameter (− ) 
Nb Brownian motion parameter ( − )

Nnx 
local density number of motile microorganisms( − )

Nt thermophoresis parameter 
(

τDT(Tw − T∞)

αT∞

)

( − )

Nux 
local Nusselt number ( − )

n number of motile micro-organisms( − )

nw number of motile micro-organisms at wall (wedge face)( − )

n∞ ambient number of motile micro-organisms( − )

P pressure
(

kg
m s2

)

( − )

Pe Péclet number ( − )

Pr Prandtl number( − )

Re Reynolds number( − )

Rex local Reynolds number( − )

s blowing parameter ( − )

Sb bioconvection Schmidt number( − )

Sc Schmidt number( − )

Shx local Sherwood number ( − )

T nanofluid temperature (K)
Tw dimensional surface temperature at the wall(K)
T∞ dimensional ambient temperature(K)

u, v dimensional velocity components along the x− and r − axes 
(

m
s

)

U∞ reference velocity 
(

m
s

)

u,v dimensionless velocity components along the x− and y − axes( − )

Wc maximum cell swimming speed 
(

m
s

)

x, r coordinates along and normal to the needle (m)

x, r dimensionless coordinates along and normal to the needle (m)

O. Anwar Beg et al.                                                                                                                                                                                                   



Case Studies in Thermal Engineering 24 (2021) 100861

3

in which smart control is required including thermal engineering, surface treatment of aerospace materials, electromagnetic biomedical 
devices (pumps, surgical flow control, meters) etc [2–4]. To improve the performance of magneto-nanofluids, and as an important 
compliment to e.g. clinical and experimental testing, mathematical and numerical simulations are critical. This has motivated many 
researchers to investigate the dynamics of magnetic nanofluids both within and external to diverse geometrical configurations (plates, 
channels, cones, spheres, wavy tubes, curved surfaces etc) subject to various boundary conditions. MHD transport problems have 
therefore emerged as a main sub-set of modern nanofluid transport problems. Magnetic nanofluids have been studied feature many 
types of metallic nano-particle adjourned in dilute fluent media along with aluminium oxide, gold, silver, titanium, zinc, copper etc. 
Furthermore, a diverse spectrum of methods (analytical, semi-analytical/numerical, approximiation) have been used to simulate the 
nonlinear similarity and non-similarity problems characterizing magnetic nanofluid flows and such studies have also featured many 
supplementary multi-physical effects of relevance to medical engineering. Bég et al. [5] studied the hydromagnetic squeeze film 
dynamics of magneto-nanofluids using spectral collocation methods, noting that Brownian motion and nano-particle size have a 
profound influence on loading capacity, heat dissipation and velocity distributions. Hsiao [6] presented numerical finite difference 
solutions for micropolar magnetic nanofluids over stretchable sheet, observing that higher magnetic field reduces Nusselt number 
whereas it elevates shear stress, couple stress at the surface, temperature and concentration. López et al. [7] investigated generation of 
entropy in the presence of MHD flow of Al2O3–water nanofluid via a radiative microchannel numerically. 

Bioconvection occurs if motile microorganisms responding to specific stimuli (e.g. such as light, the attraction of chemical agents, 
gravity, oxygen, etc.) swim with a directional bias in a pool of liquid. Depending on the stimuli (taxes), several types of bioconvection 
(phototactic, chemotactic, gravitactic, oxytactic, etc.) may occur. Normally, the self-propelled motile microorganisms are marginally 
denser than the liquid in which they move. It appeared as a substantial subdivision of modern fluid dynamics, mainly driven by 
auspicious uses in fuel cell and green energy technologies. Bioconvection refers to the occurrence of macroscopic convective flow 
produced by the density difference generated via collective swimming of microorganisms. Note that self-propelled microorganisms 
tend to gather at the vicinity of the top portion of fluid layer, which in-turn lead to heavier top than the bottom region [8]. Bio-
convection features in numerous industrial and environmental (ecological) systems including pharmaceutics [9] and gas-bearing 
sedimentary bio-microsystems [10]. Laboratory and field experiments have shown that the introduction of micro-organisms in 
nanofluids results in a sustained superior thermal performances as well as green, sustainable characteristics. These developments are 
foundational for further progress in next generation biofuels. In the regions adjacent to the wall of bio-engineered devices, boundary 
layers play a critical role. Recent illustration of bioconvection include the project of bioethanol power sources [11], ecological fuel 

Greek symbols 

α effective thermal diffusivity 
(

m2

s

)

η independent similarity variable 
(

m2

s

)

μ dynamic viscosity of the fluid
(

kg
m s

)

μm magnetic permeability 
(

kg m
s2A2

)

υ kinematic viscosity of the fluid 
(

m2

s

)

ρ fluid density 
(

kg
m3

)

ρf density of the base fluid 
(

kg
m3

)

(ρcp)nf heat capacitance of the nanofluid 
(

J
m3K

)

(ρc)f heat capacitance of the base fluid 
(

J
m3K

)

(ρc)p heat capacitance of the nanoparticles 
(

J
m3K

)

σnf electric conductivity of the nanofluid (Siemens/m) 
τ ratio of the effective heat capacity of the nanoparticle to the fluid heat capacity( − )

θ dimensionless temperature ( − )

Φ nanoparticle volume fraction ( − )

ϕ dimensionless concentration ( − )

χ dimensionless number density of motile microorganisms( − )

