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Abstract

In this paper, a set of explicit theoretical derivations from a generalised

bond-slip model for an epoxy bonded fibre reinforced polymer (FRP) sheet

to concrete are presented. The derivations address the maximum bond resis-

tance, load-slip response, effective bond length and stress-strain distributions

along the FRP. The generalised bond-slip model was compared with the ex-

isting bond-slip models to obtain the optimal bond-slip parameter using bond

resistance results of single and double lap shear tests results available in the

literature. The theoretical predictions using the optimal bond-slip parameters

showed good agreement with experimental results of double lap shear tests.

Furthermore, in order to understand the influence of the bond-slip parameters,

a series of parametric studies are presented. Overall, the proposed bond-slip

model and explicit derivations provide complete understanding of bonded FRP

on concrete, as opposed to the partial understanding provided by empirical and

semi-empirical models available in the literature.

Keywords: Bond-slip model; Epoxy bonded external FRP; Retrofitting of

concrete structures.
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1. Introduction

Retrofitting of reinforced concrete (RC) structures, which show signs of dis-

tress or are deficient in load carrying capacity, is the most economical and sus-

tainable option compared to rebuilding. Hence, researchers around the world

have been developing various retrofitting techniques, one of them being the use5

of epoxy-bonded external reinforcements on the concrete surface. In the last two

decades, fibre reinforced polymer (FRP) materials like carbon, aramid, glass and

basalt fibres have been used, due to their good immunity to corrosion, lower self-

weight and excellent mechanical properties, whilst allowing hand lay-up of FRP

reinforcement to the shape of any structural element [1, 2, 3].10

To attain a suitable strengthening system for concrete structures, adequate

stress distribution between externally bonded fibre reinforced polymer (FRP)

materials and the concrete substrate must be developed [4]. Indeed, a num-

ber of failure modes in FRP-strengthened RC members are directly caused by

debonding of the FRP from the bonded surface. Therefore, the safe and eco-15

nomic design of externally bonded FRP systems needs a sound understanding

of the behaviour of FRP-to-concrete interfaces. In order to understand the

behaviour of the epoxy bonded reinforcement to the concrete substrate, vari-

ous approaches have been developed: firstly, empirical bond-strength models

[5, 6, 7], in which the maximum load resistance and the effective bond length20

of the system were derived using the curve-fitting approach with basic material

and geometric properties; secondly, bond-slip models with fracture toughness

[8, 9, 10], where energy required to propagate a crack along the FRP was con-

sidered and the maximum load resistance and effective length equations were

developed using fracture toughness; thirdly, analytical derivation of bond-slip25

models based on equilibrium conditions was developed by Wu et al [11]. The

samples exhibited mixed mode debonding failure (especially for the double can-

tilever beam test setup [12]), the mixed phenomenon were separated into mode I

bond-separation model and mode II bond-slip model. To predict the overall be-

haviour of bonded reinforcement, both modes were superimposed and analytical30
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Figure 1: Various bond-slip models available in the literature

derivations were developed [13, 14].

Each approach has its own merits and drawbacks. Empirical bond-strength

models provide a set of formulae to obtain the maximum bond resistance and

effective bond length, which are often desired in the design environment. How-

ever, this approach does not provide stress or strain distributions along the FRP.35

Therefore, validation of such models were purely based on the load resistance

recorded during single or double lap shear tests in the literature. Furthermore,

these empirical formulae must be modified when non-standard materials are

used (concrete, FRP or epoxy glue), as the existing bond-strength models were

calibrated for a specific set of experimental parameters.40

In the case of semi-empirical bond-slip models with fracture toughness, var-

ious simplifications and assumptions were implemented to obtain implicit for-

mulae for the maximum force resistance, effective bond length, stress-strain

distributions along the FRP. In addition, those characteristics are dictated by

the type of bond-slip model considered in the first place. In the literature, var-45

ious bond stress (τ) vs. slip (s) relationships between the FRP and concrete

were considered, as illustrated in Figure 1. This approach is too limiting for a

specific configuration and materials.

