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ABSTRACT:  

This article examines theoretically and numerically the unsteady two-dimensional blood flow through a 

diseased artery featuring an irregular stenosis. An appropriate geometric model is adopted to simulate the 

irregular stenotic artery. Inspired by drug delivery applications for blood vessels, the impact of hybrid 

nanoparticles on blood flow using a modified Tiwari-Das model is discussed. The blood is examined to 

have a homogenous suspension of hybrid nanoparticles. Reynolds’ viscosity model is applied in the 

formulation to represent the temperature dependency of blood. The two-dimensional governing 

conservation equations for momentum and heat transfer with buoyancy effect are simplified by considering 

the mild stenotic approximation. A finite-difference technique is deployed to numerically discretize the 

transformed non-dimensional model. Extensive graphical results for blood flow characteristics are obtained 

by MATLAB code. Comprehensive visualization of the effects of hemodynamic, geometric and nanoscale 

parameters on transport characteristics is provided. The problem is conducted for silver and silver-gold 

hybrid mediated blood flow models, and experimental values of blood and these biocompatible metallic 

nanoparticles. A comparison between silver and hybrid nanofluid is obtained which promotes the use of 

hybrid nanoparticles in successfully achieving clinically more beneficial results associated with nano-drug 

delivery in diseased hemodynamics. Enhancement in viscosity parameter induces axial flow acceleration 

in the stenotic region while lower thermal conductivity decreases the temperature magnitudes. Furthermore, 

with time variation, the pressure gradient is found to be lower in coronary arteries comparatively to femoral 

arteries. The simulations are relevant to transport phenomenon in nano-drug targeted delivery in 

haematology. 
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Finite Difference Method (FDM); Reynolds’s model; heat transfer; thermal buoyancy; wall shear stress (WSS). 
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NOMENCLATURE 

      Pressure gradient parameter (Pa/m) 

d       Distance of stenosis from origin (m) 

       Length of stenosis (m) 

     Grashof number ( -) 

      Prandtl number (-) 

      Pressure (Pa) 

Q       Flow rate (m3/s) 

        Radial co-ordinate (m) 

       Radius of the artery (stenotic) (m) 

      Radius of the artery (non-stenotic) (m) 

     Reynolds number (-) 

t        Time (s) 

T       Temperature (K) 

      Reference temperature (K) 

     Wall temperature (K) 

u       Radial velocity (m/s) 

     Reference velocity (m/s) 

w      Axial velocity (m/s) 

z        axial co-ordinate (m) 

Greek Letters 

       Dimensionless temperature (-) 

      Reference viscosity (kg/(ms)) 

       Viscosity (kg/(ms)) 

       Density (kg/m3) 

       Nanoparticle concentration (Moles/m3) 

     Heat capacitance (J/kgK) 

       Thermal conductivity (W/kgK) 
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      Viscosity constant (-) 

      Depth of stenosis (m) 

      Thermal expansion coefficient (/K) 

      Wall shear stress (N/m2) 

 

1. INTRODUCTION   

Blood flow has an extensive role in the generation of cardiovascular diseases. In recent years, 

mathematical modeling and computational simulation in hemodynamics have been extensively 

explored to improve the understanding of causes of distinct diseases and identify improved modern 

treatments for mitigation or regulation of these ailments. Atherosclerosis is the most common 

arterial disease in which fat deposits inside the wall of the artery. This phenomenon reduces the 

area of the lumen, which is usually known as stenosis [1]. Stenosis formation obstructs the blood 

flow rate and reduces the supply of oxygen and nutrients to different parts of the body, a condition 

clinically termed as ischemia. In coronary arteries, ischemia may account for myocardial 

infarction, while in the brain, it may precipitate a stroke. Hence the generation of stenosis can 

quickly deteriorate into a life-threatening situation. Blood has a complex macroscopic behavior 

due to the properties of the constituents and the composition of blood. Blood having a shear rate 

greater than 100 s-1 generally shows a Newtonian nature. However, for a shear rate of less than 

100 s-1, blood is observed to be non-Newtonian in nature. As cardiovascular diseases contribute to 

a majority of deaths around the globe, therefore more elegant hemodynamic models that furnish a 

more accurate representation of hematological transport are becoming increasingly critical in 

combating this situation. As the stenosis does not have any specific shapes and there are various 

geometries of stenosis (composite, overlapped, bell shaped, irregular etc.) based on the different 

data. As mostly studies have assumed that the stenosis could be represented by smooth 

mathematical function, but in reality, stenoses contain many valleys and ridges similar to mountain 

ranges.  With the experimental data, Johnston and Kilpatrick [2] considered the irregular stenosis 

for understanding blood flow characteristics. Chakravarty and Mandal [3] developed a blood flow 

model for stenosed arterial flow, considering an overlapping stenosis and indicating that blood 

velocity reduces in the stenosis downstream but increases in the upstream region. Mustapha et al. 

[4] utilized a MAC (Marker and Cell) method and successive-over-relaxation (SOR) with 
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staggered grids to solve the pressure-Poisson equation with pressure–velocity correction formulae 

in unsteady multi-irregular stenosed arterial hemodynamics. Likewise, Abdullah et al. [5] used an 

optimized finite difference code to simulate transient hydromagnetic micropolar rheological blood 

flow through an irregular stenosis. Furthermore, Ellahi et al. [6] conducted a theoretical study for 

slip blood flow through an arterial segment under the composite stenosis and considering blood as 

non-Newtonian micropolar fluid. They derived analytic solutions of velocity and volumetric flow 

flux using modified Bessel functions, observing significant flow pattern modifications are induced 

with stenosis, and the tapering effect and flow impedance is elevated with increasing the stenosis 

height. Zaman et al. [7] presented an axisymmetric model for blood flow through a tapered 

catheterized artery containing both an aneurysm and stenosis using the Eringen non-Newtonian 

micropolar fluid model. They computed gyration (micro-rotation) and velocity distributions with 

a finite difference scheme and observed significant deviation from the Newtonian case with 

increasing micropolar vortex viscosity effects.  