ψ dimensionless stream function ( − )

Subscripts 
()

′

differentiation with respect to η  
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cells [12] and photo-bio-reactors [13,14]. 
Biomass can be obtained from microalgae in bioconvection by adjusting the flue gas condition and which yields in the synthesis of 

more effective photobioreactors [14]. It is important to note that in the same way that many types of nanofluid [15,16] may be 
fabricated with different nano-particles (metallic, carbon nanotubes, nano-wires, nano-shells), bioconvection also manifests in 
different types of micro-organisms. The micro-organisms are driven by a taxis (stimulus) which may be light (photo-tactic), magnetic 
field (magneto-tactic), oxygen (oxy-tactic), electrical field (electro-tactic) or hydrodynamic torque (gyro-tactic). These and other 
engineering applications have recently been reviewed by Sohail and Li [17]. The rich spectrum of nonlinear boundary value problems 
furnished by combined nanofluid bioconvection flows have stimulated considerable interest among engineering scientists in recent 
years and have featured extensive multi-physical aspect. Uddin et al. [18] have studied numerically the effects of blowing on nano-bio 
convection. Other investigations include MHD radiative nano-bioconvection flow [19], unsteady tribological squeeze nanofluid 
bioconvection [20], MHD bioconvection in two-phase dusty nanofluids [21], nano-bioconvection channel flow [22], peristaltic 
pumping of Sisko rheological bioconvection nanofluids in a curved channel [23], thermal aspects of Carreau fluid [24–26], 
Powell-Erying fluid [27], hyperbolic fluid [28] and axisymmetric swirl MHD flow with anisotropic slip and Stefan blowing from a 
rotating cone [29]. 

A thin needle is a slender body with the geometry having paraboloid of revolution. External flow past a needle is normally 
axisymmetric. Transport phenomena from a needle constitutes quite an active research topic in biomedical engineering where it arises in, 
for example, cancer therapy and dermal administration of drugs. It is also of significance in industrial processes e.g. in metal spinning 
and in micro/nano scale equipment [30] including the removal of subterranean nuclear waste [31]. Many features of flow with 
heat/mass transfer from needles with many wall conditions have been examined (both numerically and analytically) by many re-
searchers. A seminal study was communicated over four decades ago by Narain and Uberoi [32]. They also observed that with a 
reduction in needle size (with constrained Prandtl and local Reynolds and Grashof number), there is an elevation in skin-friction 
coefficient and Nusselt number. Wang [33] explored mixed convective flow on a vertical slender adiabatic paraboloidal needle 
with a tip heat source, identifying that for positive values of heat source parameter (aiding flow) the solutions are unique whereas for 
negative heat source parameter (opposing flow) solutions may be unique, dual, or non-existent. Ishak et al. [34] examined the 
combined free and forced convective flow from a continuously moving needle. Trimbitas et al. [35] considered mixed convective 
nanofluid flow along thin needles for a Prandtl number of 6.2 and described in detail the influence of nano-particle solid volume 
fraction on thermal/flow characteristics. Hayat et al. [36] used a shooting numerical method to obtain comprehensive solutions for 
water-based carbon nanofluid flow with variable heat flux along a thin needle, noting that significant flow acceleration is induced with 
increasing nanoparticle volume fraction. Sulochana et al. [37] studied magneto-convective radiative forced nanofluid with Joule 
heating along a continuously moving horizontal needle for the cases of Al50Cu50 (alloy with 50% alumina and 50% copper)-water and 
Copper-water nanofluid using the Tiwari-Das volume fraction model. The effect of the shape of the nanoparticles, thermophoresis and 
Brownian moment in a lopsided needle are discussed by Akbar et al. [38,39]. They also discussed the analytic approach of heat transfer 
for CNT nanofluid through a ciliated porus medium [40], ferromagnetic peristaltic flow in a plumb duct [41] and micropolar biological 
flow due to metachronal wave [42]. Ahmad et al. [43] illustrated nanofluid flow from a thin needle using the bvp4c quadrature 
routine, showing that needle velocity assists in wall shear stress enhancement and heat transfer rate is increased with decreasing 
thermophoresis. Afridi and Qasim [44] conducted a second law thermodynamic analysis of boundary layer radiative-convective flow 
over a thin needle moving in a parallel stream. 

The majority of thermo-fluid dynamics studies of external boundary layer flows from a needle have been restricted to the solid wall 
case and have generally considered heat/mass transfer along either isothermal/non-isothermal or constant/variable wall heat flux 
needles. The present paper extends these studies to consider gyrotactic micro-organism bioconvection in forced convective magneto- 
nanofluid flow from a needle with Stefan blowing (suction/injection coupled with the concentration). Similarity equations for the trans-
port problem are derived with the aid of stretching group transformations. The Tiwari-Das model [45] is employed for nanoparticle 

Fig. 1. Flow model and coordinates system.  
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volume fraction and studying different metals and metallic oxides in water. The normalized nonlinear boundary value problem is 
numerically solved using the robust Matlab bvp5c symbolic software. Bvp5c is a finite difference code that solves multipoint boundary 
value problem by implementing four-stage Lobatto IIIa formula [46]. This is a collocation formula and the collocation polynomial 
provides a C [1]-continuous solution that is fifth-order accurate uniformly in interval [a,b]. The formula is implemented as an implicit 
Runge-Kutta formula. It solves the algebraic equations directly by augmenting the system with trivial differential equations for the 
unknown parameters and directly controls the true error in the calculation. 