Wu et al [11] reported a closed form solution based on a bond-slip model,

which was developed by Dai et al [15] and Zhou et al [16]. Wu et al’s [11] theoret-50
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ical derivation allows examination of all the essential outputs and understanding

of the behaviour of the bond between FRP and concrete. However, the single

curve bond-slip model used for the derivation is not explicitly stated, together

with the characteristics of the bond properties and values of the constants.

It should be noted that the types of concrete, reinforcement and epoxy used55

in the construction industry are fast changing [17, 18, 19, 20] and layup tech-

niques and workmanship influences the effectiveness of the bond-slip character-

istics [21, 22, 23]. In addition, recent studies show that the bond properties vary

with repeated loading [24, 25, 26] and temperature of the system [27, 28, 29].

Therefore, a different set of bond parameters for a particular bond-slip model60

or entirely different bond-slip model altogether must be considered for any new

configuration, non-standard materials and environment. Reliance on the empir-

ical and semi-empirical models requires a substantial amount of experimental

investigation and is therefore not viable.

In order to understand the behaviour of the interface between reinforcement65

and concrete, a combination of non-linear and linear bond-slip relationships,

which can be transformed in to a few different bond-slip models by changing the

bond properties, were considered. Explicit stress and strain distributions along

the FRP, effective bond length, maximum load capacity and load-slip relation-

ship were mathematically derived from first principles (equilibrium conditions).70

This paper provides the complete mathematical derivations and validation us-

ing existing experimental results in the literature. Thus the efficient and robust

analytical derivation for the bond-slip model can be used in any configuration

(single or double lap shear tests), type of concrete (lightweight, recycled or high

strength concrete), reinforcement (carbon, aramid, glass or basalt FRPs) and75

epoxy glues.
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Figure 2: Stages of bond stress and strains of a bond-slip model
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2. Theoretical derivation of a governing equation for the bond stress-

slip model

2.1. Distributions of stresses and strains

For the bond test specimens, forces applied at the ends of specimen (P )80

are distributed to the fibre reinforced polymer (FRP) laminates. The process of

force transfer from the concrete to the FRP laminate, through bond, is described

in Figure 2. The bond stress between the FRP laminate and the concrete is

given by τ and the strain is denoted by ε. Up to point A, the bond forces

increase linearly from the point of zero force in the laminate to the point where85

the force in the laminate is a maximum. In this range the strain distribution

in the FRP versus slip along the length to the point of the initiation of the

bond (x = 0) is of quadratic form. With continued loading, points B and C

are reached on the bond stress versus slip curve, and the micro-cracks start

to propagate through the interface until the formation of the macro-crack. By90

formation of the macro-crack, the load carrying capacity of the joint does not

increase and the length of bond through which the inter-facial shear stresses

are transferred to the substrate can be defined as the effective bond length le as

shown in points D on the bond stress versus slip curve. Along the bonded region,

the FRP strain on the laminate remains constant. At point E on the bond-slip95

curve, any attempt to increase the applied load beyond this point leads to a rapid

shifting of the unbonded region to the free edge, causing brittle instantaneous

failure as the FRP peels off completely from the surface of the concrete. Failure

occurs suddenly as the energy stored in the specimen is released and the test

becomes unstable [30].100

2.2. Derivation of a governing equation

The slip between FRP sheet and the concrete substrate at any point x along

the bonded length of FRP sheet is the difference between the longitudinal dis-

placement of the FRP and that of the concrete [31, 11, 32].

s = uf − uc (1)
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Figure 3: Detail of FRP-concrete joint (a) two separate concrete blocks bonded together with

FRP sheet (b) relative displacement between concrete and FRP reinforcement(c)differential

segment of the adhesively bonded joint

where, s is the bond slip; uf and uc are the FRP and concrete displacement

respectively. For the derivation of this governing equation, the double lap shear

test specimen was considered as shown in Figure 3. According to Figure 3 (b),

the slip is expressed as the relative displacement between the FRP and concrete.105

Figure 3 (c) shows the equilibrium of the applied stresses and compatibility of

deformations in a finite element of the joint. It must be noted that the origin

of x moves towards the restrained end as the force is applied as illustrated in

Figures 2 and 3.