The statistics emphasize the urgent requirement for new and more effective therapies and 

technologies which can prevent these diseases. The existing treatments for CVDs aim to restore 

the normal blood flow around the damaged vasculature and prevent recurring phenomenon. 

Banach et al. [8] suggested that by statin therapy, reduction in build-up and thickening of plaques 

can be achieved. However, such therapies also have adverse side effects and poor patient 

compliance, which suggests that modifications of such treatments are needed. This among other 

factors has accelerated the deployment of nanotechnology (the leading area in the 21st century 

sciences globally) in biomedicine and witnessed the birth of a new field - nanomedicine. In 

particular, stenotic nano-hemodynamics has witnessed considerable interest in the engineering 

sciences and applied mathematics communities owing to its significance in combating diseased 

arteries. The many studies reported have also featured numerous computational methods which 

are required to tackle the nonlinearity of the mathematical models. In 1995, Choi [9] introduced 

“nanofluids,” which constitute colloidal suspensions of nanometer-sized particles (1-100nm) in a 

base fluid. These particles may be carbides, oxides, metallic or non-metallic and the base fluids 

include water, mineral oil, ethylene glycol, etc. It has been extensively verified that the inclusion 

of nanoparticles in the base fluid increases the thermal conductivity by a remarkable degree. To 

understand the heat transfer phenomenon by suspending the small (nano) particles in fluid is 

basically given by two approaches: single-phase model and two-phase model. The single-phase 
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model is applicable when both the fluid phase and solid particles are flow with same local velocity 

and are in thermal equilibrium state. However in two-phase model, both the solid and fluid have 

different phases in heat transfer process. The nanoparticles can be easily fluidized and as a result, 

the nanofluid can almost be considered as a conventional single-phase (homogenous) fluid with 

physical properties of individual phases. The main assumptions that we consider in this model are: 

the slip between the nanoparticles and the base fluid is negligible and there is always a thermal and 

hydrodynamic equilibrium in solid and fluid phases. Nanoparticles are also synthetic materials in 

some applications related to biomedicine due to the unique way of interacting with matter [10]. 

They may also be biodegradable and biocompatible for human safety. Among numerous 

nanotechnology applications, targeted drug delivery (nano-pharmacodynamics) has been explored 

widely as a mechanism for enabling clinicians to bring significant improvement at a molecular 

level to the field of healthcare. In drug delivery systems, using large size of materials poses major 

challenges, which includes poor bioavailability and solubility, issue with target specificity, in vivo 

stability and tonic effectiveness with probable side effects. Therefore, in advanced biomedicine, 

nanotechnology plays an interesting role in drug formulations which control drug release and 

deliver the drugs with more specificity. Nanoparticles are usually small sized nanospheres, hence 

in comparison to bigger material they can move more freely in human body. Nowadays 

nanomedicine has become more valuable because they could be utilised as delivery agents by 

attaching therapeutic drugs to it and then delivers it to targeted area with controlled release. 

Tripathi and Bég [11] reported one of the earliest theoretical studies of nanofluids for biomedical 

applications. Likewise, Tripathi et al. [12] conducted a review of recent advancements in 

hemodynamic aspects of nano-drug delivery systems. Vasu et al. [13] later developed a robust 

finite element model for non-Newtonian blood flow conveying nanoparticles in a stenosed 

coronary artery using FREEFEM++ software and the Buongiorno two-component nanoscale 

model. Ahmed and Nadeem [14] examined the performance of three distinct nanoparticles (Cu, 

Al2O3, and TiO2) in blood flow through a stenosed artery. Dubey et al. [15] very recently 

developed detailed numerical solutions and visualizations of the non-Newtonian blood flow 

containing nanoparticles through an artery having a combination of stenosis and aneurysm. Tariq 

et al. [16] analyzed the theoretical study of incompressible viscous fluid having inhomogeneous 

dust particles. Results exhibited that on increasing the slip parameter, velocity of both fluid and 

dust is decreased. Zaman and Khan [17] studied the unsteady non-Newtonian (Carreau) blood flow 
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in w-shaped stenosed artery. In stenosis channel, curvature effects are taken into account and the 

impact of nanoparticles on various profiles is discussed.  

In recent years biomedical researchers have also scrutinized the possibilities of multiple 

nanoparticles in nanofluids. Makishima et al. [18] suggested suspensions of two or more metals in 

base fluid to provide a homogenous phase, termed the hybrid nanofluid. Compared to unitary 

nanofluids (i.e., base fluids with a single nanoparticle species), hybrid nanofluids combine the 

physical and chemical properties of different nanoparticles, which are proven to be more potent in 

medical applications. The hybrid nanofluids have significant potential in the fields of drug 

delivery, gene therapy, hyperthermia, and MRI treatments. Ijaz and Nadeem [19] theoretically 

investigated the steady-state hybrid nanoparticles mediated blood flow through an overlapped 

stenosed artery, including tapering effects. The hemodynamics in a stenosed artery doped with 

hybrid (silver, copper, and gold) nanoparticles has also been considered by Ijaz and Nadeem [20]. 

Their study revealed that among all the other nanoparticles, gold nanoparticles have a more 

astonishing impact, although they provided somewhat limited visualizations of the flow regime. 