The present work considers several novel aspects which may be summarized as follows: i) bio-convection in 4 different nanofluids 
(Cu-water, Al2O3-water, CuO-water and TiO2-water nanofluids) is studied ii) the needle is porous and Stefan blowing is considered, iii) 
stretching group transformations are used to generate the similarity transformations, iv) magnetohydrodynamics is studied since the nanofluids 
are electrically-conducting and biomagnetic therapy utilizes such features. Extensive computational results are presented for the impact of a 
variety of the thermo-physical parameters on flow, heat, mass and microorganism characteristics. Verification of the MATLAB solu-
tions with published results also presented. 

2. Thin needle magnetic nanofluid bioconvection model 

2-D steady, axisymmetric forced convective viscous incompressible nanofluid flow containing micro-organisms in the region 
external to a vertical thin needle is considered. Flow model and system of coordinates is depicted in Fig. 1. External velocity is 
considered to change according to(x/L)m. A variable magnetic field B(x /L)is used in the radial direction. The free stream nanofluid is 
at a constant temperature T∞ and concentrationC∞, while the needle wall temperature Tw(x /L), concentrationCw(x /L)and micro- 
organism species density nw(x /L) are varies with position x. The nanoparticles are assumed to dilute dispersed and do not change 
swimming direction and velocity of the micro-organisms. It is assumed that r = R(x). The appropriate dimensionless equations in 
cylindrical coordinates are [32,45,47]: 

1
r2

∂ ψ
∂ r

∂2 ψ
∂ r2 +

1
r3

∂ ψ
∂ x

∂ ψ
∂ r

−
1
r2

∂2 ψ
∂ r2

∂ ψ
∂ x

+
σnf

ρnf

L
U∞

B2(x)
1
r

∂ ψ
∂ r

=

ue
d ue

d x
+ A0

(
1
r

∂3 ψ
∂ r3 −

1
r2

∂2 ψ
∂ r2 +

1
r3

∂ ψ
∂ r

)

,

(1)  

1
r

∂ ψ
∂ r

∂ θ̃
∂ x

−
1
r

∂ ψ
∂ x

∂ θ̃
∂ r

=
A2

Pr

(
1
r

∂ θ̃
∂ r

+
∂2 θ̃
∂ r2

)

, (2)  

1
r

∂ ψ
∂ r

∂ φ̃
∂ x

−
1
r

∂ ψ
∂ x

∂ φ̃
∂ r

=
1
Sc

(
1
r

∂ φ̃
∂ r

+
∂2 φ̃
∂ r2

)

, (3)  

1
r

∂ ψ
∂ r

∂ χ̃
∂ x

−
1
r

∂ ψ
∂ x

∂ χ̃
∂ r

+
Pe
Sb

∂
∂ r

(
∂ χ̃
∂ r

∂ φ̃
∂ x

+ χ̃∂2 φ̃
∂ x2

)
1

x2m− 1 =
1

Sb

(
1
r

∂ χ̃
∂ r

+
∂2 χ̃
∂ r2

)

, (4) 

The boundary conditions are: 

∂ ψ
∂ r

= 0,
1
r

∂ ψ
∂ x

=
s

Sc xm− 1

(
∂ C
∂ r

)

, T = x2m− 1, C = x2m− 1 at r = R(x), (5)  

1
r

∂ ψ
∂ r

= ue(x) = xm, T → 0,C → 0 as r → ∞, (6) 

Following variables were used for nondimensionalizing: 

x =
x
L
, r =

r
L

̅̅̅̅̅̅
Re

√
, R(x) =

R(x)
L

̅̅̅̅̅̅
Re

√
, u =

u
U∞

, v =
v

U∞

̅̅̅̅̅̅
Re

√
, ue(x) =

ue(x)
U∞

, χ̃ =
n
nw
,

θ̃ =
T − T∞

Tw − T∞
, φ̃ =

C − C∞

Cw − C∞
,B2(x) = B2

0xm− 1,M2 =
σf B2

0L
U∞ρf

, ru =
∂ψ
∂r

, rv = −
∂ψ
∂x

(7) 

The properties of nanofluid may be computed, following [48–50] with the following relations which are all functions of the 
nano-particle solid volume fraction (Φ): 
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μnf =
μf

(1 − Φ)
2.5, ρnf = (1 − Φ)ρf + Φρs, υnf =

μnf

ρnf
=

μf

(1 − Φ)
2.5[

(1 − Φ)ρf + Φρs

],

σnf

σf
= 1 +

3Φ
(

σs

σf
− 1

)

(
σs

σf
+ 2

)

− Φ
(

σs

σf
− 1

),
(
ρCp

)

nf = (1 − Φ)
(
ρCp

)

f + Φ
(
ρCp

)

s,

αnf =
knf(

ρCp
)

nf

,
knf

kf
=

(
ks + 2kf

)
− 2Φ

(
kf − 2ks

)

(
ks + 2kf

)
+ Φ

(
kf − 2ks

) .

