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7 Abstract: Traditional risk assessment methods, such as the probabilistic methods, are not 

8 effectively used in the construction works of a deep foundation pit (DFP) when data set collected 

9 are incomplete or vague input takes place. A new method based on fuzzy evidential reasoning 

10 approach is proposed in this paper to assess the overall risk level of a DFP construction project. 

11 Firstly, the method defines risks as the products of occurrence likelihood multiplying consequence 

12 severity, which is further depicted by trapezoidal fuzzy numbers. Thereafter, the fuzzy analytical 

13 hierarchy process is adopted to calculate the weighs of different hazardous events that may occur in 

14 a DFP construction project. The overall risk level of a DFP project therefore could be achieved 

15 through aggregating the risk level of all hazardous events based on evidential reasoning algorithm. 

16 However, due to the existence of intersections among more than two continuous fuzzy evaluation 

17 grades rather than between two adjacent grades, the prevailing aggregation method is not suitable 

18 any more. So, a new aggregated probability mass along with the reassigning method in relation to 

19 the degree of belief belonging to the fuzzy intersection of two grades is thus put forward in this 

20 paper, as a result to make the evidential reasoning possible. A case study on risk assessment of the 

21 DFP of underground traffic project of Zhengzhou comprehensive transportation hub in China is 

22 introduced to illustrate the application of the proposed method. The result indicates that the overall 

23 risk level of a DFP project could be assessed effectively under the scenario that more than two 

24 continuous fuzzy evaluation grades intersect rather than only two adjacent grades. Moreover, 

25 comparing with the traditional methods, the result obtained in the case study by using the proposed 

26 method seems to be more reasonable. 
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29 1 Introduction

30 The risk management of DFP in the construction stage attracts widespread attention in the 

31 construction industry (Li et al., 2018; Xiong et al., 2018). According to the definition of risk 

32 management in the Subway and Underground Engineering Construction Risk Management 

33 Guidelines developed by Ministry of Construction, People’s Republic of China (MoC, 2007), the 

34 risk management of DFP in the construction stage consists of two parts: risk assessment and risk 

35 control. Of which, the risk assessment is further divided into risk identification, risk analysis, and 

36 risk evaluation. Whether the construction risk of DFP can be assessed timely and objectively is not 

37 only related to the rationality of risk control, but also to the safety of DFP per se and the effectiveness 

38 of the protection measures on the surrounding environment of the DFP. Since the information 

39 available for risk assessment, including geotechnical parameters and hydrographical condition, are 

40 usually of uncertainty and incompleteness, a series of fuzzy methods were employed to assess the 

41 risk of DFP construction in previous researches. For example, a formalized procedure and a fuzzy-

42 based risk assessment method developed by Choi et al. (2004); a fuzzy comprehensive evaluation 

43 model based on Bayesian network proposed by Zhou and Zhang (2011); and a hybrid framework 

44 integrating step-wise weight assessment ratio analysis with complex proportional assessment 

45 (Valipour et al., 2017). The common feature of the above approaches is that, the occurrence 

46 likelihood (L) and the consequence severity (S), the two parameters which measure the magnitude 

47 of risks that may happen, are usually estimated by risk assessors’ human scoring. However, 

48 assessors are more likely to make qualitative assessments in the linguistic terms rather than precise 

49 scores. Therefore, the research of risk assessment for the construction of DFP under the linguistic 

50 environment keeps closer to the needs of construction practice. Moreover, since the risk assessment 

51 results are often exhibited in certain values in previous research, the extent to which the certain 

52 values are reliable is unrevealed. 

53 Evidential reasoning (ER) is a method of evidence fusion proposed by Yang and Xu (2002) on 

54 the basis of evidence theory, which could be used to illustrate incomplete information directly and 



55 to deal with problems of assessment in the linguistic environment. The assessment result obtained 

56 using ER is a set of degree of beliefs associated with a predefined frame of discernment. In recent 

57 years, a number of scholars elaborated to combine ER with fuzzy set theory, which is usually called 

58 as fuzzy evidential reasoning (FER) approach, to carry out a systematic risk assessment. For 

59 example, a semi quantitative approach based on FER was proposed by Deng et al. (2011) and Liu 

60 et al. (2005) to perform risk analysis for complex systems due to lack of data and insufficient 

61 understanding of the failure mechanisms; a risk assessment model based on FER was adopted by 

62 Mokhtari et al. (2012), Yang & Wang (2015) and Zhang et al. (2016) owing to the objective data is 

63 sometimes incomplete in offshore engineering system; in the presence of multiple experts supplying 

64 different and uncertain judgments on risk parameters, Certa et al. (2017) conducted a failure mode 

65 and related effects analysis using FER; John et al. (2014) built a model based on FER to solve the 

66 problem of risk assessment of seaport operations in a fuzzy uncertain environment. The main 

67 shortcoming of the present researches is that only the intersection between two adjacent fuzzy 

68 evaluation grades is considered, however, in fact, there may exist the scenario that more than two 

69 continuous fuzzy evaluation grades intersect rather than only two adjacent grades. 

70 In the field of DFP construction, Du et al. ( 2014) and Cheng et al. ( 2016) have ever tried to 

71 apply evidence theory to the field of risk assessment of DFP construction, but there exists some 

72 defects which need to be addressed. For example, in Du et al. ( 2014)’s application, the 

73 interrelationship among risk evaluation grades was not considered, which may lead to counter-

74 intuitive results (Yang & Xu, 2013). After all, the evidence theory is based on a frame of 

75 discernment composed of a set of propositions that are mutually exclusive and collectively 

76 exhaustive (Shafer, 2016). With respect to Cheng et al. (2016)’ application, it is unreasonable to use 

77 occurrence probability (likelihood) only rather than the product of occurrence likelihood and 

78 consequence severity as the basis for risk assessment. 

79 A new method with respect to risk assessment for DFP construction based on FER is put forward 

80 in this paper. In the proposed method, risks are defined as the products of occurrence likelihood 

81 multiplying consequence severity; and, the scenario that more than two continuous fuzzy evaluation 

82 grades intersect rather than only two adjacent grades is depicted.

83 The remainder of this paper is organized as follows: Section 2 briefs the theoretical basis of the 



84 method; Section 3 describes how the risk data of DFP were obtained by assessors; using FER, the 

85 risk assessment model of DFP construction is established in Section 4; Section 5 conducts validating 

86 analysis about the applicability of the method through a case study; and, further discussion is 

87 delivered in in Section 6, conclusions of this paper are drawn in Section 7. 

