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ABSTRACT

A detailed theoretical examination laminar natural convection heat flow in a triangular
porous cavity with significant radiative heat transfer and porosity variation is presented. Two-
dimensional laminar incompressible flow is considered with the left slant and right walls are low
and high temperature respectively, and the remaining (top) wall prescribed as adiabatic. The
Darcy-Brinkman isotropic model is utilized, and the coupled governing equations are solved by a
numerical method utilizing finite differences. Visualization of isotherms and streamlines is
achieved with the method of Energy Flux Vectors (EFVs). The impacts of the different model
parameters (Rayleigh number Ra, Darcy number-Da, porosity-¢ and radiation parameter-Rd) on
the thermo fluid characteristics are studied in detail. The computations show that convective heat
transfer is enhanced with greater Darcy parameter (permeability) which also leads to
intensification in the density of energy flux vector patterns. The flow is accelerated with increasing
buoyancy effect (Rayleigh number) and temperatures are also increased with greater radiative flux.
Average Nusselt number is decreased with higher porosity. The simulations are relevant to hybrid
porous media solar collectors.

KEYWORDS: Energy flux vectors, Darcy-Brinkman model, Thermal Radiation, Triangular

Cavity, Darcy number; Nusselt number, Solar collectors.

NOMENCLATURE:
Cp Specific heat
Da Darcy number
g Gravity (m/s?)
K Permeability (m?)
L Length of the enclosure (m)
Nu Nusselt number
p Dimensional pressure (Pa)
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P Non-dimensional pressure
Ra Rayleigh number

Rd Radiation parameter

t Dimensional time (s)

T Temperature (K)

T, Temperature of hot wall (K)
T Temperature of cold wall (K)
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Greek Symbols

a Thermal diffusivity (m/s”)

B Mean absorption coefficient

B * Coefficient of volume expansion (1/K)
T Non-dimensional time

1% Fluid density (kg/m?3)

H Dynamic viscosity (kgm/s)

y2i Effective dynamic viscosity (kgm/s)
v Kinematic viscosity (m?/s)

6 Non-dimensional temperature
~ Thermal conductivity (W/mK)
A Ratio of diffusivities

¢ Porosity

o=5.67037 Stefan-Boltzmann constant
x108W m2K*

/)Cp Heat capacitance (J/K)

v Dimensionless stream function
w Dimensionless vorticity
Subscripts

h Hot

C Cold

1. INTRODUCTION

Recently significant research activity has been conducted in natural convection in
triangular cavities owing to applications in for example solar collector systems, ventilation of

buildings with inclined roofs, semi-conductor melts etc. Flow within an enclosure is an intriguing



branch of fluid dynamics and features many sophisticated phenomena including vortices, boundary
layers, pitchfork bifurcation, cells etc. In natural convection the dominant driving force is thermal
buoyancy. In the case flows driven by a lid (or wall), the motion of one or more walls that define
the cavity can also mobilize convection patterns. A substantial body of literature is available on
natural convection flows in different geometrically shaped enclosures with straight boundaries
(e.g. trapezoidal, triangular, rectangular and square [1, 2]). In many industrial applications the heat
transfer in non-square enclosures (triangular) heating of one side in particular, is of great interest
[3]-[4]. In these and other studies, owing to the nonlinearity of the governing conservation
equations, numerical methods must be employed to generate solutions for the velocity and
temperature fields. In recent years engineers have deployed Lattice Boltzmann methods [5], finite
volume SIMPLE algorithms [6], variational finite element methods [7],incompressible smoothed
particle hydrodynamics (ISPH) methods [8] and numerous other techniques including finite
difference methods (FDM). The last of these methods is generally less expensive computationally
and algebraically simpler to implement. Venkatadri et al. [9] used the finite difference (technique)
method (FDM) to simulate numerically the influence of phase change (melting)heat transfer on
magnetohydrodynamic natural convection of bottom wall heating of enclosure, noting that a
greater heat transfer rate is achieved for uniform heating of the base wall compared with non-
uniform heating. Bhardwaj et al. [10] also used a FDM to compute the entropy generation in a
right-angled triangular wavy enclosure and noted that the undulation of the wall enclosure elevates
the Nusselt number (Nu) by 53%, at Darcy number of 0.01 and Rayleigh number of 1 million as
compared to the straight wall case. Akinsete and Coleman [11] used an alternating direction
implicit code to analyse the 2D laminar buoyancy convection in a long, horizontal, right-angled
geometry, triangular cavity containing air. Triveni et al. [12] adopted ANSYS FLUENT finite
volume code to model the heat transfer through buoyancy driven flow in a triangular (right-angle
at left wall) cavity filled with waterwith partially heating and cooling. Rahman et al. [13] employed
a finite element (FE) method to investigate double diffusive convective flow in a wavy-walled
(corrugated) triangular enclosure, observing that multiple circulations are generated at the lowest
Prandtl number and that with greater wavelength and Rayleigh number both heat and mass transfer
at the walls are enhanced. Kaluri et al. [14] simulated computationally the thermal convection flow
for various aspect rations (AR) of an enclosure (rectangular) in the presence of different thermal