(8)  

3. Derivation of similarity solutions 

Obtaining analytical solutions of equations (1)–(6) are challenging even with numerical methods. So, it suitable to reduce them into 
relevant invariant equations. This is accomplished by deploying the following powerful stretching transformations [51,52]: 

x=α1 x*, r = α2 r*, ψ = α3 ψ*, θ̃ = α4 θ̃
*
, φ̃ = α5 φ̃*

, χ̃ = α6 χ̃*
, (9)  

Here αi denotes the arbitrary real positive numbers for which the inter-relationship is required to be obtained at different i = 1,2, …, 6. 
Eqns. (1)–(5) with boundary conditions in Eqn. (6) must remain invariant under the stretching transformations defined in Eqn. (9). 
After some simple algebraic manipulation, it may be shown that the governing Eqns. (1)–(6) will be invariant provided the following 
conditions are enforced: 

α2 = α
1− m

2
1 , α3 = α2, α4 = α5 = α6 = α2m− 1

2 . (10) 

Using (10), Eqn. (9) can be simplified to: 

x=α1 x*, r = α
1− m

2
1 r* , ψ = α1 ψ*, θ̃ = α2m− 1

1 θ̃
*
, φ̃ = α2m− 1

1 φ̃*
, χ̃ = α2m− 1

1 χ̃*
. (11) 

Eqn. (11) demonstrations that the PDEs (1–5) with boundary conditions (6) are free from α1 under arrangements of the variables 
given below: 

r2

x1− m,
ψ
x
,

θ̃
x2m− 1 ,

φ̃
x2m− 1,

χ̃
x2m− 1. (12) 

Hence the relevant invariant variable ηand the functional forms for ψ , θ̃ , φ̃ and χ̃ can then be written as: 

η= r2

x1− m,
ψ
x
= f (η), θ(η) = θ̃

x2m− 1, φ(η) = φ̃
x2m− 1, χ(η) = χ̃

x2m− 1. (13) 

Following ref [32], setting η = a, the relationship, η = r2

x1− m describes both the shape and the size of the body considered with its surface 
assumed by: 

R(x)= a1/2 x(1− m)/2. (14) 

From Eq. (14) it can be seen that, for pointed bodies and cylindersm ≤ 1, m = 1corresponds to a cylinder, m = 0 corresponds to a 
paraboloid (blunt nosed configuration) and m = − 1 corresponds to a cone. The parlance is, in fact, similar to that employed in hy-
personic aerodynamic design [9]. 

Using Eqn. (13) into Eqns. (1)–(6), generates the following system of “self-similar “coupled, nonlinear equations: 

8A0(ηf ′′′

+ f ′′) + 4f ′′f − 4m(f ′

)
2
+m − 2A1M2f ′

= 0 (15)  

2A2

Pr
(ηθ′′ + θ

′

) + f θ
′

− (2m − 1)f ′ θ= 0 (16)  

2
Sc

(ηφ′′ +φ
′

) + f φ
′

− (2m − 1)f ′

φ= 0 (17)  

2
Sb

(ηχ′′ + χ ′

) + f χ ′

−
Pe
Sb

(2ηχ′

φ
′

+ 2ηχφ′′ + χφ
′

) − (2m − 1)f ′ χ = 0 (18) 

The boundary conditions become: 

f
′

(a)= 0, f (a) =
2s
Sc

a φ
′

(a), θ(a) = 1, φ(a) = 1, χ(a) = 1 (19)  

f
′

(+∞)→
1
2
, θ(+∞)→ 0, φ(+∞)→ 0, χ(+∞) → 0 (20) 
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Note that the primes indicate differentiation with respect to η. In equations 15–20 the constants Ai (i = 0, 1,2) are defined as follows: 

A0 =
1

(1 − Φ)
2.5
[

1 − Φ + Φ
ρs

ρf

],

A1 =

⎡

⎣1 +

3Φ
(

σs

σf
− 1

)

(
σs

σf
+ 2

)

− Φ
(

σs

σf
− 1

)

⎤

⎦

1 − Φ + Φ
ρs

ρf

,

A2 =

knf
/

kf

1 − Φ + Φ
(
ρCp

)

s(
ρCp

)

f

.

A1 =

⎡

⎣1 +

3Φ

(
σs
σf
− 1

)

(
σs
σf
+2

)

− Φ

(
σs
σf
− 1

)

⎤

⎦

1 − Φ + Φ ρs
ρf

, (21) 

It needs to mention that for regular fluid (no nanoparticles and micro-organism), in the absence of body force term for an isothermal 
needle (i.e. m = 0.5), the present model resembles to the model of Narain and Uberoi [32]. This further verifies the correctness of the 
group analysis presented earlier. 

4. Engineering design quantities 

Quanties of engineering interest (local skin friction, the local Nusselt number, local Sherwood number and the local wall motile micro- 
organism number) are defined as: 

Rer
1 /

2Cf x =
4a1/2

(1 − Φ)
2.5f ′′(a), Rex

−
1 /

2Nux = −
knf

kf
2a1/2θ

′

(a),

Rex
−

1 /

2Shx = − 2a1/2φ′

(a), Rex
−

1 /

2Nnx = − 2a1/2χ ′

(a)

(22)  

where Rex =
ue(x)x

υf
is the local Reynolds number. 