88 2 Theoretical Bases

89 2.1 Fuzzy Set Theory

90 Fuzzy set theory Zadeh (1965) is a generalization of classical set theory. Compared with classical 

91 set theory, fuzzy set theory could deal with the uncertain phenomenon relating to the rationale of 

92 ‘both this and that’ rather than the one of ‘if not this, then that’. So far, it has been popularized in 

93 model identification (Certa et al., 2017; Jiang et al., 2017; Kim & Zuo, 2018; Liu et al., 2011; Liu 

94 et al., 2013; Liu et al., 2013), risk assessment (An et al., 2011; An et al., 2016), and uncertainty 

95 decision-making (Mokhtari et al., 2012). In different DFP construction stages, the information 

96 available for risk assessment is often incomplete and vague owing not only to the uncertain 

97 geological and hydrological conditions but also the complicated surrounding environment. Thereby, 

98 the linguistic terms, such as ‘likely’ and ‘frequent’ are usually employed to express the risk 

99 judgements from the risk assessors. Under such circumstance, the fuzzy set theory is a useful tool 

100 which through converting the assessors’ subjective judgements into fuzzy numbers to quantify risk 

101 assessments. In general, there are two kinds of fuzzy numbers usually adopted, namely, triangular 

102 fuzzy number and trapezoidal fuzzy number. Since the former could be regarded as the special case 

103 of the latter, the trapezoidal fuzzy number is employed in this paper, as shown in Fig.1.
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106 In which, denotes the pessimistic rating, and are two endpoints of the interval which a b c

107 denotes the most plausible rating, denotes the optimistic rating (Li & Liao, 2007).d

108 2.2 FER

109 FER is the extension to the original ER approach, which is proposed by Yang et al. (2006) to deal 



110 with the vagueness or fuzzy uncertainty in fuzzy assessment issues where the evaluation grades are 

111 no longer distinctive individual grades, but are dependent fuzzy grades. Suppose that the assessment 

112 object is evaluated at the attributes on the basis of evaluation grades , and the L N  1, 2, , nH n N

113 relative weights of the attributes are denoted by , which are normalized to satisfy L  1 2, , , L    
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115 due to the expression using a linguistic form, such as ‘critical’ and ‘very critical’, then can be nH

116 labeled with fuzzy evaluation grades which are trapezoidal fuzzy sets in this research. In general, 

117 only the intersection between two adjacent fuzzy evaluation grades is considered, which can be 

118 depicted as Fig. 2.

119 There are often three steps to conduct fuzzy assessment using FER approach as follows:

120  Converting the evaluated values, which are generated from risks assessors’ judgement 

121 originally and expressed as trapezoidal fuzzy number uniformly then, into a belief 

122 structure denoted by . In which, ( )is     ,, , 1, 2, ,  j n n jS e H n N je 1,2, , j L

123 attribute and is the degree of belief which refers to the evaluation object assessed to a ,n j

124 grade on an attribute , and meets the conditions as follows: and .nH je , 0n j  ,
1

1



N

n j
n

125  Aggregating all the evidences in terms of belief structure using analytical (non-recursive) 

126 FER algorithm, so that the aggregated degree of belief and could be calculated n ,( 1)n n 

127 respectively.

128  Redistributing into and , and finally the fuzzy assessment result which is ,( 1)n n  n 1n 

129 denoted by could be arrived.     , , 1, 2, ,n nS Object H n N  

130 The detail of FER algorithm and the procedure of redistribution with respect to are ,( 1)n n 

131 omitted in this paper due to the consideration of brevity. Interested reader will get reference 

132 from Yang et al. (2006).

133 3 Preparation works for risk assessment

134 3.1 Allocation of expert indices to risk assessment



135 The complicated process of risk assessment on a DFP project enables few cases can be 

136 completed by a single assessor (expert). In practice, a number of experts with different 

137 backgrounds or domains in relation to DFP safety are usually involved in the risk assessment. 

138 Considering the different working experience and knowledge background of experts, the influence 

139 of individual expert on the overall decision-making results is different. Therefore, the concept of 

140 expert index (EI) is introduced to calculate the influence of expertise (An et al., 2011). 

141 Definition 1: Expert index refers to the measurement of the influence of individual expert on the 

142 group decision-making results, which can be denoted by:

143                                                                （2）
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144 Where is the number of experts involved in the risk assessment, stands for the relevant m iRI

145 importance of the expert according to his experience, knowledge, and expertise, which takes a ith

146 value in the universe of 1 to 9. is defined in a manner that ‘1’ means less importance, whereas RI

147 ‘9’ means most importance (An et al., 2011). 

148 3.2 Development of a risk framework

149 Many possible causes of risks may impact DFP safety. Developing a risk framework aims to 

150 decompose these risk contributors into adequate details in which different risks associated with a 

151 DFP construction could be efficiently assessed (An et al., 2011; An et al., 2016). A bottom-up 

152 approach is employed for the development of a risk framework. That is, through experts 

153 brainstorming, the hazardous events related to the construction of a DFP are numerated to the 

154 utmost, and then, the risks that may arise from the hazardous events are categorized on a layer-by-

155 layer basis until the top layer of the risks framework is received. Typically, a risk framework of 

156 DFP breaks down into four layers: the hazardous event level, the hazard group level, the sub-object 

157 level, and the total object level (depicted in Fig. 3). 

158 3.3 Acquisition of the risk level of the hazardous events 

159 As MoC (2007) and Mokhtari et al. (2012) explained, there are parameters including occurrence 

160 likelihood (frequency) and consequence severity (impact) that may affect the risk level of every 

161 hazardous event. A common demonstration of risk level is simply to multiply the occurrence 



162 likelihood by consequence severity, which can be illustrated as:

163                                                                   （3）R L S 

164 While refers to the risk level of each hazardous event, represents its occurrence likelihood R L

165 and represents the consequence severity. Since the information available for risk assessment is S

166 often incomplete and vague owing not only to the uncertain geological and hydrological conditions 

167 but to the complicated surrounding environment, it is more reasonable to ask experts for fuzzy 

168 instead precise risk assessment using qualitative linguistic variables. To measure the occurrence 

169 likelihood, for example, the qualitative scales such as being unlikely, infrequent, occasional, likely 

170 and frequent could be used. Likewise, the scales of being negligible, marginal, moderate, critical, 

171 and catastrophic could be adopted to assess the consequence severity. 

172 Going further, the trapezoidal fuzzy number is selected to depict the aforementioned qualitative 

173 scales with the satisfaction of three properties: available domain knowledge, simplicity of the 

174 membership function, and possible parametric optimization of the fuzzy sets (Samantra et al., 2017; 

175 Yuen, 2014). Thus, according to MoC (2007), the classification criteria of each grade with respect 

176 to the occurrence likelihood and the consequence severity are shown respectively in Table 1 and 

177 Table2. 

178 Table 1  The classification criteria of occurrence likelihood 

Grade
Linguistic 

description
Numerical values Membership function

1 Unlikely 0-0.01%  0,0,5.0 5,1.0 4 E E

2 Infrequent 0.01%-0.1%  5.0 5,1.0 4,1.0 3,5.5 3   E E E E

3 Occasional 0.1%-1%  1.0 3,5.5 3,1.0 2,5.5 2   E E E E

4 Likely 1%-10%  1.0 2,5.5 2,1.0 1,5.5 1   E E E E

5 Frequent 10%-1.0  1.0 1,5.5 1,1.0,1.0 E E

179

180 Table 2  The classification criteria of consequence severity 

Grade Linguistic description Numerical values* Membership function

1 Negligible 0-500  0,0,250,500



2 Marginal 500-1000  250,500,1000,3000

3 Moderate 1000-5000  1000,3000,5000,7500

4 Critical 5000-10000  5000,7500,10000,55000

5 Catastrophic >10000  10000,55000,100000,100000

181 Note*: according to MoC (2007), consequence severity can be represented by a variety of forms. But in this paper, only the form of direct 