Zaman et al. [21] analyzed the blood flow characteristics of a curved stenosed artery with an 

aneurysm. Hybrid nanoparticles (copper, silver) were considered, and the emerging non-linear 

partial differential equations were solved using the FTCS method.  

Generally, blood viscosity is considered constant in hemodynamic computations, although this 

assumption is not practical for actual cardiovascular transport. Viscosity is found to be a function 

of temperature and pressure in the case of real fluids, including blood. For some years, many 

investigations have been performed considering viscosity as a function of temperature, such as 

Reynolds' model, Vogel's model, Einstein's model, etc. Zaman et al. [22] used the Reynolds' model 

to represent the viscosity of blood for biomedical simulations of hybrid nanofluids in a stenosed 

artery. Ellahi et al. [23] used two different viscosity models (Vogel's and Reynolds' model) for 

fully developed annular nanofluid flows, deriving Homotopy power series solutions.  

The article has been motivated by applications in targeted nano-drug delivery system. The 

potential application of numerical blood flow simulation is to aid decision making processes during 

the treatment of cardiovascular diseases. Although a conventional method for treating the stenosis 

is deploying a stent or catheter inside the artery, but nowadays targeting the nano-drugs at desired 

location is increasingly trending. This also triggers the process of clotting formation at stenosis 
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throat and the effect of these post-treatment processes can also be predicted by computational 

simulation. With the motivation of probing deeper into Newtonian pharmacodynamics transport 

in realistic physiological geometries, the current article examines the characteristics of hybrid 

nanoparticles (i.e., silver and gold, Ag, Au) in unsteady blood flow theoretically through irregular 

symmetric stenosis in a diseased artery. In addition to this, the pulsatile pressure gradient and 

Reynolds viscosity model are also considered. This research's main novelty is the combination of 

hybrid nanoparticles (Ag, Au) with variable viscosity effects, which to the author's knowledge has 

thus far not received attention in computational biomedical fluid dynamics. A modified Tiwari-

Das nanoscale model is used, enabling unique properties to be determined for actual nanoparticles 

(viscosity, thermal conductivity, specific heat capacity, density, etc.). The normalized non-linear 

conservation equations are solved by a robust finite difference method, and further simulations 

and computations are performed on MATLAB. The current study is divided into the following 

sections: Section 1 contains the literature review. Section 2 illustrates the arterial geometry of the 

problem (for irregular stenosis). Section 3 explains the mathematical formulation of the hybrid 

nanofluid transport model. Section 4 describes the non-dimensionalization of the model equations. 

The explanation of the numerical technique is described in Section 5. Validation is done in section 

6. Further, results and discussion for hemodynamic transport characteristics (velocity, temperature, 

wall shear stress, and flow rate) are elaborated in Section 7. Lastly, the main conclusions of the 

study are summarized in Section 8.  

2. GEOMETRY OF THE MODEL  

In this study, unsteady, incompressible, and laminar blood flow through an axisymmetric artery, 

which has a diseased segment as irregular stenosis, is investigated. The mathematical equation 

representing the geometry of the artery [24] is formulated in a cylindrical coordinate system 

 as:   
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In the above expression  denotes the radius of normal artery, denotes the height of stenosis 

and is the distance of stenosis from origin. The geometry of the considered artery is given by 

Figure 1 with suspended nanoparticles and blood cells.  

3. MATHEMATICAL HYBRID NANOPARTICLE TRANSPORT MODEL  

Considering the blood flowing through the artery is bi-directional, the velocity and temperature 

fields can be presented as:  

,                                                                  (2)    

 

 

 

 

 

 

 

Figure 1: Geometry of the stenotic arterial segment in which R(z) is radius of artery, z is axial direction 

while shows the depth of stenosis  

In Eq. (2), the radial and the axial velocity components are denoted by and respectively. 

Therefore, the equation of continuity, momentum, and energy for hybrid nanofluids (blood doped 

with hybrid nanoparticles) are expressed as follows [25]: 
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     (5) 

                                            (6) 

The physical parameters for the hybrid nano-fluid featuring in the above equations are as follows: 

 is viscosity, is density, is thermal conductivity,  is thermal expansion and 

 is heat capacitance respectively. The corresponding boundary and initial conditions are 

prescribed by Eq. (7)-(8) and a figure of boundary conditions in stenosed vessel with nanoparticles 

in given in Figure 2.  

Boundary Conditions:    ,                    (7) 

Initial Conditions:                  (8) 

 

Figure 2: Representation of boundary conditions in the stenosed artery 

4. NON-DIMENSIONALIZATION OF HYBRID NANOFLUID MODEL 

In this section, to facilitate a numerical solution and enable scaling of fluid dynamic phenomena, 

the above governing Equations (3)-(6) are non-dimensionalized with the help of the following 

transformation variables [25] given by Eq. (9): 
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,          (9) 

Here 𝑅𝑒 is Reynolds number, 𝑃𝑟 is Prandtl number,  is Grashof number,  is wall temperature 

and  denotes reference velocity. In the above-defined variables, the non-dimensional geometric 

parameters are stenosis height parameter ( ) and vessel aspect ratio . 