5. MATLAB BVP5C computation, validation, results and discussion 

Simulation of the transformed Eqns. 15–18 subject to the boundary conditions (19)–(20) are found with the help of Matlab buit in 
function bvp5c. MATLAB bvp5c solver is a superior algorithm to the more customary bvp4c solver, and directly controls the true error 
in the calculation, while bvp4c controls it only indirectly. At more stringent error tolerances, this difference between the solvers is not 
as apparent since Shampine-Kierzenka enhancement is employed which is absent in MATLAB bvp4c. bvp5c is a finite difference code 
that implements the four-stage Lobatto IIIa formula which is a collocation formula and the collocation polynomial provides a C 
[1]-continuous solution that is fifth-order accurate uniformly in [a,b]. The formula is implemented as an implicit Runge-Kutta formula. 
bvp5c does not utilize analytical condensation which is present in bvp4c. Unlike bvp4c which handles unknown parameters directly, 
bvp5c augments the system with trivial differential equations for the unknown parameters. For robustness the new solver is based on 
control of a residual. The residual is scaled so that it has the same order of convergence as the true error. For a large class of methods, 

Table 1 
Thermophysical properties of nanoparticles.  

Materials ρ
(

kg/m3

)
Cp
(

J/kgK

)
K
(

W/mK

)
α × 10− 5

(

m2/
s

)
σ
(

S/m

)

Water (H2O) at 17 ◦C 997.1 4179 0.613 1.43 5.5× 10− 6  

Copper oxide (CuO) 6500 535.6 20 0.57 5.96× 107  

Alumina (Al2O3) 3970 765 40 1.3 3.5× 107  

Titania (TiO2) 4250 686.2 8.9538 0.31 2.38× 106  

Copper (Cu) 8933 385 401 11.7 5.8× 107   
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bvp5c has been verified to confirm that if this scaled residual is less than a given tolerance, then asymptotically the true error is also less 
than the tolerance. Bvp5c interpolates the value and gradient at both ends of the subinterval and the value of ymid at the midpoint. The 
following Russel-Christansen stepping formula is used in bvp5c: 

YMID =Y1 + ζ
[

17
192

K1 +
40 + 15√5

192
K2 +

40 − 15√5
192

K3 −
1

192
K4

]

(23)  

Here Y1 is the initial guess and K1, K2, K3, K4 are the approximations with a stepping distance of ζ. The algorithm is very efficient, 
unconditionally stable and produces excellent accuracy with fast compilation times making it ideal for axisymmetric boundary layer 
multi-physical nanofluid magnetic bioconvection simulations, as reported here. 

Four different metallic/metallic oxide-aqueous nanofluids, namely Cu-water, Al2O3-water, CuO-water and TiO2-water nanofluids 
are investigated. Thermophysical properties of the base fluid and nanoparticles are displayed in Table 1 [48,53]. The Prandtl number 
(Pr) is set at 6.8 and the volume fraction of nanoparticles (Φ) is assumed in the range of 0 ≤ Φ ≤ 0.2. Comparisons with Chen and Smith 
[54] for regular Newtonian fluid (Φ = 0) is shown in Table 2. Note that the present results are in favourable agreement. We also 
compare (Tables 2–5) the MATLAB bvp5c computational results with Grosan and Pop [55] (setting n = 2m − 1 in Ref. [55], allows for 
a comparison with the reduced present model given in Ref. [55]) and admirable agreement is obtained. 

Profiles of dimensionless velocity f ′

(η), temperature θ(η), nanoparticle volume fraction (nano-particle species concentration) 
φ(η)and motile micro-organism number density χ(η) for regular viscous fluid in the absence of nano-particles (i.e. Φ = 0) are depicted 
in Fig. 2. Notice that all of the profiles obey free stream boundary conditions; velocity profile ascends monotonically and asymptot-
ically tends to the free stream value; temperature, nanoparticle concentration and micro-organism density number profiles are also 
asymptotic at infinity but follow monotonic decays from the needle surface into the free stream. All profiles clearly indicate that the 
invicid boundary criteria is adequately large in the numerical solution. 

Fig. 3(a–d) show the impact of different nanoparticles (CuAl2O3CuO, TiO2) on dimensionless velocity, temperature, nanoparticle 
volume fraction and density of motile micro-organism number. Fig. 3(a) demonstrations that the velocity is highest for Cuand 
gradually decreases for CuO,TiO2and is a minimum for Al2O3. The impact of nanoparticle material properties is simulated via the 
expressions A0, A1 and A2, as defined in Eqn. (21) all of which are functions of the nanoparticle volume fraction, Φ, which measures the 
percentage of doping of the base fluid (water). However in the Tiwari-Das model this volume fraction does not simulate the species 
diffusion of the nanoparticles (φ) for which a supplementary equation (17) is used. However it is to be noted that the present 
formulation is distinct from the Buongiorno two-component model since the nanoparticle concentration boundary layer equation does 
not feature Brownian motion or thermophoretic body force effects. Although numerous studies have utilized the Buongiorno model 
[56], there is no general consensus as yet to which mechanisms exactly contribute to enhanced thermal conductivity in nanofluids, as 
noted by Minkowycz [57]. The area if one of active exploration. Rana and Bég [58] have investigated a multiplicity of different 
effective thermal conductivity and viscosity models observing that these different formulations which concur more closely with the 
Twari-Das formulation as compared with the Buongiorno model, justifying the adoption of the latter in the present study. The presence 
of A0 and A1 parameters in the momentum boundary layer Eqn. (15) clearly modifies the momentum diffusion in the nanofluid 
bioconvection regime external to the needle. This in turn modifies the thermal diffusion in the nanofluid. Cooper which possesses the 
highest thermal conductivity is clearly observed to induce strong acceleration and titanium dioxide which possesses the lowest thermal 
conductivity produces deceleration. Nanoparticle properties therefore evidently impact on the momentum boundary layer thickness 
and in this regard thinner boundary layer structure is produced for copper whereas a thicker boundary layer is obtained for the other 
metallic oxide nanoparticles (Al2O3CuO, TiO2 ) for which the oxygen content may contribute to a reduction in thermal conductivities. 
However as noted by Kuharat and Bég [59], thermal conductivity of copper does not always guarantee enhanced heating in nanofluid 
boundary layers in particular in forced convection flows (as studied here) which deviate from natural convection flows and produce 
different temperature distributions. This is confirmed in Fig. 3(b) where a marginally higher temperature is computed for Al2O3-water 
nanofluid, rather than copper-water nanofluid. TiO2-water nanofluid also achieves a slightly higher temperature than either Cu or CuO 
water nanofluids, although it is exceeded by Al2O3-water nanofluid. Similarly higher nanoparticle concentration and motile micro-
organism number density are attained with Al2O3, then TiO2,CuO and finally the lowest value for Cunanoparticles. This behaviour also 
agrees with the result reported in Ref. [55] although they did not consider magnetic nanofluids. Therefor maximum thermal boundary 
layer thickness, nanoparticle concentration boundary layer thickness and motile microorganism species boundary layer thickness are 
obtained consistently for the Al2O3 nanoparticles whereas the thinnest boundary layers correspond to Cu nanoparticles. 