182 economic losses is adopted (Unit: ten thousands RMB) 

183 In addition, Table 3 represents the risk matrices (risk grade: I to V) derived from the combination 

184 of and , which are universally applied in China.L S

185 Table 3 The risk matrix derived from the combination of andL S

Consequence severity

Negligible
Margina

l

Moderate Critical
Catastrophic

Unlikely Ⅰ Ⅰ Ⅱ Ⅲ Ⅳ

Infrequent Ⅰ Ⅱ Ⅲ Ⅲ Ⅳ

Occasional Ⅰ Ⅱ Ⅲ Ⅳ Ⅴ

Likely Ⅱ Ⅲ Ⅳ Ⅳ Ⅴ

Occurrence Likelihood

Frequent Ⅱ Ⅲ Ⅳ Ⅴ Ⅴ

186 Based on the aforementioned classification criterions, the assessment of occurrence likelihood 

187 and consequence severity of each hazard in Fig.3 could be conducted as follows:

188 Suppose that there are experts involved in risk evaluation of a DFP construction. With respect m

189 to an individual hazard , the occurrence likelihood assessed by expert is denoted byj ith

190 , where and . Then the aggregated occurrence  , , , ,, , ,    i i i i i
j j a j b j c j dL L L L L 1,2, ,i m  1,2, ,j L 

191 likelihood of hazard could be determined by:j
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193 Herein stands for the expert’s .iEI ith EI

194 Similarly, the consequence severity of hazard could be obtained by:j



195                            （5）
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196 Subsequently, the value-at-risk of hazard could be calculated by Eq. (3). It is worth noting that j

197 the same level of risk corresponds to multiple value-at-risks in Table 3. Since these value-at-risks 

198 are all trapezoidal fuzzy numbers, the universe of discourse will be overlapped with each other 

199 inevitably. This paper proposes to integrate the overlapped state into a uniform frame, as a result, 

200 one single risk level corresponds to only one fuzzy number.

201 Suppose that the grade of the risk is represented by ( ). could be obtained nth
nH 1,2, ,5 n nH

202 from the combinations of sets of occurrence likelihood and sets of consequence severity, wherel s

203 , , and both are integers. Thereby the is expressed as trapezoidal fuzzy number 1 5l  1 5s  nH

204 as:

205   , , ,n a b c dH R R R R
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207 In Eq. (6), ‘ ’refers to the selection of the valid combinations only, because not all of the  

208 combinations should be classified as . For example, when calculating the risk grade ‘I’ in Table nH

209 3, six results are generated from pairwise multiplications of three sets of occurrence likelihood i.e.

210 , and respectively, and two sets of consequence severity i.e. and . However, four out 1L 2L 3L 1S 2S

211 of the six results which fall into the scope of risk grade ‘I’ are regarded as valid combinations:

212 , , , and . The relationship between risk grade and the corresponding 1 1L S 1 2L S 2 1L S 3 1L S

213 membership function which could be built up through Eq. (6) are shown in Table 4.

214 Table 4  The relationship between risk grades and the corresponding membership function

Grade*
Linguistic 

description
Control scheme Membership function

(Ⅰ)1H Negligible To conduct routine management and  0,0,0.14,2.75



monitoring

(Ⅱ)2H Slight
To strengthen the routine management and 

examinations
 0,0.07,2.8,41.25

(Ⅲ)3H Need-Consider
To rule with preventive and monitoring 

measures
 0,8.83,49.17,1650

(Ⅳ)4H Serious To formulate precaution and warning measures  0,199.38,641.67,30250

(Ⅴ)5H Intolerable
To cease and initiate the contingency plan 

immediately
 100,9762.5,31250,100000

215 Note*: For uniformity, the risk grades in Table 4 ae equivalent to what MoC (2007) regulates in Table 3

216 3.4 Determination on the weight of the hazardous events

217 Through the procedure of section 3.3, the risk level of an individual hazardous event could be 

218 received. Moreover, if we want to further obtain the overall risk level of the DFP, a procedure of 

219 multi-layer risk fusion should be conducted, which is from hazardous event level to hazard group 

220 level, and finally to the total object level (An et al., 2011). Given that the influence degree of each 

221 hazard to the overall risk level is different, the weighing factor is employed. The methods to 

222 determine the weighing factor are usually divided into three categories: subjective method, objective 

223 method, and hybrid method (Yang et al., 2017). As a kind of subjective method, the analytical 

224 hierarchy process (AHP) to obtain the influence of each factor is suitable for the scenarios of 

225 qualitative evaluation, and the result generated can reflect the subjective preference of the decision 

226 maker. Fuzzy-analytical hierarchy process (FAHP) is an important extension of the traditional AHP 

227 method (An et al., 2011; An et al., 2016), which uses a similar framework of AHP to conduct risk 

228 analysis but fuzzy ratios of relative importance replace crisp ratios to the existence of uncertainty in 

229 the risk assessment. An advantage of the FAHP is its flexibility of integrating with other techniques, 

230 for example, the integration with ER in risk analysis. There are six steps to calculate the weighing 

231 factors as described below (An et al., 2011). 

232 Step1: To establish an estimation scheme

233 The same as the traditional AHP method, FAHP determines the weighing factors through 

234 pairwise comparison. The comparison is based on an estimation scheme, which lists the intensity of 

235 importance using qualitative descriptors. Each qualitative descriptor has a corresponding 

236 trapezoidal membership function that is employed to transfer expert judgments into a comparison 



237 matrix (Ahn, 2017; An et al., 2011; Bandeira et al., 2018; Ng, 2016; Ruiz-Padillo et al., 2016). Table 

238 5 describes qualitative descriptors and their corresponding trapezoidal fuzzy numbers for risk 

239 analysis in DFP. 

240 Table 5 Fuzzy-AHP estimation scheme 

Qualitative descriptors Description
Trapezoidal fuzzy 

numbers

Equal importance Two risk contributors contribute equally  1,1,1,2

Week importance
Experience and judgment slightly favor one risk 

contributor over another
 1,2,2,3

Between week and strong 

importance
When compromise is needed  2,3,4,5

Strong importance
Experience and judgment strongly favor one risk 

contributor over another
 4,5,5,6

Between strong and very 

strong importance
When compromise is needed  5,6,7,8

Very strong importance A risk contributor is favored very strongly over the other  7,8,8,9

Absolute importance
The evidence favoring one risk contributor over another 

is of the highest possible order of affirmation
 8,9,9,9

241 Step 2: To compare risk contributors

242 Suppose that there are two risk contributors denoted by and . If is of stronger importance 1h 2h 1h

243 than , a fuzzy number of (4, 5, 5, 6) is then assigned to based on the estimation scheme as shown 2h 1h

244 in Table 5. Correspondingly, risk contributor has a fuzzy number of (1/6, 1/5, 1/5, 1/4). If there 2h

245 are risk contributors in the index system, a total of pairs needs to be compared.m   1 2m m 

246 Step 3: To aggregate the comparative results 

247 Generally, multiple experts are involved in the risk assessment and their judgment may be 

248 different. Therefore, the comparative result from each individual expert should be aggregated into 

249 a synthetic result for each risk contributor. The process is the same as what has been described in 