Introducing the above-defined variables and after dropping the bars, Equations (3)-(6) will take 

the form:  

                (10) 

        (11) 

        (12) 

       (13) 
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Here the parameter  is a viscosity constant. The equations for the thermophysical parameters of 

the nanofluid are represented by [26]: 

 

 

.              (15a) 

Additionally, the equations for thermo-physical properties of hybrid mediated nano-fluid assume 

the forms [26]: 

 

 

 

      (15b) 

Table 1: Thermophysical properties of blood and nanoparticles 
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In the above-mentioned equations, is the viscosity of the base fluid, as density, is 

heat capacitance, is thermal expansion coefficient and is the thermal conductivity of the base 

fluid. For different nanoparticles, stands for the volume fraction,  is the density 

of solid particles,  is the heat capacitance, is a thermal expansion 

coefficient and is thermal conductivity of solid nanoparticles, respectively. For the blood 

and nanoparticles Silver ( ) and Gold ( ), thermo-physical properties are given in Table 1.  

Consequently, non-dimensionalized equations have been modified with two hypotheses 𝛿 ≪ 1 and

 i.e., the maximum height of stenosis is lesser compared with the radius of the artery and 

also that the radius of the artery and length of the stenotic region are of comparable magnitude. 

After imposing these suppositions, Equations (10)-(13) contract to: 

              (16) 

               (17) 

     (18) 

                      (19) 

Subsequently, with the help of Burton [27], the axial pressure gradient can be represented as: 

,          (20) 

By using the non-dimensionalized parameters defined in Eq. (9), the normalized form of the 

pressure gradient becomes: 

,                              (21) 
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Where                           (22) 

Invoking Eq. (21) into the axial momentum equation, Eq. (18) emerges as: 

                 (23) 

Further, Equations (23) and (19) are subject to following boundary and initial conditions: 

      (24) 

      (25) 

The mathematical quantities such as volumetric flow rate, wall shear stress (WSS) and resistance 

impedance may be formulated as: 

            (26) 

            (27) 

              (28) 

With respect to the above non-dimensional parameters i.e. Eq. (9), the geometrical Eq. (1) in 

dimensionless form can be written as: 
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transformation , which leads to the following set of partial differential equations with 

associated boundary and initial conditions: 

   (30) 

      (31) 

Furthermore, the associated dimensionless boundary conditions (24)-(25) are written as: 

          ,          (32) 

                                      (33) 

Similarly, the volumetric flow rate, wall shear stress (WSS) and impedance respectively 

[Equations (26)-(28)] take the following form: 

            (34) 

            (35) 

                                        (36) 

Replacing the pressure gradient term in Eq. (36), it can be written: 
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Introducing the values of thermophysical properties of hybrid nanofluid in Equations (30) - (31), 

the momentum and energy equations will be reduced to: 

 

                (38) 

     (39) 

5. NUMERICAL SOLUTION 

The exact solution of the nonlinear partial differential equations (38)-(39) is difficult, if not 

intractable. Hence it is necessary to use numerical methods for solving the equations defined 

mathematically by Equations (38)-(39). A robust, suitable numerical technique based on the 

discretization of partial differential equations is the explicit finite-difference technique, which is 

described in detail by Hoffmann [28]. Furthermore, this scheme is also known as FTCS, i.e., 

forward in time (FT) and central in space (CS) and has been implemented by various researchers 

in many diverse studies [21, 25]. In this scheme, firstly, the spatial domain is discretized, and after 

that, the value of velocity component is calculated at each node and over the time instant , 

which is written as . According to Hoffmann [28], the central differencing formulation for 

second order and the forward differencing formulation for first-order partial derivatives are 

defined as: 
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Incorporating the values of the described partial derivatives, Equations (38)-(39) will readily be reduced to 

the following forms: 

 

                  (41) 

  (42) 

Further, the associated boundary and initial conditions (32)-(33) are represented by: 

 at                  ,    at    

,        at            (43) 

In this numerical scheme, the spatial variable is discretized into N+1 grid points, where the step 

size is taken as . The time instant is defined by , where the value of is given as

, in which  designates a small increment in time. The velocity component is further 

calculated at each node and for every time instant. As stability of this numerical scheme is 

dependent on step size and time increment, hence  and  are carefully 
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6. VALIDATION OF THE NUMERICAL RESULTS: 

Thank you for pointing this out. To validate the numerical method which has been chosen to solve 

the current problem, the numerical results obtained by Zaman et al. [25] for the axial velocity 

profile of blood flow are compared with present results which also have been computed by using 

the same modelling with FTCS method and shown in Table 2. From the table, the comparison 

states that the results are in good agreement with each other. 

R Zaman et al. [25] 

 

Present Results 

 

Zaman et al. [25] 

 

Present Results 

 

0 0.5859 0.5881 0.6857 0.6833 

0.10 0.5829 0.5845 0.6827 0.6798 

0.20 0.5725 0.5725 0.6723 0.6680 

0.30 0.5540 0.5518 0.6539 0.6476 

0.40 0.5261 0.5215 0.6259 0.6177 

0.50 0.4864         0.4802 0.5863 0.5770 

0.60 0.4323 0.4257 0.5322 0.5231 

0.70 0.3605 0.3549 0.4604 0.4529 

0.80 0.2671        0.2637 0.3671 0.3624 

0.90 0.1483 0.1473 0.2483 0.2466 

1.00 0 0 0.1000 0.1000 

Table 2: Comparison of results with Zaman et al. [25] for axial velocity results at throat of 

stenotic artery z=0.71 and t=1.15. 

7. RESULTS AND DISCUSSION:  

In this section, extensive results of numerical FTCS computations are provided. In particular, the 

modification in hemodynamics of irregular symmetric stenotic arterial transport in the presence of 

hybrid nanoparticles is discussed. Concerning the emerging featured thermophysical and 

hemodynamic parameters, their impact on axial velocity, temperature profile, wall shear stress, 

volumetric flow rate, and pressure gradient are visualized graphically.  Additionally, to illustrate 

the influence of hybrid nanofluids (i.e., Ag-Au/Blood) in comparison to uni-nanofluids (i.e., 

0.0Sw = 0.0Sw = 0.1Sw = 0.1Sw =
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Ag/Blood), different graphical results are presented with the help of the considered momentum 

and energy equations. In the numerical computations with the FTCS code, Table 3 represents the 

default values of all parameters used. The data is consistent with stenotic blood flows and 

nanoparticle drug delivery [35, 36]. 