Table 2 
Values of − θ

′

(a) for.Φ = 0, Pr = 0.733  

a  m = 0  m = 0.5  

n = 0  n = 1  n = 0  n = 1  

Grosan and Pop 
[55] 

Current 
work 

Grosan and Pop 
[55] 

Current 
work 

Grosan and Pop 
[55] 

Current 
work 

Grosan and Pop 
[55] 

Current 
work 

0.1 2.441675 (2.434) 2.44175 2.920733 (2.920) 2.92362 2.516082 (2.505) 251464 3.027603 (3.026) 3.027603 
0.01 16.306544 16.30767 18.704361 18.70573 16.535072 16.53619 19.069678 19.07110 
0.001 120.55034 120.55072 134.17011 134.19841 121.51686 134.19841 135.67860 135.68944 

( )values reported by Chen and Smith [54]. 

O. Anwar Beg et al.                                                                                                                                                                                                   



Case Studies in Thermal Engineering 24 (2021) 100861

9

Fig. 4(a–d) depict the effects of different Cu nanoparticle volume fraction (Φ) and the needle sizes (a) on transport characteristics. 
According to physical point of view, with an increase in nanoparticle volume fraction, both the viscosity and thermal conductivity of 
the nanofluid are enhanced (due to greater percentage doping), as per the Tiwari-Das formulations given earlier. With the increase of 
the volume fraction both the velocity and temperature increase, indicating that the flow is strongly enhanced and therefore that 

Table 3 
Values of f ′′(a)for.Φ = n = 0, Pr = 7  

a  m = 0  m = 0.5  

Chen and Smith [54] Grosan and Pop [55] Current work Chen and Smith [54] Grosan and Pop [55] Current work 

0.1 1.28881 1.289074 1.28911 1.72178 1.721998 1.72186 
0.01 8.49244 8.492173 8.49568 10.35056 10.35056 10.35292 
0.001 62.16372 62.161171 62.16975 71.66594 71.667683 71.68430  

Table 4 
Values of f ′′(a)for.m = n = 0, Pr = 7  

Φ  a  Cu  Al2O3  

Grosan and Pop [55] Current work Grosan and Pop [54] Current work 

0.05 0.1 1.347208 1.34916 1.293086 1.29202  
0.01 8.771680 8.77893 8.509033 8.50718  
0.001 63.884384 63.884384 62.544689 62.55452 

0.1 0.1 1.382008 1.38524 1.288703 1.28814  
0.01 8.935933 8.93969 8.491924 8.49250  
0.001 64.653616 64.65473 62.373393 62.37810 

0.2 0.1 1.404136 1.40624 1.266109 1.26688  
0.01 9.041011 9.04633 8.378166 8.37662  
0.001 65.235057 65.23006 61.516511 61.51942  

Table 5 
Values of − θ

′

(a) for.m = n = 0, Pr = 7  

Φ  a  Cu  Al2O3  

Grosan and Pop [55] Current work Grosan and Pop [55] Current work 

0 0.1 3.770504 3.77048 3.770504 3.77048  
0.01 22.738762 22.74175 22.738762 22.74175  
0.001 156.137817 156.16709 156.137817 156.16709 

0.05 0.1 3.682009 3.68355 3.652075 3.65385  
0.01 22.284916 22.28979 22.183096 22.18888  
0.001 153.570113 153.59936 153.157168 153.18582 

0.1 0.1 3.586544 3.58741 3.538902 3.53985  
0.01 21.816182 21.81981 21.653419 21.65669  
0.001 150.977665 151.02182 150.314106 150.34170 

0.2 0.1 3.389762 3.38987 3.325065 3.32597  
0.01 20.877668 20.87932 20.654662 20.65714  
0.001 145.860889 145.89365 144.934874 144.96030  