250 Eq. (4) or Eq. (5).

251 Step 4: To construct comparison matrix 

252 Based on the synthetic results obtained in Step 3, a comparison matrix could be constructed. 



253 Suppose that are risk factors in a hazard group, is the synthetic result representing 1 2, , , mh h h ,x yA

254 the quantified judgment on comparing with . The pairwise comparison between and in the xh yh xh yh

255 hazard group thus yields a matrix shown as:m m

256                                            （7）
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257 , , , 1, 2, , x y m  , , , , ,, , ,x y x y x y x y x yA a b c d  , , , , ,1 ,1 ,1 ,1y x x y x y x y x yA d c b a

258 Where , , , and are the numbers of .,x ya ,x yb ,x yc ,x yd ,x yA

259 Step 5: To calculate weighing factors 

260 The weighing factors can be calculated by using geometric mean method (An et al., 2011; Kim 

261 & Zuo, 2018; Liu et al., 2013). The geometric mean of the row in the comparison matrix is xA xth

262 defined as:
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264 Then the weighing factor of risk factor can be received by:xFW xh
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266 3.4.6 Step 6: Defuzzification and normalization 

267 Since the outputs generated in Step 5 are fuzzy numbers, defuzzification and normalization are 

268 conducted to convert fuzzy numbers into normalized crisp values as:
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271 4 Assessment on overall risk level of DFP

272 4.1 Conversion of the risk level of hazardous event into belief structure



273 The risk level of each hazardous event provides evidence supporting that the overall risk of 

274 DFP reaches to a certain level. Thereby, the FER is employed subsequently to aggregate these 

275 pieces of evidence contributed by the risk level of all hazardous events depicted in Fig. 3 to reflect 

276 the overall risk of DFP construction. In order to implement the FER, a belief structure to represent 

277 the risk level of hazardous events should be realized firstly. 

278 Suppose that the risk level of hazardous event ( ) is denoted by , and the frame j 1, 2, , j L jR

279 of discernment associated with the risk grade shown in Table 4 is defined as .  , 1, 2, ,5nH H n  

280 There are four steps to convert in the form of trapezoidal fuzzy number into the belief structure. jR

281 Step 1: To plot out the curve of membership function according to Table 4. 

282 Fig.4 below portraits the trapezoidal curves of membership function with respect to different risk 

283 grades of DFP ( )., 1, 2, ,5 nH n

284 Step 2: To Plot out the curve of in Fig.4. jR

285 Set as an example, it could be obtained from Table 1 and Table 2 that1 3 jR L S

286 and . Then the could be arrived  1 0,0,5.0 5,1.0 4  L E E  3 1000,3000,5000,7500S jR

287 through Eq. (3) that . The curve of is plotted out in Fig. 4 with the bold line  0,0,0.25,0.75jR jR

288 as shown in Fig.5.

289 Step 3: To calculate the extent with respect to contributing to . jR nH ( 1, 2, ,5) n

290 Suppose the intersection set formed by and is denoted by , meanwhile, the area jR nH j
nS

291 surrounded by both and the coordinate axis is represented by , then calculate the extent with nH nS

292 respect to contributing to , which is defined as ratio of to . According to Fig.5, it can be jR nH j
nS nS

293 worked out that and 0.50,0.47,0.03,1.40 3,0 j
nS E 1.45,21.99,845.17,15346.15,nS 

294 , then the results of to are obtained as , , , and 0 60693.75 j
nS nS 3.44 1E  2.11 2E  3.55 5E  9.12 8E 

295 respectively.

296 Step 4: To work out the belief structure. 

297 Normalize the results obtained in Step 3 to receive the degree of belief ,n j



298 , and then the belief structure of which expressed by( 1, 2, ,5; 1, 2, , )   n j L jR

299 could be obtained. Still think in Fig.5 as an example, the belief     ,, , 1, 2, ,5j n n jS R H n   jR

300 structure of is shown as follow:jR

301             1 2 3 4 5,0.94 , ,0.06 ,9.72 5 ,2.50 7 ,0jS R H H H E H E H  ， ， ，

302 4.2 Fusion of risk based on the FER algorithm

303 The principle of DFP risk assessment based on FER is that the risk level of each hazardous event 

304 provides evidence supporting that the overall risk of DFP reaches to a certain level. Based on this, 

305 the overall risk level of DFP could be obtained through evidential fusion. In general, given that the 

306 weighing factors and belief structures of the hazardous events are available, the basic probability 

307 mass and the unassigned degree of belief on hazardous event could be drawn out  j nm H  jm H je

308 by the follow equations:

309                         （12）  , j n j n jm H
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311 Furthermore, could be divided into two parts, i.e., and . Where is  jm H  jm H  jm H  jm H

312 caused by the relative importance of the attribute and by the incompleteness of the je  jm H

313 assessment on , denoted by the following equations:je
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316                                                    （16）       j j jm H m H m H

317 After that, the FER algorithm is adopted to acquire the aggregated value of the probability mass

318 , , and as follows: 1 nLm H   ,( 1)1 n nLm H    1 Lm H 
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326 While is the intersection of two adjacent assessment grades and , is a ,( 1)n nH  nH 1nH  ,( 1)n nH 

327 normalized fuzzy subset for the fuzzy intersection subset whose maximum degree of ,( 1)n nH 

328 membership is represented by (Yang et al., 2006).
,( 1)

max
n nH



329 However, as Fig. 4 illustrates, the total number of intersections is more than the scenario in 

330 traditional fuzzy set, due to the fact that intersections exist not only between two adjacent fuzzy 

331 evaluation grades, but also the non-adjacent two fuzzy evaluation grades. For example, there exists 

332 intersection between and . Therefore, the expression of should be changed to1H 3H  ,( 1)1   n nLm H

333 , where and . Accordingly, the varied equation is described as follows: ,( )1 n n tLm H   1 4t  5n t 
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339 The proofs of Eq. (21) and Eq. (22) are described in the Appendix.

340 After the risk levels (evidences) of hazardous events have been assembled, the aggregated L

341 degree of belief and could be calculated respectively by:n ,( ) n n t
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344 Where denotes the degree of belief to which the overall risk level of DFP lies when the ,( )n n t 

345 intersection of grade and exists. However, no corresponding evaluation grade asnH n tH  ,( )n n tH 

346 appears in the fuzzy evaluation grades which is also referred to the frame of discernment in Yang 

347 et al. (2006), therefore, has to be redistributed into and . According to the different ,( )n n t  n n t 

348 circumstance of the intersections of grade and , there are two situations to redistribute :nH n tH  ,( )n n t 

349 First scenario: The maximum membership degree of the intersection of two fuzzy evaluation 

350 grades is lower than one，which is shown as Fig. 6a.

351 Suppose that is the normalized result of , and intersects with an area of ,( )n n tH  ,( )n n tH  ,( )n n tH  nH

352 and with an area of , where is the common area among , ,( )n n n tS S 
n tH  ,( )n t n n tS S  ,( )n n tS  ,( )n n tH 

353 , and . The minimum distance between the peaks of and is denoted as and that nH n tH ,( )n n tH  nH nd

354 between the peaks of and as , then can be redistributed by Eq. (25) and Eq. (26) ,( )n n tH  n tH n td ,( )n n t 

355 (Yang et al., 2006):
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358 Where and denote the magnitude of redistribution to and respectively,,( )n n t
n  ,( )n n t
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362 Second scenario: The maximum membership degree of the intersection of two fuzzy evaluation 

363 grades is equal to one，which is shown as Fig. 6b.