boundary conditions and noted that elevation in uniform heating produces an exponential decrease
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in Nusselt numbers. Other numerical studies of triangular enclosure free convection flows are
provided in [15]-[16].

In many industrial and manufacturing processes, porous media arise. They provide a
relatively simple, inexpensive but effective method for regulating flows and transport phenomena.
The classical approach in the simulation of transport in permeable media is the Darcy model which
assumes a linear pressure drop across the material. This provides acceptable accuracy for low-
velocity percolation wherein viscous hydrodynamic forces dominate over inertial forces.
Mathematical models of Newtonian convection in Darcian permeable media have stimulated
extensive attention largely motivated by insulation, architectural and solar energy applications.
Representative studies include [17]-[20] all of which have shown that altering permeability
(modification in Darcy number) markedly modifies the velocity and temperature distributions.
These studies assume local thermal equilibrium (LTE) exists between the fluid and permeable
medium i.e. the uniform temperatures on solid and fluid phases. They however neglect porosity
effects. Whereas permeability relates to the hydraulic conductivity of a porous medium, porosity
(or void fraction) is defined as the ratio of the volume of all the pores in a material to the volume
of the whole material. Several investigations have considered porosity variation in free convection
flows. These include Vafai [21], Hong et al. [22] and Prasad et al. [23].

In the present study, a mathematical model is presented for laminar steady-state natural
convective heat flow in a permeable triangular enclosure. A Darcy-Brinkman model is adopted in
which porosity variation is also considered. Thermal radiation heat transfer is also included owing
to its significance in solar collector systems, for which Rosseland’s diffusion flux model is
employed [24, 25].The enclosure has inclined sidewalls which are kept at constant temperature,
and the remaining (top) wall is prescribed as adiabatic. Using a vorticity stream function
formulation, the conservation equations for mass, momentum and energy are rendered non-
dimensional and solved computationally with a marker and cell (MAC) finite difference method
with incremental steps. Hooman’s [26] energy flux vectors (EVF) method is implemented to
visualize thermal characteristics in the triangular porous cavity. This technique is superior to the
earlier heat line visualization approach of Bejan [27] since it does not require algebraic equations
to be solved and is also applicable to more complex geometries. To the best of our knowledge, the

buoyancy driven flow in a triangular porous enclosure (with porosity variation, following Vafai



[21]) including significant thermal radiation and with Hooman’s heat flow visualization EFV
method has not been studied thus far in the scientific literature. In the subsequent sections, the
mathematical model of the considered problem is discussed in detail, with full numerical solutions,
validation and graphical solutions given.

2. MATHEMATICAL MODEL

The physical regime under investigation comprises two—dimensional right-angled
triangular cavity geometry, enclosed by three thermal walls. The top wall is thermally insulated,
and the inclined and vertical walls are isothermal and prescribed different temperatures. The

geometry analyzed is depicted in Fig. 1 and contains an incompressible porous medium. The

enclosure slant wall and right walls are sustained at temperatures, T, and T, (ie.T <7, )

C

respectively. No-slip conditions are enforced on all the walls (boundaries).

Fig. 1. Schematic representation of problem

The mathematical model is developed for the natural convection in a permeable triangular

enclosure based on the following assumptions.



e Fluid is assumed to be incompressible and Newtonian.

e The no-slip boundary condition is assumed at the solid boundaries

e The fluid flow is assumed to be laminar and two dimensional.

e The thermo-physical properties of the fluid (except the density variation in the buoyancy
term) are all considered to be constant. The linear Boussinesq approximation is invoked to
relate the variation of density with temperature in the body force term.

e The temperature of the fluid phase is equal to the temperature of the solid phase and solid
matrix fibers and fluid in the porous medium are in local thermal equilibrium (LTE).

e Radiation heat transfer is considered for optically thick fluid.