Fig. 2. Sample off ′

(η), θ(η), φ(η)and χ(η)for regular viscous fluid.  
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velocity boundary layer thickness is lessen. Energy (thermal) boundary layer thickness is however increased (Fig. 4(a&b)). It is also 
evident that velocity rises but temperature reduces with increases of needle size. The momentum development is enhanced with longer 
needles i.e. progressively larger contact area of the needle surface which assists in momentum diffusion, enhances the flow and decrease 
the momentum boundary layer thickness. Conversely the elevation in momentum diffusion rate inhibits the thermal diffusion which 
induces cooling of the boundary layer and a reduction in thermal boundary layer thickness. These patterns of behaviour concur with 
ref. [56]. No substantial modification in nano-particle species concentration or micro-organism density number is induced with a 
change in nano-particle volume fraction. Increasing needle size however does cause a marked reduction in both nanoparticle con-
centration and motile micro-organism density number since a greater space has to be occupied by the same quantity of nanoparticles 
and micro-organisms with larger dimensions of the needle (axisymmetric boundary layer) and there is corresponding decrease in 
boundary layer thicknesses (Fig. 4(c&d)). 

Fig. 5(a&b) explains the effects of the magnetic field parameter (M) on velocity and temperature fields. The magnetic field is 
imposed radially, and this produces a Lorentzian drag force which significantly inhibits the flow i.e. reduces velocity magnitudes. The 
maximum velocity is therefore computed with M = 0 (no magnetic field) whereas the flow is all but eliminated at very high magnetic 
field (M = 50). The supplementary work exhausted in dragging the boundary layer flow in contradiction of the action of the magnetic 
field is dissipated as heat i.e. thermal energy. This elevates the temperatures in the boundary layer (Fig. 5(b)) and also enhances 
thermal boundary layer thickness. The implication is that with magnetic field presence, enhanced control of the boundary layer regime 
is achieved, which is not possible for non-magnetic nanofluids. No significant alteration in nano-particle concentration or micro- 
organism distribution is generated and therefore these figures are omitted. It is further of note that to properly invoke magnetic 

Fig. 3. Effects of various nanoparticles on f ′

(η), θ(η), φ(η)and χ(η).  
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effects on the micro-organisms, a magneto-tactic bioconvection model is required which may be addressed in future studies. 
Fig. 6(a–c) visualize the effects of thermal power-law index parameter (m) and Stefan blowing parameter (s) on the dimensionless 

velocity, concentration and density of motile microorganism. The three different cases of suction (s < 0), injection (s > 0) and solid 
needle surface (s = 0) are analyzed. Fig. 6(a) reveals that velocity increases as m increases for both the permeable and solid needle 
designs. Momentum boundary layer thickness is therefore higher with greater non-isothermal effect. However, velocity is reduced for 
both isothermal (m = 0) and non-isothermal (m = 1) needle scenarios as the blowing parameter rises. The trends for nano-particle 
concentration (Fig. 6(b)) and motile micro-organism density number (Fig. 6(c)) are the opposite to those computed for the velocity 
for both isothermal and non-isothermal needles. Therefore, while the magnetic field has no tangible impact on nano-particle and 

Fig. 4. Effects of needle size and Cunanoparticles volume fractions on f ′

(η), θ(η), φ(η)and χ(η).  
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micro-organism distributions, they are strongly affected by wall conditions (blowing or suction) and also non-isothermal effects and 
this is particularly important in transdermal pharmaceutical delivery systems as noted in Refs. [60,61]. 

We now focus our attention to scrutinize the effects CuO and TiO2 nanoparticles on the wall gradient physical quantities. Tables 6 
and 7 show the variation of the values of the local skin friction coefficientf ′′(a), the local Nusselt number − θ

′

(a), local Sherwood 
number − φ′

(a)and the local wall motile microorganism number − χ ′

(a) for each of the four metallic nanofluids considered. All of the 
physical quantities decrease (increase) with an increase (decrease) in the Stefan blowing (index) parameter. The skin friction coef-
ficient, rate of heat transfer, nanoparticle species mass transfer rate and motile microorganism density number gradient are highest for 
the suction case s < 0 (since this causes greater adhesion of the nanofluid to the needle surface and constraints transport to the surface 
rather than away from it) and lowest for injection cases > 0. For a particular needle size, skin friction and heat transfer rates for CuO 
water nanofluid are higher than that of TiO2 water nanofluid. Finally, it is found that with greater needle sizes, skin friction coefficient, 
rate of heat transfer, nanoparticle species mass transfer rate and motile microorganism density number gradient consistently decrease. 

Fig. 5. Effect of magnetic field parameter (M) on f ′

(η) and θ(η)for regular viscous fluid.  

Fig. 6. The effect of s and m on f ′

(η), φ(η), and χ(η)for CuO nanoparticles.  
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The thinnest needle produces the highest skin friction coefficient, rate of heat transfer, mass transfer and microorganism transfer rate. 
Therefore transport characteristics may be effectively manipulated with modification in the needle dimensions, although of course 
there is a critical upper limit to the sizes possible owing to medical requirements. 

6. Conclusions 

A new mathematical model for two-dimensional steady-state magnetohydrodynamic (MHD) forced bioconvection nanofluid flow 
along a stationary porous needle is presented. A Stefan-blowing condition is applied at the surface (wall) of the needle. The model 
provides a simulation of transdermal hypodermic needle fluid dynamics utilizing nanoparticles and biocompatible micro-organisms. A 
Tiwari-Das nanoscale model is adopted to investigate percentage doping of copper, copper oxide, aluminium oxide and titanium 
dioxide metallic nanoparticles dispersed in an aqueous base fluid. The governing equations are reduced to a similarity equations before 
being solving numerically. Following conclusions can be drawn.  