Parameter         

Value 0.03 0.03 1.41 1 0.2 0.1 14 2 

Table 3: Default value of emerging parameters 

 

Figures 3 (a)-(b) display the effect of different volume fractions of silver and hybrid nanoparticles 

 on the axial velocity profile at the stenotic throat of the artery. Figure 3(a) shows only the 

impact of silver nanoparticles  on velocity, whereas figure 3 (b) illustrates the effect of both 

the volume fractions . From both the figures, it is noted that the velocity profile is a 

decreasing function for the volume fraction parameter. On comparing figure 3 (b) with figure 3 

(a), it is evident that the addition of a second nanoparticle type increases the decrement in velocity 

value, and this result is hugely favorable for arterial diseases to control blood flow.   

            

Figure 3: Effect of nanoparticle concentration on axial velocity with (a) Ag nanofluid only (b) Ag-Au hybrid 

nanofluid for 𝐵1 = 1.41, 𝛿 = 0.1, 𝑧 = 0.98, 𝑡 = 1.2 

1 2 1B 1c 0 Gr Pr Re

( )1 2, 

( )1

( )1 2, 
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Figure 4: Effect of nanoparticle concentration on temperature profile with (a) Ag nanofluid only (b) Ag-Au hybrid 

nanofluid for 𝐵1 = 1.41, 𝛿 = 0.1, 𝑧 = 0.98, 𝑡 = 1.2. 

Figure 4 depicts the temperature profile response to different nanoparticle concentrations for (a) 

Ag nanofluid only (b) Ag-Au hybrid nanofluid. A significant temperature elevation is computed 

with an increment in nanoparticle volume fraction, i.e., temperatures are minimized in the absence 

of nanoparticles. Significantly greater temperatures are also generated with the hybrid case (Fig. 

4b) compared to the unitary nanofluid case (Fig. 4a). The implication is that the amalgamation of 

nanoparticles in blood enhances thermal diffusion in the stenotic vessel and assists in the transport 

process. 

    

Figure 5: Effect of different combination of hybrid nanoparticles on (a) velocity and (b) temperature profile for 

𝐵1 = 1.41, 𝛿 = 0.1, 𝑧 = 0.98, 𝑡 = 1.2. 
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Figure 5 illustrates the velocity and temperature evolution with different combinations of hybrid 

nanoparticles . Inspection of figure 5 (a) indicates that a pattern is noted on changing both 

nanoparticle concentrations   (silver) and  (gold) from 0.01 to 0.1, i.e., a significant amount of 

reduction can be seen. Among all the various combinations of nanoparticle concentrations, the 

most significant decrement in axial velocity is computed for = 0.03 and . Similarly, from 

figure 5 (b), it is observed that temperature magnitudes are accentuated with increasing value of 

volume fraction of both nanoparticles. Similar to the velocity profile, the nanoparticle 

concentrations = 0.03 and also induce the most tremendous change in temperature values. 

   

Figure 6: Effect of (a)  and (b) Grashof number on axial velocity for following data 

 

The velocity profiles for different nanofluid viscosity,   and Grashof number,   are plotted in 

Figures 6 (a)-(b). These figures exhibit a similar pattern for both the emerging parameters

i.e., by increasing the value of any of the parameters  or ,  the magnitude of the axial velocity 

is also increased. In other words, greater nanofluid viscosity and thermal buoyancy effect manifest 

in axial flow acceleration. In figure 6 (a), the range of nano-fluid viscosity is taken as 0.0-0.9, 

while for figure 6(b), the Grashof number is taken in the range of 0.0-0.5. The acceleration in 

velocity implies that the blood viscosity or resistance among the particles has clearly reduced with 

( )1 2, 

1 2
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higher magnitudes of the parameter ( ). Further, the Grashof number (Gr) is the ratio of buoyancy 

force to viscous force. Since the nanoparticle species diffusion is influenced by the concentration 

differences of nanoparticles within blood increases the thermal buoyancy force. This phenomenon 

further leads to a reduction in resistance in the blood flow and a concomitant acceleration. 

Evidently, flow deceleration arises with vanishing thermal buoyancy force (Gr = 0) as seen in 

Figure 6b. 

Figures 7 (a)-(b) portrays the influence of parameters   and  appearing in the dimensionless 

form of the pressure gradient equation. For different sizes of an artery, e.g., arterioles, coronary 

artery, the value of   is 1.41, whereas for the femoral artery of the human body, it changes to 

6.6, at a particular location known as the ‘throat’ of the stenotic artery. Figure 7 (a) indicates that 

on increasing the value of the   parameter, the blood velocity experiences strong acceleration. 

This implies that in large (femoral) arteries, velocity is higher compared to smaller (coronary) 

arteries. The effect of the   parameter on the velocity profile is illustrated in Figure 7 (b). It is 

noticed that at the time ,  velocity decreases significantly with an increasing value of  from 

0.5 to 3, i.e., again hemodynamic retardation is induced.  