In elastic models, the strain-stress relationship for interface materials can be

expressed in the following linear formulation. The axial stress in concrete (σc)
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and FRP reinforcement (σf ) can be written as:

σc = Ecεc and σf = Ef εf (2)

where, Ec and Ef are the elastic modulus of concrete and FRP reinforcement,

respectively. The concrete strain (εc) and FRP strain (εf ) are defined by the

following equations:

εc =
duc
dx

and εf =
duf
dx

(3)

By differentiating Equation 1:

ds

dx
=

duf
dx
− duc

dx
= εf − εc =

σf
Ef
− σc
Ec

(4)

Differentiating Equation 4 yields:

d2s

dx2
=

dεf
dx
− dεc

dx
=

1

Ef

dσf
dx
− 1

Ec

dσc
dx

(5)

A differential section dx can be cut from the FRP-to-concrete bonded sample

as shown in Figure 3(c). This is constructed from three materials: concrete,

adhesive layer and FRP reinforcement. In the present analysis, linear elastic

behaviour is assumed for all the materials; the adhesive is assumed to only play

a role in transferring the stresses from the concrete to the FRP reinforcement

and the direct stress orthogonal to the plane of the adhesive layer does not

change through the thickness. The interfacial shear and the axial stresses in the

FRP reinforcement are denoted by τ and σf respectively. The equilibrium force

in FRP reinforcement in the x-direction gives:

τdxbf = dσfbf tf ⇒ τ = tf
dσf
dx

(6)

The equilibrium in the FRP-concrete joint in the x-direction gives:

dσfbf tf + dσcbctc = 0⇒ dσc = −dσf tfbf
tcbc

(7)

By substituting Equation 7 into Equation 5 gives:

d2s

dx2
=

dσf
dx

Ectcbc + Ef tfbf
EfEctcbc

(8)
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Substituting
dσf
dx from Equation 6 gives:

d2s

dx2
= τ

Ectcbc + Ef tfbf
Ef tfEctcbc

= Kτ (9)

where,

K =
Ectcbc + Ef tfbf
Ef tfEctcbc

(10)

and, σc, Ec, tc and εc are the axial stress, elastic modulus, thickness of half110

concrete prism and strain of concrete respectively. Moreover, σf , Ef , tf and

εf are the axial stress, elastic modulus and strain across the thickness of FRP

reinforcement respectively. The differential equation of bond, Equation (9), is

general and can be solved for any bond-slip relationship. This equation can be

applied for each segment representing a particular bond-slip (τ − s) relation.115

Single lap shear test

In the case of a single lap shear test, the concrete block is often rigidly fixed

to the strong floor or the test rig using using steel anchorage. Stiffness of the

steel anchorage is significantly higher than the bonded FRP system. Therefore,

concrete substrate is fully confined and no changes in dimensions are expected in

the concrete substrate. Therefore, elongation in the force direction is negligible.

Hence, Equation 1 can be written as:

s = uf (11)

The second order derivation (Equation 5) can be given as:

d2s

dx2
=

1

Ef

dσf
dx

(12)

By replacing the derivative component using Equation 6:

d2s

dx2
=

τ

Ef tf
= Kτ (13)

Hence, the value of K can be given as:

K =
1

Ef tf
(14)
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3. Bond stress-slip model and theoretical derivations

For this derivation, non-linear ascending (primary) and linear descending

(secondary) branches of a bond-slip model were considered (Figure 4):120

τ =


τmax

(
s
s1

)α
0 ≤ s ≤ s1

τmax

(
s2−s
s2−s1

)
s1 ≤ s ≤ s2

0 s2 ≤ s

(15)

where s1 and s2 are the values of slip which demonstrate each region of be-

haviour, τmax is the maximum bond stress, and α is a constant that defines the

non-linear ascending and descending curve of the bond stress-slip model (Figure

4). This model allows to reduce to a bi-linear model by assuming α is unity.