(i) All physical quantities decrease with an increase in blowing parameter.  
(ii) All physical quantities are highest for the suction case s < 0 and lowest for the injection cases > 0.  

(iii) All physical quantities increase with an increase of non-isothermal power law index.  
(iv) With an increase in magnetic field, skin friction coefficient is suppressed (strong deceleration) while the local Nusselt number, 

local Sherwood number, and the local wall motile microorganism density number increase. However, with stronger magnetic 
field effect, the nano-particle and micro-organisms density number functions are not influenced tangibly within the body of the 
nanofluid.  

(v) Increasing power-law parameter accelerates the flow for both the permeable and solid needle designs.  
(vi) For a specific needle size, skin friction and heat transfer rates for CuO water nanofluid are higher than that of TiO2 water 

nanofluid.  
(vii) With larger needle sizes, all physical quantities are reduced. 

It can be concluded that, shear stress is highest for Cu-water and lowest for Al2O3-water, heat transfer rate is highest for Al2O3-water 
and lowest for TiO2-water, mass and microorganism transfer rates are highest for Al2O3-water and lowest for Cu-water nanofluid. All 

Table 6 
Physical quantities table of CuO for.Φ = 0.05,Pr = 6.8,Sc = Sb = Pe = 1  

s  m  M  a  f ′′(a) − θ
′

(a) − φ′

(a) − χ′

(a)

-0.5 0 0 0.1 3.15632 17.69760 5.91942 12.03342 
0    2.20950 3.92672 4.27430 8.26126 
0.5    1.75205 0.68573 3.46880 6.38351  

0 0.5 0 0.1 2.35037 4.74437 4.41324 8.50774  
1   2.48557 5.41758 4.55468 8.75723  

0 0 0.1 0.1 2.20770 3.92700 4.27435 8.26134   
1  2.03963 3.95349 4.27866 8.26853   
10  0.02929 4.31836 4.33880 8.36885  

0 0 0 0.1 2.20950 3.92672 4.27430 8.26126    
0.01 11.12187 18.61627 21.22891 47.69737    
0.001 74.06730 123.94042 141.66896 357.76023  

Table 7 
Physical quantities table of TiO2 for.Φ = 0.05,Pr = 6.8,Sc = Sb = Pe = 1  

s  m  M  a  f ′′(a) − θ
′

(a) − φ′

(a) − χ′

(a)

-0.5 
0 0 0.1 3.06030 17.81470 5.92096 12.03619 

0    2.20611 3.92440 4.27439 8.26142 
0.5    1.78682 0.66835 3.46829 6.38271  

0 0.5 0 0.1 2.33484 4.74526 4.41294 8.50716  
1   2.45884 5.41714 4.55329 8.75468  

0 0 0.1 0.1 2.20432 3.92468 4.27444 8.26149   
1  2.03655 3.95131 4.27874 8.26867   
10  0.02928 4.31820 4.33881 8.36885  

0 0 0 0.1 2.20611 3.92440 4.27439 8.26142    
0.01 11.09850 18.59956 21.22980 47.69886    
0.001 73.92119 123.81916 141.67431 357.76952  
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physical quantities are depleted in magnitude with increasing needle size. The problem considered here, relates with the applications 
to various transdermal delivery and biomedical electromagnetic treatments. This is an important area currently being deployed widely 
during the corona virus pandemic and demonstrates much greater safety than conventional transdermal delivery. These techniques 
feature multiple physical (electromagnetic, nanoscale, thermal and hydrodynamic slip) effecs and as such a robust analysis should 
feature all these characteristics. Biomagnetic thermal therapy in particular is a key clinical application which has become increasingly 
popular during the devastating worldwide covid 19 pandemic of 2020. Further details are given below in Refs. [62–64]. The leading 
biomagnetic researcher in the world, Professor Dr. Hermann Berg of the Bioelectrochemistry Laboratory, Jena, Germany, [65] has 
emphasized the potential of biomagnetic nano needle therapy as early as 2000. He has shown that currently, DC electrotherapy, pulse 
electrochemotherapy, and pulse electrogenetherapy are used widely and successfully to treat tumors. However, needle electrodes have 
to be inserted into the tumor region for pulse applications (about electrical field strength < 2 kV/cm). Only for skin carcinoma are 
caliper electrodes placed directly outside on the skin. External electromagnetic fields (magnetic field intensity > 5 mT) generated by 
Helmholtz coils or solenoids offer a novel non-invasive cancerostatic possibility. Nevertheless, this adjuvant non-invasive therapy in 
synergistic combination with cancerostatic agents, hyperthermia, and photodynamics has great promise for transdermal treatments in 
the coming decades. The present model constitutes a first simulation in this regard, and moreover provides a good solid benchmark for 
generalization to three dimensional (axisymmetric) computational fluid dynamics simulations using ANSYS FLUENT finite volume 
code, COMSOL, OPENFOAM and ADINA finite element commercial solvers. In this light the current problem can also be extended 
further considering thermal radiation, chemical attraction, for unsteady flow and also non-Newtonian fluid characteristics in addition 
to different micro-organism taxes e.g. magneto-taxis with 3-dimensional numerical visualization and wefforts in this regard are 
currently under way. 
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