Within the framework of the afore-mentioned assumptions, the governing equations for the present
study (incorporating the Brinkman modified-Darcy flow model) may be expressed in dimensional

form as follows
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The effective dynamic viscosity 4 of the fluid in the porous channel is defined by 7 = £ under
&

the Darcy-Brinkman model. Rosseland’s approximation is used for thermal radiation [25]:
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Here o is the Stefan-Boltzmann constant (= 5.67037 x108W m2K™) and S is the mean absorption
coefficient. The following transformation variables are invoked to make equations (1) — (4)
dimensionless:
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Stream function ¥ and vorticity W are defined in dimensional form as:
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The vorticity and stream functions defined in Eqns. (10-11) are implemented in Eqns. (7-9) and

Eqn. (4) and the resulting non-dimensional momentum and energy conservation equations emerge

as follows:

2 2
W= Da 8w+8w +Da.Ra%
oX

£ lox?  av?

(12)

e +U 24V 2 .
3 )| oX

oo oo oo ( 4Rdj 0%0
=¢| 1+
ot oX oY

The boundary conditions as shown in Fig.
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1 are as follows:

wall

vertical wall (14)
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The estimation of heat transfer rate along the hot wall is more significant and is defined with the

radiative effect incorporated as follows:
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The details of energy flux vectors and computational procedure are comprehensively discussed in
[36]. The energy flux vectors ( E ) can be obtained via post processing without any rigorous
solution procedure. The energy flux vector ( E ) is defined as follows:
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3. MAC COMPUTATIONAL METHOD AND VERIFICATION

The non—-dimensional coupled partial differential equations (11) — (13) under the boundary
conditions (14) are solved numerically. The stream function is computed from the Poisson
equation (11) with boundary conditions (14). These equations are solved by the MAC method
(with a finite difference technique). The complete procedure and numerical scheme have been
described in detail previously by Venkatadri et al. [9, 36]. This numerical scheme achieves high
accuracy in simulating viscous fluid flow problems and is a robust alternative to other numerical
methods such as the FEM (Finite Element Method), CVFE (Control Volume Finite Element) etc.
Further details of the computational methodology are given in [28-32]. The MAC solver has been
coded in an in-house MATLAB-based platform and has been validated with earlier numerical
studies [33-35]. Streamlines and isotherms are compared with the numerical data of Basak et al.
[37] and depicted in Fig. 2. Table.1 shows the mean Nusselt number at the hot wall for a wide
range of Ra (i.e Ra=10% — 10°). Very good correlation with the finite element solutions in [37] is

demonstrated, confirming the accuracy of the MAC code.
4. RESULTS AND DISCUSSION

Analysis of energy flux vectors (EFVs) of convective flow in a triangular permeable
enclosure in presence of LTE is conducted. The simulations are conducted over a wide range of

parameter values i.e. Rayleigh number (Ra=50-1000), Darcy number (Da=0.1-0.0001), porosity



parameter ¢ ( 1.2-1.6 i.e. 1.2% to 1.6% void percentage) and thermal radiation parameter (Rd=1—
4). Rd values are based on the original study of Cess [38] which have also been verified more
recently by Kuharat et al. [25]. The obtained computational results are presented in the form of
contour plots via streamlines, energy flux vector, isotherms and local and average Nusselt number

for variation in these parameters, Ra, Da,s and Rd.