The debonding process of the externally bonded FRP reinforcement from the125

concrete substrate can be summarised in three main stages: increase in bond

stress up to maximum bond stress (τmax) and corresponding slip (s1) (here

after known as the primary zone), the softening or decrease of bond stress until

zero bond stress and corresponding slip (s2) (here after known as the secondary

zone), and local debonding after reaching the ultimate slip (failure stage).130

Before reaching the maximum bond stress, the area within the primary zone

is uncracked. After the maximum bond stress is achieved, interfacial softening

due to micro-cracking occurs in the area within the secondary zone. The maxi-

mum axial load is reached when sufficient bond length of the FRP reinforcement
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is available to accommodate both the primary and secondary zones, which is135

known as the effective length, le. After this instance, the debonding commences

beyond the failure point while slip increases without any drop in load resistance.

If sufficient bond length of FRP reinforcement is available, the maximum

shear stress will be reached closer to the free end of the FRP as the slip increases

and larger portions of the FRP reinforcement de-bond from the concrete surface.140

Complete de-bonding failure is assumed to develop when the ultimate slip (s2)

has been reached at distance of le from the free end. At this point, the axial load

will drop suddenly and thus global de-bonding is reached over the full length of

FRP.

3.1. Primary zone145

When the slip between FRP and concrete occurs (s ≤ s1), the primary zone

is activated as shown in Figure 5 (b). The bond stress in the primary zone is

defined by the following equation:

τp = τmax

(
s

s1

)α
(16)

The equation can be simplified to:

τp = ρ1s
α (17)

where, ρ1 = τmax
sα1

. Substitution of Equation 17 into Equation 9 gives:

d2s

dx2
= Kρ1s

α (18)

where K is the constant for an experimental set-up, ρ1 is constant for the

proposed bond-slip model and α has a positive value (according to most of the

existing bond-slip models, 0 ≤ α ≤ 1). Solution of this non-linear second order

differential equation (18) can be obtained from the Emden-Fowler solution [33].

The solution can be given as:

x = ±
∫ (

2Kρ1
α+ 1

sα+1 + C1

)− 1
2

ds+ C2 (19)
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where, C1 and C2 are constants. Derivation with respect to s on both sides of

the equation will give:

dx

ds
= ±

(
2Kρ1
α+ 1

sα+1 + C1

)− 1
2

(20)

According to the generalised bond stress-slip model, slip (s) is 0 at x = 0.

Furthermore, all the bond stress-slip models available in the literature suggest

the slip gradient with respect to distance
(
ds
dx

)
is 0 at x = 0 [11]. Therefore, the

constants C1 and C2 become 0 for these boundary conditions. Hence, equation

19 can be rearranged as:

s =

(
Kρ1 (1− α)

2

2 (1 + α)

) 1
1−α

x
2

1−α (21)

So the first order differentiation (Equation 20) can be written as:

ds

dx
=

(
2Kρ1
1 + α

) 1
2

s
1+α
2 (22)

Based on the solution, the distance along the FRP in the primary zone from

Equation 21 can be rearranged as:

x =

(
2 (1 + α)

Kρ1 (1− α)
2

) 1
2

s
1−α
2 (23)

The bond stress along the FRP reinforcement at distance x can be derived by

substituting Equation 21 into Equation 17 as:

τp = ρ1

(
Kρ1 (1− α)

2

2 (1 + α)

) α
1−α

x
2α

1−α (24)

By integrating Equation 24, the force associated with the primary zone from

the origin of x can be obtained as:

Fp = bf

∫ x

0

τpdx = bfρ1

(
Kρ1 (1− α)

2

2 (1 + α)

) α
1−α

x
1+α
1−α

1+α
1−α

(25)

The maximum force from the primary zone can be given as:

Fp,max = bf

∫ l1

0

τpdx = bfρ1

(
Kρ1 (1− α)

2

2 (1 + α)

) α
1−α

l
1+α
1−α
1
1+α
1−α

(26)
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where l1 is the length along the reinforcement from x = 0 to the where the slip

is s1. The FRP strain distribution along the length in the primary zone can be

given as:

εf =
1

Ef tf

∫ x

0

τpdx =
Fp

tfbfEf
(27)

Based on the bond-slip model considered for this derivation, bond stress and

strain distributions along the reinforcement and load-slip curve can be obtained

if the parameters s1 and α are known for either double or single shear tests.

3.2. Primary and secondary zones

The secondary zone is activated when the slip between the FRP and concrete

exceeds s1, as shown in Figure 5 (c). The primary zone remains and moves along

the sample length. The maximum primary zone length from Equation 23 can

be written as:

l1 =

(
2 (1 + α)

Kρ1 (1− α)
2

) 1
2

s
1−α
2

1 (28)

At the boundary between the primary zone and the secondary zone, the first

order differentiation from Equation 20 can be given as:(
ds

dx

)
l1

=

(
2Kρ1
1 + α

) 1
2

s
1+α
2

1 (29)

The bond stress-slip model for the secondary zone can be given by (Equation

15):

τs = τmax
s2 − s
s2 − s1

(30)

By substituting Equation 30 into Equation 9 gives:

d2s

dx2
= K (ρ2 − ρ3s) (31)

where, ρ2 = τmaxs2
s2−s1 and ρ3 = τmax

s2−s1 . Equation 31 is a second-order non-linear

non-homogeneous differential equation. Solution of this equation can be given

as:

s = B1 sin
(
xx
√
Kρ3

)
+B2 cos

(
xx
√
Kρ3

)
+
ρ2
ρ3

(32)

where, B1 and B2 are constants. It should be noted that the local distance along

the FRP for the secondary zone is denoted by xx compared to global distance

14



x. Therefore, x = l1 for xx = 0 (Figure 5 (c)). Differentiation of Equation 32

can be written as:

ds

dxx
=
√
Kρ3

(
B1 cos

(
xx
√
Kρ3

)
−B2 sin

(
xx
√
Kρ3

))
(33)

Equations 32 and 33 for the secondary zone are required to comply with the

equilibrium and compatibility conditions. Hence, s and ds
dx (Equations 28 and

29) at the end of the primary zone can be used as boundary conditions on

Equations 32 and 33, which leads to:

B1 =

(
2ρ1

ρ3(1 + α)

) 1
2

s
1+α
2

1 (34)

and,

B2 = s1 − s2 (35)

Constants B1 and B2 depend on the characteristic of the proposed bond-slip

model. Therefore, the relationship between the maximum distance along the

bond length for the secondary zone l2 and corresponding slip s2 can be given

as:

s2 = B1 sin
(
l2
√
Kρ3

)
+B2 cos

(
l2
√
Kρ3

)
+
ρ2
ρ3

(36)

The maximum length for the secondary zone bond length l2 can be given as:

l2 =
1√
Kρ3

tan−1
(
−B2

B1

)
(37)

Hence, the effective length can be given as:

le = l1 + l2 =

(
2 (1 + α)

Kρ1 (1− α)
2

) 1
2

s
1−α
2

1 +
1√
Kρ3

tan−1
(
−B2

B1

)
(38)

The secondary zone force can be obtained using the following equation:

Fs = bf

∫ xx

0

τsdxx = bf

∫ xx

0

(ρ2 − ρ3s) dxx (39)

By substituting Equation 32 and solving the integration, the force corresponding

to the secondary zone can be given as:

Fs = bf

√
ρ3
K

(
B1 cos

(
xx
√
Kρ3

)
−B1 −B2 sin

(
xx
√
Kρ3

))
(40)
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For the fully developed secondary zone (xx = l2), the maximum force can be

given as:

Fs,max = bf

√
ρ3
K

(
B1 cos

(
l2
√
Kρ3

)
−B1 −B2 sin

(
l2
√
Kρ3

))
(41)

The maximum debonding load can be obtained by adding Equations 26 and 41:

Fmax = Fp,max + Fs,max (42)

The FRP strain in the secondary zone can be obtained as:

εf =
1

Ef tf

∫ l1

0

τpdx+
1

Ef tf

∫ x

l1

τsdx =
Fp,max
tfbfEf

+
Fs

tfbfEf
(43)

Hence, the maximum FRP strain can be obtained as:

εf,max =
Fp,max
tfbfEf

+
Fs,max
tfbfEf

=
Fmax
tfbfEf

(44)

3.3. Transform-ability of the model and its derivations150

Most of the bond-slip models proposed in the literature are either linear

and/or bi-linear. Various combination of bond-slip parameters were proposed

based on linear or bi-linear models. Hence, adaptability of any newly proposed

model and derivations would enhance the usability. This proposed model can be

transformed in to linear or bi-linear models by varying the bond-slip parameters,155

which increase the usage of this bond-slip model and its derivations. Figure

6 shows the linear and bi-linear bond-slip models and bond parameters that

correspond to those models. By applying those bond parameters in equations 42

and 38, the maximum load resistance and effective bond length can be reduced

to simpler forms.160

4. Estimation of bond-slip model parameters

4.1. Existing experimental results in the literature

Experimental test results were collated to create datasets by Chen and Teng

[7]; Lu et al [10]; Wu et al [34]; Bilotta et al [35, 36]; Wu and Jiang [32];

16
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Serbescu et al [37], which were used for the validation of their empirical, semi-165

empirical and theoretical models. The theoretical model reported in this paper

was derived from first principles (equilibrium conditions). Furthermore, this

theoretical model introduces a different geometric constant K (see Equations

10, 14) to single or double lap shear tests, based on confined or unconfined test

samples. From the reported datasets, test results reported by [38, 39, 40, 41,170

42, 43, 44, 45, 46, 47] are considered for this study. Furthermore, the number

of data points were increased using experiential results reported recently by

Al-Allaf et al [48, 17], where only samples failed due to de-bonding of FRP or

adhesive failure were considered for this study.

4.2. Bond-slip models used for the estimation the parameters175

As described, the parameters of a bond-slip model vary depending on the

type of model (linear or non-linear; single or double curve(s)). To obtain the

bond parameters for the proposed models (τmax, α, s1 and s2), various bond-slip

models available in the literature and corresponding parameters were considered,

as shown in Table 1.180

In the literature, the bond-slip parameters were obtained by curve-fitting the

experimental results. Nakaba et al [8] proposed a single mathematical equation

(single curve) for the bond stress-slip model. Savioa et al [50] further refined

Nakaba et al’s model by changing the empirical constants. Parameters for these

models are purely dependent on the material properties of concrete and empiri-185