364 Compared with Fig. 6a, and are degraded to 0 in Fig. 6b. Therefore, the Eq. (25) and Eq. nS n tS 

365 (26) will be changed as follows:
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368 Suppose refers to the remaining area of deducted by and refers to the remaining nS 
nH ,( )n n tS  n tS

369 area of deducted by . A small together with a large should imply a high degree of n tH ,( )n n tS  nS ,( )n n tS 

370 belief to which belongs to , and vice versa. So the allocation factors and,( )n n tH  nH ,( )AF n n t
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371 can be defined by:
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374 After all values of ( , , and ) have be redistributed, the overall ,( )n n t  1, 2, , 4n   1,2, , 4t   5n t 

375 risk level of the DFP in belief structure could be depicted as: . It is     , , 1, 2, ,5overall n nS R H n  

376 worth noting that the result of is the combination of two parts: one comes from aggregated result n

377 generated by Eq. (23), and the other one from the redistribution of . ,( )n n t 

378 5 Case Study

379 5.1 Project Overview

380 The underground traffic project of Zhengzhou Comprehensive Transportation Hub is located on 

381 the east side of Zhengzhou East Station, China. The construction area in total is 113,367.8m2, which 



382 is an underground three-story reinforced concrete structure. The DFP excavation depth is 20m down 

383 to the underground and the DFP construction is divided by the tunnel of Metro Line One into two 

384 areas: the south half and the north half, which are linked by three connecting passages. The two 

385 parts of the DFP is surrounded by underground continuous wall. Concrete cast-in-place pile is used 

386 in three areas, i.e. around the area used Bottom-Up Method, the area used Top-Down Method nearby 

387 both sides of the tunnel and the area on both sides of the three connecting passages. The minimum 

388 net distance between the bottom of the connecting passage and the top of the tunnel structure is only 

389 four meters. Therefore, the protection of the interval tunnel for normal operation of the metro line 

390 is the key part of this DFP construction project. The construction area of the foundation pit is shown 

391 in Fig.7. 

392 5.2 Data collection

393 Five experts (assessors), A, B, C, D, and E, were invited to assess the DFP construction risks. 

394 Expert index calculated by Eq. (2) are shown in Table 6. In terms of Definition 1 in the section iEI 

395 3.1 of this paper, the relevant importance ( ) of expert D valued as 9 due to the fact that he has iRI 

396 got the richest working experience. Conversely, expert E received the minimum value as 1 iRI 

397 because of his weakest experience comparatively. The relevant importance ( ) of the remaining iRI 

398 three experts are obtained by the interpolation method (An et al., 2011).

399 Table 6 Expert index of five expertsiEI 

Experts Years of experience iRI  iEI 

A 15 3.29 0.14

B 20 5.19 0.24

C 18 4.43 0.19

D 30 9 0.39

E 9 1 0.04

400 Brainstorming session was introduced among the five experts to enumerate all the hazardous 

401 events related to the DFP construction. Risks in relation to nineteen hazardous events, nine hazard 

402 groups, and three sub-objects were identified and defined as follows:

403 (1) The first sub-object risk identified is the technical one which includes four hazard groups 



404 i.e. earth excavation, dewatering, excavation bracing, and structural works. Pit landslide 

405 and upheaval in the bottom are thought to be two critical hazards in earth excavation. Both 

406 rush of confined water and leakage of foundation pit are two common hazards in the 

407 process of dewatering. Destabilization of support and excessive deformation of enclosure 

408 are regarded as two key causes of excavation bracing failure. There are three representative 

409 hazards, according to the experts, need to be cautioned in structural works i.e. concrete 

410 cracking, template failure, and upward displacement of structure.

411 (2) The second sub-object risk is the management one which consists of three hazard groups: 

412 safety awareness, safety regulations, and safety facilities management. Each of hazard 

413 groups covers two hazardous events. The safety awareness includes insufficient 

414 preparation and illegal operation; the hazard group of safety regulation involves two 

415 aspects including defected safety regulation and unimplemented regulation; the hazards 

416 from the facet of facilities management come from the low facilities quality and scarcity 

417 in quantity.

418 (3) Environmental risk is regarded as another sub-object one which encompasses two hazard 

419 groups: differential settlement and damage to the third-party. Differential settlement 

420 covers excessive deformation of the metro tunnel and nearby road damage in the process 

421 of excavation. Damage to the third-party happens with falls from height and mechanical 

422 injuries due to human misconducts, severe weather condition, or other unforeseen factors.   

423 A risk framework of this DFP construction project has been developed and shown in Fig. 8.

424 The pairwise comparisons were conducted among the risk contributors at the same level and 

425 within the same parent node in Fig.8; the results of comparison were quantified according to Table 

426 5; After that, Eq. (7) ~ Eq. (11) were employed to calculate the weighing factors as shown in Table 

427 7. 

428 Table 7 Weighing factors of risk contributors

Risk contributors at sub-

object level (local weights)

Risk contributors at hazard 

group level (local weights)

Risk contributors at hazardous 

event level (local weights)

Global 

weights

e1（0.54） 0.019Technical risk（0.2） Earth excavation（0.18）

e2（0.46） 0.017



e3（0.68） 0.033Dewatering（0.24）

e4（0.32） 0.015

e5（0.52） 0.038Excavation bracing（0.37）

e6（0.48） 0.035

e7（0.22） 0.009

e8（0.17） 0.007

Structural works（0.21）

e9（0.61） 0.026

e10（0.35） 0.012Safety awareness（0.44）

e11（0.65） 0.02

e12（0.7） 0.017Safety regulations（0.35）

e13（0.3） 0.007

e14（0.53） 0.008

Management risk（0.07）

Safety facilities（0.21）

e15（0.47） 0.007

e16（0.92） 0.484Differential settlement

（0.72） e17（0.08） 0.042

e18（0.66） 0.135

Environmental risk（0.73）

Damage of third-party

（0.28） e19（0.34） 0.069

429 The occurrence likelihood and consequence severity of all hazardous events were assessed by 

430 five experts, and then the combined results were received by Eq. (4) and Eq. (5). On the basis of the 

431 combined results, Eq. (3) was used to calculate the risk level of each hazardous event (shown in 