Figs. 3-4 present the influence of Darcy parameter (Da=0.0001-0.1) on streamlines (left),
isotherms (centre) and energy flux vectors (right) for Ra=100, Rd=1, £=1.2 %. Thermal
buoyancy is therefore quite weak (Ra = 100) and conductive and radiative heat transfer modes
contribute equally (Rd = 1) [38]. In fig. 3, very low permeability is considered i.e. Da=0.0001,
Da=0.001. In fig. 4 much higher permeability (orders of magnitude higher than in Fig. 3) is studied
i.e. Da =0.01, 0.1. In Fig. 4, at Da=0.0001, the thermal conduction mechanism dominates, and
the medium permeability is extremely low (greater surface area of the solid matrix fibers is present
which boosts thermal conduction). The streamlines exhibit a single enlarged vortex structure
within the triangular cavity. With increasing permeability (Da = 0.001) this vortex is further
expanded laterally towards the upper left corner of the triangular geometry. At Da = 0.0001,
temperature contours are parallel to the vertical wall. With enhancement in Da, permeability is
elevated, and the fluid can percolate more easily in the porous medium as the Darcian drag force
is reduced. The magnitudes of the temperature contours increase, and they are distorted at the
upper region of the vertical wall and also significantly along the upper horizontal boundary. The
convective heat transfer rate in the enclosure is accentuated with an increase in Da. The flow of
heat in the porous triangular enclosure can be further visualized via energy flux vectors (EVFs).
The EFV’s commence from the hot regime (vertical wall) and are directed towards the low
temperature regime (inclined wall) and clearly reveal the flow of heat patterns within the enclosure.
The domination of conductive heat transfer at low Darcy number can be noticed from the energy
flux vectors patterns. The enhancement of Da causes the clustering of energy flux vector patterns
from the hot wall towards the inclined wall and generates a passive thermal zone in which thermal
energy is circulated. The flux vectors are somewhat straighter in the upper zone but are more
significantly distorted in the lower zone where a cell is generated which is skewed towards the
triangular boundary. There is also a minor influence on heat flow at the upper horizontal wall.
Clearly a change in permeability exerts a non-trivial impact on thermofluid characteristics in the

triangular enclosure. In fig. 4 (upper plots), for Da = 0.01, yet further expansion in the central
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vortex is observed compared with the corresponding streamline plots in figs 3 for lower Darcy
numbers. At Da = 0.1 (highest permeability considered) there is continued growth in the vortex
and a relaxation in the streamlines at the vertical wall (lower region) with a constriction along the
triangular wall. Evidently there is a significant modification in momentum distribution in the
regime achieved with different permeabilities. Increasing Darcy number to Da = 0.01 and 0.1,
continues to induce a more prominent distortion in the isotherm profiles which become yet more
nonlinear a short distance away from the vertical boundary and the upper horizontal boundary;
however they remain largely parallel to the slope boundary. Heat distribution is clearly
substantially morphed in the enclosure with increasing permeability. The largest Darcy number
corresponds to a suppression in thermal conduction and an elevation in thermal convection mode
in the regime. The energy flux vector plots also exhibit progressively greater alteration in the cell
computed in fig. 3 at Da = 0.001. At Da = 0.01 (fig 4) the cell is expanded laterally towards the
inclined boundary and is contracted in the vertical direction. This effect is further amplified at Da
= 0.1 where the cell occupies the greater portion of the core zone in the enclosure. The angle of
impingement of the flux vectors on the sloped boundary becomes increasingly sharper with highest

Darcy number.

Fig.5 exhibits profiles of the streamlines, isotherms and energy flux vectors for different
values of thermal Rayleigh number for Da=0.0001, Rd=1, ¢ =1.2. At Ra=100 thermal buoyancy
effects are relatively weak and the temperature contours appear within the enclosure largely as
parallel lines. As Ra increases (i.e. Ra=100, 500 and 1000), thermal buoyancy is enhanced
significantly (relative to viscous hydrodynamic force) and induces a distortion in the distribution
of the isotherm contours which are detracted from the hot wall and magnitudes are increased. Heat
transfer is therefore exacerbated in the regime. The streamlines also exhibit a mono circulation
zone within the triangular cavity. With the increase of Ra, the initial dominance by thermal
conduction is shifted to thermal convection dominance. With regard to the energy flux vectors,
inspection of Fig. 5 shows that the energy flux vectors visualize the heat flow direction and
position; the heat generally moves from the high temperature (vertical wall) to the low temperature
(inclined) wall. As seen, the energy flux vectors exhibit a single rotating zone topology. The
stronger circulation shows that higher heat transfer rate occurs in this region. As Rayleigh number
decreases the energy flux vectors density diminishes due to the reduction in thermal buoyancy
(relative to viscous hydrodynamic force).
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Fig. 6-8 Exhibits the effect of thermal Rayleigh number Ra, Darcy parameter Da, thermal
radiation flux Rd and porosity¢. The impact of porosity on average Nusselt number with various
values of Rayleigh number for Da=0.0001, Rd=1 is shown in Fig. 6. As a general trend, the average
Nusselt number increases as Ra increases. Higher Rayleigh number implies stronger thermal
buoyancy and hence the net fluid flow driving force increases. This boosts the transfer of thermal
energy to the triangular boundaries from the fluid in the enclosure. However, the average Nusselt
number decreases with increasing porosity since less solid fibers are available for thermal energy
transfer via conduction with greater presence of voids. Designers must therefore judiciously select
appropriate porous media for solar collector design in order not to suppress heat transfer rates to
strongly while regulating the flow circulation. The influence of Darcy number on average Nusselt
number is depicted in Fig.7. The convective heat transfer is gradually increased with an elevation
in Darcy parameter i.e. greater permeability results in intensification in transfer of thermal energy
from within the enclosure to the enclosure walls. This results in denser energy flux vectors patterns.
Finally, the thermal radiation is found to also exert a marked effect on enhancement of heat
transfer, at any value of Rayleigh number, as seen in Fig. 8. The stronger radiative flux energizes
the fluid in the enclosure (corresponding to greater solar flux) which leads to a boost in the transfer
of heat to the boundaries. For the case of Rd =1 there is an equivalence of thermal conduction and
radiative heat transfer and average Nusselt number is minimized for this scenario. Overall, the
MAC simulations provide a good insight into the heat and momentum characteristics in the
enclosure and their modification with radiative flux, medium porosity, permeability and thermal