cal constants, while the rest of the bond-slip models’ parameters are dependent

17



Table 1: Models used for the estimation of bond-slip model parameters

Bond-slip model Ascending Descending Bond-slip

(primary) (secondary) parameters

Neubauer and τmax
s
s1

0 τmax = 1.8βwft

Rostasy [49] α = 1†

s1 = 0.202βw

s2 = s1

βw =
√

1.125(2−bf/bc)
1+bf/400

Monti et al [9] τmax
s
s1

τmax
s2−s
s2−s1 τmax = 1.8βwft

α = 1†

s1 = 2.5τmax

(
ta
Ea

+ 50
Ec

)
s2 = 0.33βw

βw =
√

1.5(2−bf/bc)
1+bf/100

Lu et al [10] τmax
s
s1

τmax
s2−s
s2−s1 τmax = 1.5βwft

Bi-linear model α = 1†

s1 = 0.0195βwft

s2 =
0.616β2

w

√
ft

τmax

βw =
√

2−bf/bc
1+bf/bc

Nakaba et al [8] τmax
s
s1

(
3/
(
2 + (s/s1)3

))+
τmax = 3.5f0.19c

α = 0.55∗

s1 = 0.065

s2 = 0.305∗

Savioa et al [50] τmax
s
s1

(
2.86/

(
1.86 + (s/s1)2.86

))+
τmax = 3.5f0.19c

α = 0.5∗

s1 = 0.051

s2 = 0.264∗

* estimated as described in Figure 7

+ single curve

† in numerical investigation, α was taken as 0.95 as a solution

is not possible when α = 1.
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Figure 7: Nakaba et al [8] and Savioa et al’s [50] approximations to proposed model using

fracture energy

on the materials and geometric properties of the test specimen. For this reason,

these two models are considered even though the models are not exactly the

same as the proposed model. It should be noted that the empirical constants

of Nakaba at al and Savioa et al’s models were derived using smaller amounts190

of experimental data, compared to substantially larger amount of experimental

data used for Lu et al’s [10] model. In order to obtain the missing parameters

of Nakaba et al’s model α and s2, fracture energy (area under the bond-slip

curve) of the proposed model and Nakaba et al’s model were equated, as shown

in Figure 7. The same approach was considered for Savioa el al’s model and the195

parameters are shown in Table 1.

Bond-slip parameters for each of the models were applied to the proposed

model in this paper and compared to the experimental results from the litera-

ture. Firstly, effective length was calculated using equation 38 and compared

to the FRP length of each sample. If the FRP length of the sample is more200

than the theoretical effective length, full bond-slip was developed and the maxi-

mum force resistance was calculated using equation 42. When the FRP lengths

19



Table 2: Geometry of test specimens (all dimensions are in mm)

Specimen L bf tf bc tc

BN-1 50 100 0.117 200 45

BN-3 100 100 0.117 200 45

BL-1 50 100 0.117 200 45

BL-3 100 100 0.117 200 45

are smaller than theoretical effective bond length, primary and secondary zones

were considered separately and the maximum force was calculated according to

the bond-slip experienced in each samples. The results are illustrated in Figure205

8. The results show that the parameters proposed by Lu et al [10] are a good fit

compared to other models’ parameters. Thus, Lu et al’s parameters are used for

the load-slip curve validation using results obtained by Al-Allaf et al [17, 20].

5. Validation

5.1. Experimental investigation210

In order to validate the bond-slip model considered for this study together

with Lu et al’s bond-slip parameters, a series of double lap shear tests were

conducted. For the purpose of this study, a brief summary of the dimensions

of the test set up (Figure 9 and Table 2) and material properties (Table 3) are

presented. The detailed test plan can be found elsewhere [17, 20].215

5.2. Characteristics of the load-slip curve

The complete load–slip curve consists of a number of points corresponding

to the loading stages (Figure 10). The cracking stage starts at Point A, where

the full primary zone is realized. The load continues to raise due to the presence

of the primary and secondary zone until it reaches its maximum load carrying220

capacity at point B, at which debonding of reinforcement is initiated. The

bond length of reinforcement required to reach point B is known as the effective
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Figure 8: Comparison between experimental results and theoretical prediction using param-

eters suggested by (a) Neubauer and Rostasy [49]; (b) Monti et al [9]; (c) Lu et al [10]; (d)

Nakaba et al [8]; (e) Savioa et al [50]
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Figure 9: Double lap shear test specimen

Table 3: Mechanical properties of concrete and CFRP sheet

Normal concrete (BN samples)

Cube strength (fcu) 41.6N/mm2

Elastic modulus (Ec) 29670N/mm2

Lightweight concrete (BL samples)