432 Table 8). 

433 Table 8 The occurrence likelihood, consequence severity and risk level of all hazardous events

Hazardous 

events

Occurrence likelihood（

）L

Consequence severity（ S

）

Risk level（ ）R

e1

{4.42E-2,2.43E-1,

4.42E-1,7.21E-1}
{0,0,250,500} {0,0,110.5,360.5}

e2

{1.0E-3,5.5E-3,1.0E-

2,5.5E-2}
{0,0,250,500} {0,0,2.5,27.5}

e3

{1.0E-2,5.5E-2,1.0E-

1,5.5E-1}
{970,2900,4840,7320} {9.7,159.5,484,4026}



e4 {1.0E-1,5.5E-1,1.0,1.0} {0,0,250,500} {0,0,250,500}

e5

{1.0E-3,5.5E-3,1.0E-

2,5.5E-2}
{250,500,1000,3000} {0.25,2.75,10,165}

e6

{1.0E-2,5.5E-2,1.0E-

1,5.5E-1}
{240,480,970,2900} {2.4,26.4,97,1595}

e7

{8.29E-2,4.56E-1,

8.29E-1,9.15E-1}
{0,0,250,500} {0,0,207.25,457.25}

e8

{1.0E-3,5.5E-3,1.0E-

2,5.5E-2}
{0,0,250,500} {0,0,2.5,27.5}

e9

{5E-5,1.0E-4,1.0E-

3,5.5E-3}
{1000,3000,5000,7500} {0.05,0.3,5,41.25}

e10

{9.64E-2,5.3E-1,

9.64E-1,9.82E-1}
{0,0,250,500} {0,0,241,491}

e11

{6.13E-2,3.37E-1,

6.13E-1,8.07E-1}
{0,0,250,500} {0,0,153.25,403.25}

e12

{5.0E-5,1.0E-4,1.0E-

3,5.5E-3}
{0,0,250,500} {0,0,0.25,2.75}

e13

{6.13E-3,3.37E-2,

6.13E-2,3.37E-1}
{0,0,250,500} {0,0,15.33,168.58}

e14

{7.84E-3,4.31E-2,

7.84E-2,4.31E-1}
{0,0,250,500} {0,0,19.6,215.6}

e15

{8.29E-3,4.56E-2,

8.29E-2,4.56E-1}
{0,0,250,500} {0,0,20.73,227.98}

e16

{1.99E-3,1.09E-2,

2.01E-2,1.1E-1}
{6200,18900,31600,65800} {12.36,206.35,634.53,7266.95}

e17 {1.0E-1,5.5E-1,1.0,1.0} {0,0,250,500} {0,0,250,500}

e18

{4.21E-4,2.21E-3,

4.51E-3,2.48E-2}
{82.5,165,497.5,1325} {0.03,0.36,2.24,32.87}

e19

{1.0E-3,5.5E-3,1.0E-

2,5.5E-2}
{0,0,250,500} {0,0,2.5,27.5}

434 5.3 Risk assessment

435 Firstly, all of the risk levels in Table 8 were converted into belief structures using the method 

436 described in Section 4.1, the results obtained were depicted in Table 9.



437 Table 9 The belief structures of all hazardous events

Belief structure
Hazardous events

 1H  2H  3H  4H  5H

e1 0.466 0.466 0.064 0.004 0.000 

e2 0.590 0.402 0.008 0.000 0.000 

e3 0.000 0.022 0.840 0.128 0.009 

e4 0.429 0.429 0.135 0.008 0.000 

e5 0.290 0.641 0.067 0.002 0.000 

e6 0.001 0.349 0.617 0.031 0.001 

e7 0.418 0.418 0.158 0.006 0.000 

e8 0.590 0.402 0.008 0.000 0.000 

e9 0.465 0.523 0.012 0.000 0.000 

e10 0.412 0.412 0.169 0.007 0.000 

e11 0.429 0.429 0.137 0.005 0.000 

e12 0.937 0.062 0.000 0.000 0.000 

e13 0.475 0.475 0.049 0.001 0.000 

e14 0.468 0.468 0.063 0.002 0.000 

e15 0.466 0.466 0.066 0.002 0.000 

e16 0.000 0.066 0.712 0.202 0.021 

e17 0.429 0.429 0.135 0.008 0.000 

e18 0.519 0.472 0.010 0.000 0.000 

e19 0.590 0.402 0.008 0.000 0.000 

438 Subsequently, the basic probability mass and the remaining degree of belief could  j nm H  jm H



439 be calculated by Eq. (12) and Eq. (13). The risk level of each hazardous event provided evidence 

440 supporting that the overall risk of DFP reaches to a certain level; then, the aggregated probability 

441 masses and ( =19, , , and ) could be obtained  1 nLm H   ,( )1 n n tLm H   L 1,2, ,5n   1,2, , 4t   5n t 

442 by Eq. (14)~ Eq. (22), which were shown as Table 10.

443 Table 10 Aggregated probability masses of risk assessment 

n  nm H  1,nm H  2,nm H  3,nm H  4,nm H

1 0.091

2 0.112 0.026

3 0.270 0.017 0.061

4 0.067 0.000 0.003 0.006

5 0.007 0 0 0 0

；  ；  1.123k   0.340m H   0.340m H

444 Eq. (23) and Eq. (24) were used to generate the aggregated degree of belief and ; and thenn ,( )n n t 

445 was redistributed by Eq. (25) ~ Eq. (32). Ultimately, the belief structure of overall risk of the ,( )n n t 

446 foundation pit was received as Table 11.

447 Table 11 The belief structure of overall risk of the foundation pit

 1H  2H  3H  4H  5H

n 0.197 0.193 0.489 0.110 0.010

448 As demonstrated in Table 11, the most probability of the overall DFP risk was valued as 0.489, 

449 which falls into the risk grade Ⅲ. Since risks under grade Ⅲ are illustrated as Need-Consider in 

450 Table 4, the control strategy adopted in present was to rule with preventive and monitoring measures. 

451 6 Discussion

452 6.1 Sensitivity analysis

453 Through the above processes, the assessment of overall risk level of the DFP construction could 

454 be arrived, but the degree of each potential hazard that contributes to the overall risk level has not 

455 been revealed. In other words, which hazardous event should be paid more attention in risk control 

456 is not explicit yet. Therefore, the sensitivity analysis is employed to examine the sensitivity of 

457 individual hazards. 



458 Suppose that the numerical utility values of ( ) are linearly assigned as follows:n 1,2, ,5n  

459 , , , ,  1 0U    2 0.3U    3 0.5U    4 0.7U    5 1U  

460 Then, the overall risk score of the DFP could be calculated by:

461
5

1
( ) ( )n n

n
Score R U 



 

462 =0.39                                (33)

463 Subsequently, the belief structure of each hazard is varied in turn to the same extent to observe 

464 the impact on the overall risk score of the DFP. Intuitively, the greater the impact generates, the 

465 more sensitive the hazard is. For example, with respect to each hazard, the degree of belief that 

466 belongs to ‘ ’rises by 0.05, correspondingly, the degree of belief that belongs to ‘ ’decreases 1H 5H

467 by 0.05. If the degree of belief attached to ‘ ’is less than 0.05, then the scant degree of belief [5H

468 ] can be deducted from ‘ ’, this process continues until the 0.05 of degree of belief is 50.05- 4H

469 consumed. The impact of the above operation on the overall risk score of the DFP is shown in Fig.9.

470 It is demonstrated in Fig. 9 that a minor decline or increment in the input data, i.e. degree of belief 

471 for any hazard, may lead to a decrease or an increase of the overall risk score correspondingly. 

472 Let ( ) be defined as the extent of variation in overall risk score resulting from the jVD 1,2, ,19j  

473 variation of belief structure in relation to hazardous event , which is denoted by:je

474                      (34)                                var ( ) j
j ied originalVD Score R Score R

475 While refers to the overall risk score generated after the belief structure of var ( )j
iedScore R

476 hazardous event has varied, represents the original risk score, and ‘ ’denotes the je ( )originalScore R

477 operation of take absolute value.