Figure 7: Effect on velocity profile for different (a) B1 parameter (b) c1 parameter for  

Figure 8 (a)-(b) shows the response in velocity and temperature of the blood to the Prandtl number 

(Pr). From both the figures, it is apparent that temperatures are suppressed with the increasing 

value of Pr. Prandtl number is the single most important parameter in thermal transport in fluids 

0

1B 1c

1B

1B

1c

1.2t = 1c

0.1, 0.98, 1.2z t = = =
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and is a property of a particular fluid under specific conditions. It embodies the ratio of momentum 

diffusivity to thermal diffusivity and, as such, is inversely proportional to the thermal conductivity 

of the fluid. Higher thermal conductivity fluids have lower Prandtl numbers and vice versa. When 

Pr = 1, both the momentum and thermal diffusion rate are equivalent, and velocity and thermal 

boundary layers at the arterial walls will be of the same thickness. Pr also has an inverse 

relationship with the heat transfer phenomenon from the artery wall to the fluid. When Pr is 

significantly small, the diffusion of heat significantly exceeds the momentum diffusivity. The 

curve trends in Figure 8 (a)-(b) confirm that the higher the Prandtl number, the lower the 

hemodynamic velocity and temperature magnitude.  

   

Figure 8: Effect of Prandtl number (Pr) on (a) velocity and (b) temperature profile for following data 
 

Similarly, the effect of different Reynolds number (Re) on blood flow velocity and temperature 

profile is elaborated in Figure 9 (a)-(b). It is noteworthy that very low Reynolds numbers are 

considered (laminar flow), and the regime is, therefore, a viscous-dominated one. The relation 

represents that on increasing the value of Re from 1 to 10, a significant amount of reduction in 

velocity has been seen. In the same manner, as we increased the magnitude of Re, the magnitude 

of temperature is also decreased. Although inertial force is increased with Reynolds number (based 

on the vessel radius), the overwhelming effect is nevertheless flow deceleration owing to the 

stenotic obstruction and nanoparticles. 

1 1.41, 0.1, 0.98, 1.2B z t= = = =
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Figure 9: Effect of Reynolds number (Re) on (a) velocity and (b) temperature profile for following data 

 

Figures 10- 23 shows the results for wall shear stress, flow rates and pressure gradient quantities 

for changing the various parameters. As it is known that wall shear stress is the drag force of the 

flowing blood exerted on the blood artery's endothelial surface. High shear stress causes laminar 

flow which promotes the alignment in the flow direction while low shear stress causes turbulent 

flow and endothelial proliferation, shape changes happen. The volumetric flow rate is the 

summation (integration) of variable velocity with respect to the radial direction. Hence, the flow 

rate has the same trend to the axial velocity. Further, pressure gradient shows the variations in 

pressure value with respect to the time. Nanoscale effects modify the pressure distribution in 

diseased arterial vessel. This has important implications for controlling the atherosclerosis and 

other diseases related with stenosis. Figures 10-11 display the time series evolution in wall shear 

stress (WSS) by varying the nanoparticle concentrations. These figures permit a comparison 

between the silver nanofluid ( ) and the hybrid nanofluid profile ( ). Both the figures show 

that wall shear stress initially decreases until a critical time and after that increases for the 

remainder of the time with increasing the volume concentrations for any of the nanoparticles and 

sustains lower magnitudes for the first part of the cycle at concentration 0.05. However, comparing 

both figures, it is apparent that wall shear stress is minimized for the case of hybrid nanoparticles

, compared to the case of uni-nanoparticles .  

1 1.41, 0.1, 0.98, 1.2B z t= = = =

1 1 2 +

1 20.05, 0.05 = = 1 0.05 =
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Figure 10: Wall shear stress for various nanoparticle concentration of Ag nanofluid for  

 

Figure 11: Wall shear stress for various hybrid nanoparticle concentration of (Ag+Au) nanofluid for 

 

Similarly, Figures (12)-(13) exhibits the impact of various nanoparticle concentrations on the 

volumetric flow rate. This quantity is also witnessed to be significantly decreasing than increasing 

function for both silver nanoparticles ( ) and hybrid nanoparticles ( ). Following the same 

trend as wall shear stress, a lower volumetric flow rate is computed; however, for hybrid nanofluid 

compared with silver nanofluid.  

1 1.41, 0.1, 0.98B z= = =

1 1.41, 0.1, 0.98B z= = =

1 1 2 +
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Figure 12: Flow rate for various nanoparticle concentration of Ag nanofluid for  

 

Figure 13: Flow rate for various hybrid nanoparticle concentration of (Ag+Au) nanofluid for 

 

Figures (14)-(15) shows the changes in the wall shear stress and volumetric flow rate profiles for 

different combinations of hybrid nanoparticles. The patterns reveal that on increasing the 

nanoparticle concentration, both profiles first exhibit a reduction in magnitudes up to a particular 

time and subsequently begin to increase for the remaining duration in time. The variations in the 

wall shear stress and volumetric flow rate for different values of Grashof number are displayed in 

1 1.41, 0.1, 0.98B z= = =

1 1.41, 0.1, 0.98B z= = =
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Figures (16)-(17). From these figures, it is evident that both wall shear stress and volumetric flow 

rate are enhanced by increasing the magnitude of Gr, i.e., higher thermal buoyancy force elevates 

wall shear stress (flow acceleration). It results in more excellent flow rates, which shows a similar 

increasing pattern to that of the earlier computed velocity profile.  