Cube strength (fcu) 40.1N/mm2

Elastic modulus (Ec) 22900N/mm2

CFRP sheet

Tensile strength (ff ) 4000N/mm2

Elastic modulus (Ef ) 240× 103N/mm2
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Figure 10: Characteristic load slip

length. As a result, this model provides a useful tool for the calculation of

the complete load-slip behaviour of the epoxy reinforcement-concrete interface,

strain distribution along the reinforcement and effective length.225

5.3. Comparison of load-slip curve

Theoretical applied load vs. slip curves for specimens BN1-1, BN1-3, BL1-

1 and BL1-3 (see Al-Allaf et al [17]) are calculated using the proposed model

with the bond parameters proposed by Lu et al [10] and compared with the

experimental results in Figure 11. The test results and the analytical results can230

be seen to be in good agreement. The closeness of the match with experimental

results further demonstrates the excellent performance of the analytical models

developed in this paper.

6. Sensitivity studies

6.1. Parameters of the bond-slip model235

In order to understand the theoretical model, a series of sensitivity studies

on the bond-slip parameters were carried out as shown in Figure 12. For this

study, materials and geometric properties of the test results reported by Al-Allaf

et al [17] were used. Whilist the effect of one parameter was being investigated,

the rest of the bond-slip parameters of the proposed model were not changed as240

shown in Figure 12. This sensitivity study shows that the maximum bond-slip
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Figure 12: Sensitivity of bond stress-slip model parameters: (a) τmax; (b) α; (c) s1 and (d)

s2. Al-Allaf et al’s [17] normal concrete properties and physical dimensions (Tables 2 and 3)

are used for this sensitivity study.

strength (τmax) and s2 significantly alter the maximum resisting force compared

to α and s1. Also, effective bond length is significantly increased when the

parameter α is more than 0.8.

6.2. Material and geometric characteristic of test set up245

Figure 13 (a) shows the effect of the concrete strength on the maximum bond

strength and effective bond length. The concrete cube compressive strength was

varied from 10 to 60 MPa in this sensitivity study. For this purpose, Lu et al’s

[10] bond-slip parameters were used. It should be noted that the Lu et al’s

bond-slip parameters are based on the tensile strength of the concrete.250

Figure 13 (b) shows the effect of FRP thickness on the maximum bond

strength and effective bond length. The stiffness of the FRP composite is defined

as the laminate thickness’s multiplied by FRP elastic modulus (tfEf ). For this,
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Figure 13: Bond-slip parameters obtained from Lu et al’s (2005) model are used. Al-Allaf et

al’s normal concrete and physical dimensions of the test set-up are used. (a) Concrete cube

strength (b) FRP thickness.

the FRP thickness was varied. It can be observed that as the stiffness of the

sheet increases, the maximum bond strength increases. This may be attributed255

to the fact that the thicker FRP reinforcement has higher axial rigidity and

therefore provides higher resistance.

7. Conclusion

An analytical method for determination of the inter-facial behaviour in FRP-

to-concrete bonded joints has been proposed in this study. The model was de-260

veloped based on a non-linear bond shear stress-slip relationship in the primary

zone and linear bond shear stress-slip relationship in the secondary zone. The

main characteristics of the bond (load-slip curve and bond stress and strain

profiles along the FRP) were derived using concrete and FRP materials, and

geometries of test specimen and FRP and load set-up. This analytical model265

is superior to any semi-empirical derivation of effective length and maximum

force, which were commonly reported in the literature, as this model allows the

understanding of the all the aspects of the bond between FRP and concrete.

Also, the theoretical derivation can be extended to most of the linear and/or

bi-linear bond-slip models reported in the literature. Furthermore, the proposed270

model introduces the confined and unconfined concrete through single and dou-
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ble lap shear tests, which were not discussed in any models reported in the

literature. Thus, the theoretically vigorous derivation can be applied to most of

the practical situations encountered for bond-slip between FRP and concrete.
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