buoyancy.

5. CONCLUSIONS

The natural convective flow and radiation heat transfer in a triangular porous enclosure has
been examined theoretically and numerically in this article. The enclosure base wall is prescribed
a uniform high temperature and the top wall is maintained as thermally insulated. The inclined left
wall is sustained at constant low temperature. The governing dimensionless conservation equations
are solved in vorticity form using a MAC finite difference method [9]. Heat flow analysis is also
conducted within the trapezoidal enclosure using Hooman’s EFV method [26]. The computations

have shown that:
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(i) Low average Nusselt numbers (wall heat transfer rates) and velocities are obtained
for low Rayleigh number (Ra=50). However multiple circulations and multiple
cores of energy flux vectors are found at higher Rayleigh number (Ra=10%) and
average Nusselt number and velocities are increasing functions of the Rayleigh
number Ra.

(i)~ Significant elevation in the average Nusselt number is also computed with
increasing radiation parameter Rd.

(i)  Itis also noteworthy that thermal radiative flux, Darcy number, porosity parameter
and buoyancy (as simulated via Rd, Da, ¢ and Ra) are very good control parameters
for heat and momentum characteristics inside triangular porous cavities.

(iv)  Careful selection of these parameters can achieve optimal heat transfer rates in for

example solar enclosures.

The present simulations have demonstrated that the MAC finite difference code is a good

computational solver for solar enclosure simulations. Future studies may consider wavy

boundaries (corrugated walls), more complex radiative models (e.g. Schuster-Schwartzchild 2-

flux model), nanofluids and non-Newtonian working fluids.
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TABLES & FIGURES

Table. 1. Comparison of average Nusselt number (Nu) with Pr=0.71 (air)

Ref. [33] Ref. [34] Ref. [35] Present study
Ra Nu FEM (FDM)
103 Average 1.12 1.074 1.117 1.1185
10 Average 2.243 2.084 2.254 2.2526
10° Average 4.52 4.3 4.598 4.5907
108 Average 8.8 8.743 8.976 8.9905

da TEMPERATURE, 6 b STREAM FUNCTION,
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Fig. 2 Comparison of present work (Bottom - FDM) and FEM solution of Basak et al. [37] (Top -
GFEM) of contour plots for uniformly heated left vertical wall, H(O,Y):l and cooled right

inclined wall, 9(X ,Y) =0,v X +Y =1and insulated bottom wall with Ra=10% and Pr=0.7 (air).
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Fig 3. Streamlines, isotherms and energy flux vectors for Ra=100, Rd=1, € = 1.2%.
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Fig 4. Streamlines, isotherms and energy flux vectors for Ra=100, Rd=1, € = 1.2%.
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Fig 5. Streamlines, isotherms and energy flux vectors for Da=0.0001, Rd=1, € = 1.2%.
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Fig 6. The average Nusselt number for Ra with Da=0.0001, Rd=1.
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Fig 7. The average Nusselt number for Ra with Rd=1, £=1.4%.
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