 

Figure 14: Wall shear stress of different combination of hybrid nanoparticles for  

 

Figure 15: Flow rate of different combination of hybrid nanoparticles for  

1 1.41, 0.1, 0.98B z= = =

1 1.41, 0.1, 0.98B z= = =
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Figure 16: Wall shear stress for various Grashof number for  

 

Figure 17: Flow rate for various Grashof number for  

1 1.41, 0.1, 0.98B z= = =

1 1.41, 0.1, 0.98B z= = =
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Figure 18: Wall shear stress for various Prandtl number for  

 

Figure 19: Flow rate for various Prandtl number for  

Figures (18)-(19) depict the transient wall shear stress and volumetric flow rate distributions 

respectively for increment in Prandtl number (Pr). These figures reveal that both the wall shear 

1 1.41, 0.1, 0.98B z= = =

1 1.41, 0.1, 0.98B z= = =
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stress and flow rate are depressed noticeably with larger values of Prandtl number. Similar 

behaviour is also observed by enhancing the value of Reynolds number (Re), which is displayed 

in Figures (20)-(21). On increasing the value of Reynolds number, the values of wall shear stress 

and flow rate have lower impacts for higher values of Re, following the same trend as axial 

velocity. The stenotic obstruction and nanoparticle presence counteract the inertial force effect, 

which manifests in flow deceleration and flow rate drop. 

 

Figure 20: Wall shear stress for various Reynolds number for  

The effect of the B1 parameter on the pressure gradient is shown in Figure 22. The graph discloses 

that on increasing the value of B1, the highest value computed in the pressure gradient cycle 

(amplitude) is also being elevated. Additionally, Figure 23 represents the effect of the C1 

parameter on a pressure gradient profile. It can be seen that on increasing the C1 value, the length 

of the pressure gradient cycle is reduced, or alternatively, for higher C1, the cycle frequency is 

increased.  

Figure 24 displayed the time profiles of resistance to flow at the stenosis throat for considered set 

of parameters values. The impedance profile shows opposite trend to volumetric flow rates as from 

mathematical equation given in Eq. (28), it is clear that both the profiles are inversely related to 

each other. The solid line ( =0.1) shows the impedance for the default set of parameters given 

1 1.41, 0.1, 0.98B z= = =

Gr
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in Table 3. The results reveal that the magnitude of resistance impedance decreases by increasing 

the value of parameters ( ,  and hybrid nanoparticle concentration) while it increases on 

increasing the value or for silver nanofluid.  

 

Figure 21: Flow rate for various Reynolds number for  

 

Figure 22: Pressure gradient for various B1 parameter for  

Gr 0

Re

1 1.41, 0.1, 0.98B z= = =

1 1.41, 0.1, 0.98c z= = =
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Figure 23: Pressure gradient for various c1 parameter for  

 

Figure 24: Resistance impedance profile for different set of changed parameters with other default parameter values 

1 1.41, 0.1, 0.98B z= = =
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Figure 25: Blood flow pattern along the axial direction with  

                  (a)  For blood           (b) For silver nano-fluid   

 

(c)  For hybrid nano-fluid  

To analyze the path lines of blood particles along the axial direction, the blood flow patterns are 

plotted in Figure 25 with different panels (a)-(g). Panel (a) shows the particle pattern for only the 

case when nanoparticles are not included with the default values of other parameters (i.e., purely 

viscous fluid model). To calculate the difference in changing the parameters, all the remaining 

panels, i.e., (b)-(g) are compared with panel (a). Panel (b) displays the pattern for the unitary 

nanofluid case, i.e., for silver nanoparticle inclusion with the other defaulted parameters value. 

Similarly, Panel (c) presents the changes for the incorporation of hybrid nanoparticles. From all 

1 1.41, 0.1, 0.98B z= = =

1 20.00, 0.00 = = 1 20.03, 0.00 = =

1 20.03, 0.03 = =
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three figures, it is clear that hybrid nanoparticles decrease the velocity and achieve improved 

hemodynamic control. Panel (d) and (e) visualize the blood flow patterns for changing the value 

of   from 0.2 to 0.5 and increasing the value of Gr from 0.1 to 0.5, respectively. Compared to 

the panel (a), it is abundantly clear that blood velocity increases for both cases. Likewise, for 

Pr=21 and Re=5, Panel (f) and (g) indicates that velocity is again a decreasing function of both 

Prandtl number and Reynolds number in the stenotic regime.  

   

            (d)  On increasing ,                  (e) On increasing ,  

   

              (f) On increasing Pr, Pr=21     (g) On increasing Re, Re=5  

Tables 4 and 5 demonstrate the variation of wall shear stress and volumetric flow rate for various 

parameters (viscosity constant (η0) and nanoparticle concentration (ϕ)) at particular time t=1.00. In 

these tables, the comparison between silver nanofluid and hybrid nanofluid is also presented. The 

0

0 0 0.5 = Gr 0.5Gr =
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data shows that for a fixed nanoparticle volume fraction, the increment in the η0 increases the both 

wall shear stress and flow rate profile while for a fixed η0, both the profiles decrease on increasing 

the concentration. We also compared the results for silver nanofluid and hybrid nanofluid and it 

shows that hybrid nanofluid provides more remarkable changes comparing to uni nanofluid for 

variation of both the parameters. 