478 Thus, the results of obtained, as the belief structure of hazardous event varied in turn, are jVD

479 displayed in Table 12.

480 Table 12 The results of obtained as the belief structure of hazardous event varied in turnjVD

Hazardous 

events

generated as ‘H1’ is jVD

added by 0.05 in je

generated as ‘H1’ is jVD

deducted by 0.05 in je

Average of 

jVD
Ranking



e1 4.955* 7.134 6.044 10

e2 2.680 6.373 4.526 12

e3 11.563 5.852 8.708 7

e4 3.979 5.618 4.798 11

e5 9.792 14.436 12.114 5

e6 10.986 8.561 9.773 6

e7 2.367 3.359 2.863 15

e8 1.096 2.610 1.853 19

e9 4.340 9.798 7.069 8

e10 3.181 4.487 3.834 14

e11 5.243 7.515 6.379 9

e12 2.381 6.370 4.375 13

e13 1.782 2.610 2.196 18

e14 2.038 2.984 2.511 16

e15 1.786 2.610 2.198 17

e16 254.089 206.672 230.381 1

e17 11.288 15.992 13.640 4

e18 23.170 54.384 38.777 2

e19 11.171 26.654 18.912 3

481 Note*: For brevity, all of the have been amplified ten thousand times, and keep three decimal fraction.jVD

482 It can be drawn out from Table 12 that, the biggest variation in overall risk score results from the 

483 variation of belief structure in relation to , which also occupies biggest global weight in Table 7. 16e

484 When comparing Table 12 with Table 7, it could be found that the bigger the global weight of the 



485 hazard is, the greater the impact on the overall risk score happens, which matches well with people’s 

486 intuition. That is, the hazardous event with bigger global weight denotes more sensitive factor 

487 contributing to the overall risk level of the DFP construction, which deserves to paid more attention 

488 in risk control operations. 

489 6.2 Comparison with previous studies 

490 Comparison with the previous methods, for example, the FER method by Mokhtari et al. (2012) 

491 and the fuzzy reasoning approach by An et al. (2011), is presented to validate the effectiveness of 

492 the method in this paper. It is worth mentioning that the membership function of each risk grade 

493 using in fuzzy reasoning approach is not grounded on the product of occurrence likelihood 

494 multiplying consequence severity, instead, it depends on the domain knowledge of risk experts 

495 involved. So, by learning lessons from An et al. (2011) and Mokhtari et al. (2012), a new 

496 arrangement of the membership function in relation to five-grade risk scale is drawn ( as shown in 

497 Table 13).

498 Table 13  The five-grade risk levels and the corresponding membership functions

Risk grade Linguistic description Membership function

1H Negligible  0,0,1,2

2H Slight  1,2,3,4

3H Need-Consider  3,4,5,6

4H Serious  5,6,7,8

5H Intolerable  7,8,9,9

499 Three methods are introduced in turn to the case study in section 5. The results obtained are listed 

500 in Table 14.

501 Table 14 The comparison of results obtained by using three methods respectively

The obtained results
Adopted method

 1H  2H  3H  4H  5H

FER used in this paper 0.197 0.193 0.489 0.110 0.010

FER used in Mokhtari et al. (2012) 0.103 0.139 0.351 0.310 0.097



Fuzzy reasoning approach used in An et al. (2011) 0.000 0.000 1.000 0.000 0.000

502 Table 14 demonstrates that the risk level of the DFP is evaluated as , i.e. Need-Consider using 3H

503 three methods, but with different degree of belief. The reason accounting for the different degree of 

504 belief could be elaborated as two-fold: (1). The fuzzy reasoning approach is grounded on Mamdani 

505 method (An et al., 2011; Bandeira et al., 2018; Markowski & Mannan, 2008) which determines the 

506 rule to be involved in reasoning through using series of Minimal and Maximal Operators. In other 

507 words, the values between the minimal and maximal ones are abandoned in the process of reasoning, 

508 which enables the evaluated result to be either a singular number, i.e., the degree of belief equals to 

509 one just as the status shown in Table 14, or even numbers with the degree of beliefs less than one 

510 respectively but equal to one in total when the aggregated risk score locates in the intersection of 

511 two adjacent fuzzy risk grades. (2). Two distinct ways in developing belief structure may lead to the 

512 difference between the methods proposed in this paper and Mokhtari et al. (2012), although FER is 

513 employed in both methods. In this paper, the area of intersection between input fuzzy set and fuzzy 

514 risk grade is adopted to determine the degree of membership which is further converted into belief 

515 structure. However, it is the maximum ordinate value of the intersecting point, but not the area of 

516 intersection, that is used as the basis for developing belief structure in Mokhtari et al. (2012). 

517 It seems more reasonable to use the intersecting area rather than the ordinate value for building 

518 belief structure. Just as Fig. 10 indicates that the area of intersection between input fuzzy set and jR

519 fuzzy risk grade increases gradually as the location of input fuzzy set changing from Fig. 10(a) nH jR

520 to Fig. 10(b). Instead, the maximum of ordinate value of the intersecting point keeps as a constant, 

521 i.e. equals to one, which denotes that the degree of membership remains the same as the location of 

522 fuzzy set changing.jR

523 7 Conclusion

524 Risk assessment is an essential element in ensuring the effective construction management of 

525 DFP. Based on the FER approach, a new method is proposed in this paper to assess the overall risk 

526 level of DFP construction. In this method, the occurrence likelihood, consequence severity, and risk 

527 grade are firstly classified by trapezoidal fuzzy numbers according to the regulations defined in 

528 MoC (2007). Then, an approach of data acquisition taking into account the impacting factor from 



529 the risk assessors’ expertise is adopted to obtain more reliable results of risk assessment on the 

530 potentially happened hazards. Applying FER algorithms, the risk level of each possible hazardous 

531 event is aggregated into the overall risk of DFP construction. A case study on DFP risk assessment 

532 of underground traffic project of Zhengzhou comprehensive transportation hub, China, is introduced 

533 in this paper to verify the application of the proposed method. 

534 Comparing with the previous methods, the advantages of the proposed method can be 

535 summarized as: (1). the dilemma that different combinations of likelihood and consequence 

536 assigned with identical risks in traditional risk matrices has been overcome through depicting the 

537 specific risk grade with a sole trapezoidal fuzzy number; (2). the method which engage the 

538 impacting factors of expertise in the process of data acquisition, enables the results of risk 

539 assessment on the potentially happened hazards more objective; (3). the proposed method makes an 

540 attempt on implementing FER under the scenario that more than two continuous fuzzy evaluation 

541 grades intersect rather than only two adjacent grades; (4). the result of risk assessment obtained by 

542 the new method may be more reasonable, owing to its coincidence with the fact that the bigger the 

543 global weight of the hazard is, the greater the impact on the overall risk score is generated.

544 The successful application of the proposed method in this study indicates its practicality, whereas 

545 there are two limitations which deserve further consideration. First, the amount of computation is 

546 tremendous in this method, which may be a major obstacle for its universal application in practice. 