 

Table 4: Wall shear stress for various parameters at time t=1.00 

  Variation   Variation Silver nanofluid Hybrid nanofluid  

(Ag-Au/Blood) 

0.00 

0.00 0.903195798 0.903195798 

0.01 0.896956236 0.896167283 

0.03 0.883177481 0.872505312 

0.05 0.868367924 0.846181968 

   0.1 

0.00 0.943605492 0.943605492 

0.01 0.937951475 0.937760337 

0.03 0.925241631 0.915938276 

0.05 0.911393699 0.89111918 

0.2 

0.00 0.989885718 0.989885718 

0.01 0.984941737 0.985478323 

0.03 0.973535535 0.965932828 

0.05 0.960868313 0.942998274 

0.5 

0.00 1.185176361 1.185176361 

0.01 1.183688842 1.187818402 

0.03 1.17871628 1.179904782 

0.05 1.171969926 1.166883174 

 

 

 

 

0 
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Table 5: Volumetric flow rate for various parameters at time t=1.00 

  Variation   Variation Silver nanofluid Hybrid nanofluid  

(Ag-Au/Blood) 

0.00 

0.00 0.575692461 0.575692461 

0.01 0.567949559 0.561943631 

0.03 0.551998591 0.529772975 

0.05 0.536027267 0.499660854 

   0.1 

0.00 0.591571508 0.591571508 

0.01 0.584044924 0.578051426 

0.03 0.568506547 0.546235249 

0.05 0.552939906 0.516551676 

0.2 

0.00 0.609078049 0.609078049 

0.01 0.601796803 0.595816409 

0.03 0.586727765 0.564409069 

0.05 0.571622745 0.535218921 

0.5 

0.00 0.675804691 0.675804691 

0.01 0.669527795 0.663604035 

0.03 0.656392448 0.633952678 

0.05 0.643199383 0.606857576 

 

Figure 26 (a)-(b) displays the variation of axial velocity and temperature for other nanoparticles 

suspended within the blood. Several combinations of hybrid nanoparticles (Cu, TiO2, SiO2) are 

considered and compared. From both graphs, it is apparent that the hybrid combination of (Ag and 

Au) achieves superior results (lower velocity and temperature) relative to any other hybrid 

nanoparticle combination. The Ag-Au hybrid case effectively decelerates the blood flow and 

elevates blood temperature profiles, which is extremely desirable for nano-drug delivery 

applications [37]. 

 

0 
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Figure 26: Effect of different types of hybrid nanoparticles on (a) velocity and (b) temperature profile for 

. 

8. CONCLUSIONS  

Inspired by nano-drug delivery technologies for arterial disease treatment, this study provides a 

more profound understanding via computational simulations of hybrid nanoparticles mediated 

hemodynamic transport (Ag-Au/blood) through an artery with an irregular stenosis. Reynolds’ 

viscosity model is applied in the formulation to represent the temperature dependency of blood. 

For realistic flow situations, the unsteady component of the pulsatile pressure gradient is also 

included. Further, quantifying the blood flow characteristics (velocity, temperature, wall shear 

stress, volumetric flow rate and pressure) at the stenotic region, the non-dimensional, transformed 

governing conservation equations are solved with the help of an FTCS finite difference method. 

The key findings of the present numerical computations may be summarized as follows: 

• It has been observed that the inclusion of hybrid nanoparticles (Ag-Au/blood) within blood 

decreases the axial velocity of blood more significantly as compared to unitary 

nanoparticles (Ag/blood). Also, the temperature profile increases noticeably on varying the 

concentration of hybrid nanoparticles.  

1 1.41, 0.1, 0.98, 1.2B z t= = = =
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• Enhancement in thermal buoyancy effect as simulated via Grashof number ( ) and 

increasing viscosity parameter ( ), both induce considerable axial flow acceleration in the 

stenotic regime while no impact has been shown for temperature profile.  

• Both velocity profile and temperature magnitudes are depressed with rising values of 

Prandtl number (𝑃𝑟), i.e., lower thermal conductivity, and with increasing Reynolds 

number (𝑅𝑒), i.e., greater inertial force in the stenotic regime. 

• On increasing the value of pressure gradient parameter (B1), velocity is increased, whereas 

no tangible modification is computed in temperature. Whereas, on increasing the pressure 

parameter (c1), axial velocity is observed to follow the descending pattern. 

• The wall shear stress and volumetric flow rate values have substantially greater magnitudes 

for hybrid nanofluids comparing to unitary nanofluid. 

• Enhancement in Grashof number increases the both wall shear stress (WSS) and flow rate 

(FR) profile. Furthermore, these two profiles (WSS and FR) are depressed with ascending 

values of Prandtl number (Pr) and Reynolds number (Re).  

• With time variation, the pressure gradient is found to be lower in coronary (small) arteries 

comparatively to large (e.g., femoral) arteries. 

• Variation in wall shear stress and flow rate for changing the emerging parameters such as 

viscosity constant and nanoparticle concentration is shown in Table 3 and 4. The data also 

shows the comparison between the silver nanofluid and hybrid nanofluid at the throat of 

the stenosis. 

• The comparison for distinct hybrid nanofluids indicates that (Ag-Au/-nanoparticle doped 

blood) produces more beneficial results for nano-drug delivery therapies since it achieves 

improved hemodynamic flow control and higher temperatures in streaming blood.  

The present simulations have been confined to electrically non-conducting blood, i.e., they have 

ignored electro-osmotic (and biomagnetic) characteristics of blood flows [38], which are also of 

interest to nano-drug delivery. These feature the application of external electrical and magnetic 

fields to manipulate nanoparticle distribution in the human body (generating electro-kinetic and 

ferromagnetic dipole effects) and may be explored, in the near future. 

This article has been motivated by growing clinical applications of targeted nano-drug delivery 

systems. The advantage of numerical blood flow simulation is that it provides almost limitless (and 

Gr

0
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relatively inexpensive) insights which can aid decision-making processes during the treatment of 

cardiovascular diseases. Although a conventional method for treating the stenosis is to deploy a 

stent or catheter inside the artery, however, nowadays targeting the nano-drugs at desired locations 

is increasingly becoming the new standard. This also triggers the process of clotting formation at 

the stenosis throat and the effects of such post-treatment processes can also be predicted by 

computational simulation.   
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