547 It is advised here to develop a computerized application to reduce the workload of manual 

548 computation and thus, to make the method more applicable. Second, the FAHP method with 

549 critiques on its subjective nature was adopted in this research to determine the weighing factors of 

550 the hazardous events that may happen. It is necessary for further studies to develop objective 

551 methods. The results comparison on risk assessment when using different methods would provide 

552 implications to the weights determination of the possible hazards, not only for Deep Foundation Pit, 

553 but for other construction projects as well.  
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670

671 Appendix: The derivation of  ,( )1   n n tLm H

672 Suppose that there is an intersection between each two sets among three consecutive fuzzy 

673 evaluation grades as shown in Fig. 11.                            

674 It is easy to prove that the equations of aggregated probability masses i.e. , 1 nLm H   ,( 1)1 n nLm H  

675 and are the same with Eq. (17) ~ Eq. (19) respectively. Readers can refer to (Yang et al.,  1 Lm H 

676 2006) to acquire relevant contents about the proof. The expression of is displayed as  ,( )1 n n tLm H  

677 follows:

678            
,( )

max
,( )1

1 1
n n t

L L

n n t H j n j n t j j n jL
j j

m H k m H m H m H m H m H
 

 

            
 

 



679                         (35)     
1 1

L L

j n t j j
j j

m H m H m H
 

      
 

 

680 ， ，                    1,2, , 1n N  1,2t  n t N 

681 Proof:

682 When , , the expression of which is the same with Eq. (18).1t     ,( ) ,( 1)1 1n n t n nL Lm H m H   

683 When , the combined probability mass generated by aggregating the two attributes is given 2t 

684 as follow:

685          1 2 ,( 2) 1 2 2 2 1 2n n n n n nm H m H m H m H m H    

686                    1 1 2 2 2 2 1 2 1 2 2 2= n n n n n n n nm H m H m H m H m H m H m H m H            

687            1 1 2 1 2 2 2 2= + +n n n nm H m H m H m H m H m H        

688         1 1 2 2+ +n nm H m H m H m H       

689            1 2 1 2 2 2 1 2+ +n nm H m H m H m H m H m H        

690                
2 2 2 2

2 2
1 1 1 1

= + + +j n j n j j n j j n j j
j j j j

m H m H m H m H m H m H m H m H 
   

                



691    Suppose the following equation is true for combing the first attributes: 1L

692            
1 1

,( 2) 21 ( 1)
1 1

L L

n n j n j n j j n jL
j j

m H m H m H m H m H m H
 

  
 

           
 



693      
-1 -1

2
1 1

L L

j n j j
j j

m H m H m H
 

     
 

694 The above combined probability mass is further aggregated with the attributes. The combined Lth

695 probability mass is then given below:

696          ,( 2) 2 21 1 ( 1) 1 ( 1)n n n n n nL L L L Lm H m H m H m H m H           

697        2 21 ( 1) 1 ( 1)= n n n nL L L Lm H m H m H m H    
        

698        2 21 ( 1) 1 ( 1)n n n nL L L Lm H m H m H m H        

699            2 21 ( 1) 1 ( 1) 1 ( 1)= + +n n n nL L L L L Lm H m H m H m H m H m H      
          

700        1 ( 1) 1 ( 1)+ +n nL L L Lm H m H m H m H   
        

701            2 21 ( 1) 1 ( 1) 1 ( 1)+ +n nL L L L L Lm H m H m H m H m H m H      
          

702            
1

2 2
1

= + +
L

j n j n j n nL L L
j

m H m H m H m H m H m H


 


     


  

703        
1

1

+ +
L

j n j nL L
j

m H m H m H m H




     


 

704            
1 1

2 2
1 1

+ +
L L

j n j n jL L L
j j

m H m H m H m H m H m H
 

 
 

      
 

  

705          2
1 1

L L

j n j n j j n j
j j

m H m H m H m H m H
 

           
 

706      2
1 1

L L

j n j j
j j

m H m H m H
 

     
 

707 Since the fuzzy subset is the intersection of the two fuzzy evaluation grades and , ,( 2)n nH  nH 2nH 

708 its maximum degree of membership is normally not equal to 1. In order to capture the exact 

709 probability mass assigned to , its membership function needs to be normalized(Yang et al., ,( 2)n nH 

710 2006):

711            
,( 2)

max
,( 2) 21

1 1
n n

L L

n n H j n j n j j n jL
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m H k m H m H m H m H m H
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 

            
 

 





712      2
1 1

L L

j n j j
j j

m H m H m H
 

      
 

 

713 Where can be determined using the following normalization constraint condition:k

714      
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1 1 1

1
N N t

n n n t
n t n

m H m H m H



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   

715 From the above equation, it can be received:

716      
1 1 1

L LN

j n j j
n j j

k m H m H m H
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             
  

 

717          
,( )
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1 1 1 1
n n t

L LN t

H j n j n t j j n j
t n j j

m H m H m H m H m H





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            
  

 

718                               
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1 1 1

L L L

j n t j j j
j j j

m H m H m H m H



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          
  

  

719 Suppose there is an intersection between each two sets among N consecutive fuzzy evaluation 

720 grades as shown in Fig. 12. 

721 In this case, the expression of is the same with Eq. (35), but the value of is defined  ,( )1   n n tLm H t

722 as: ，and , the process of proof ibids.=1,2, ,N-1t  Nn t 

723 Also, can be determined using the following normalization constraint condition:k

724      
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N N N t

n n n t
n t n

m H m H m H
 
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   

725 From which it can be obtained:
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k m H m H m H
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             
  

 

727          
,( )

1
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L LN N t
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728                             
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Fig.1.

Fig.1 A trapezoidal fuzzy number 

Fig. 2.

Fig.2  Intersection exists between two adjacent fuzzy assessment grades 

Fig. 3 

Fig.3 A typical risk framework of DFP 
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Fig. 4.

Fig.4 Curves of membership function with respect to risk grades 

Fig.5.

Fig. 5 Location of in curves of membership functionjR

Fig. 6a.

Fig.6a Redistribution of as maximum membership is less than one,( ) n n t
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Fig. 6b.

Fig.6b Redistribution of as maximum membership equals to one,( ) n n t

Fig. 7.

 

Fig.7 Construction division of the DFP

Notes: ①Area used Bottom-Up Method; ②Area used Top-Down Method; ③

Connecting passage; ④Connecting passage of north entrance; Unit: meter
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Fig. 8

Fig.8 Risk framework developed under this DFP construction project

Fig.9.

Fig.9 The variation of overall risk score as the belief structure of each hazard varied in turn
Fig. 10. 
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Fig. 9 Comparison of the location between hazard and risk gradejR nH

Fig. 11. 
                                                      

Fig.11 Intersection exists between each two sets among three consecutive fuzzy assessment grades

Fig. 12. 

Fig.12 Intersection exists between each two sets among N fuzzy assessment grades
                

( )x

1

H1,3

H1,2 H2,3 H(N-2),(N-1)

H(N-2),N

H(N-1),N

H1 H2 H3  HN-2 HNHN-1



a b c d e f g i j kh

( )x

1

a b c d e f

H2,(N-1)

H2,N

H1,2

H1,(N-1)

H1,N

H(N-1),N

HNHN-1H1 H2 




