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Abstract

This paper studies the boundary layer flow and heat transfer in an incompressible viscous
electrically conducting nanofluid containing ferroparticles or non-magnetic nanoparticles external to
a stretching cylinder in the presence of magnetic induction. We consider water as a base fluid
embedded with the two types of nanoparticles namely magnetic (Manganese Franklinite (Mn-
ZnFex0s), Ferric Oxide (Fes04)) and non-magnetic (Silicon Dioxide (SiO2), Nimonic 80a). The
governing non-linear partial differential equations and associated wall and free stream boundary
conditions are reduced to a set of non-linear ordinary differential equations with appropriate boundary
conditions using similarity transformation. The resulting equations are solved numerically using an
efficient, stable, spectral relaxation method (SRM). The SRM code is validated with available
solutions in the literature for limiting cases and excellent agreement is achieved. The emerging
boundary value problem is shown to be controlled by various magnetic, geometrical and nanoscale
parameters. The impact of these parameters on momentum and heat transfer characteristics are
visualized graphically and tabulated with comprehensive discussion. The local skin friction and local
Nusselt number are also presented graphically. The convergence rates achieved with standard SRM
and SRM with SOR (successive over relaxation) are also studied and the latter is observed to achieve
faster convergence. The SRM simulations show that with higher values of reciprocal of magnetic
Prandtl number (stronger magnetic diffusion relative to viscous diffusion) the boundary layer flow is
decelerated whereas the temperature is enhanced (thicker thermal boundary layer). Higher
acceleration is attained with non-magnetic nanoparticles (SiO2) whereas the best thermal
enhancement is obtained with magnetic nanoparticles (FezO4). Substantial acceleration of the flow is
also achieved with greater cylinder curvature parameter and enhanced magnetic induction and
temperature elevation is also produced.

Keywords: Electromagnetic induction; metallic nanoparticles; coating boundary layers;
stretching cylinder; spectral relaxation method (SRM).

1. Introduction

Boundary layer flow and heat transfer has numerous process engineering applications including
coating dynamics, polymer sheet extrusion, near-wall flows in fuel cell synthesis and enrobing
systems. Boundary-layer theory has the advantage that while it greatly simplifies the Navier-Stokes
viscous flow equations, it retains physical accuracy. The boundary layer behaviour on moving
surfaces (conveyor belts) was first explored by Sakiadis [1,2]. Crane [3] extended Sakiadis’s work to
examine the steady-state incompressible boundary layer flow from a stretching surface due to a
moving stretching surface with a constant surface temperature in an ambient fluid. He also considered
the case when the velocity varies linearly with the distance from a fixed point and derived a closed-
form similarity solution. Many researchers subsequently modified the Crane-Sakiadis model to
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consider other effects including wall suction/injection, heat flux, magnetic fields, exponential
sheet stretching, porous media and radiative heat transfer. Representative works in this regard
include Gupta and Gupta [4], Dutta et al. [5], Bég et al. [6] and Uddin et al. [7]. The above studies
were confined to horizontal or vertical stretching surfaces and neglected curvature. Many
engineering components are inherently curved and therefore require boundary layer coating
models which incorporate curvature effects. For example, Schwarz and Wediner [8] have shown
that surface curvature is equivalent to an applied time-independent overpressure distribution in
liquid paint coating flows. Magyari et al. [9] emphasized the significant modifications in surface
skin friction and heat transfer rates caused by curvature. The situation is further complicated when
the cylinder surface is extending (or contracting), a process encountered in blow moulding, pipe
fabrication etc. [10-13]. Wang [14] derived analytical solutions for steady Newtonian flow over
a stretching cylinder using a similarity transformation. Ishak et al. [15] studied numerically the
hydromagnetic convection flow from a stretching cylinder with the Keller box finite difference
method and evaluated the effect of magnetic parameter, Prandtl number and Reynolds number on
the velocity and temperature fields. Dispersing high thermal conductivity solid particles in
conventional heat transfer fluids can significantly enhance the thermal conductivity of the
resulting combined suspensions. “Nanofluids” therefore, as first proposed by Choi [16] at
Argonne Energy Lab, USA, represent engineered colloids consists of nanoparticles dispersed in
a base fluid. The nanoparticles used in synthesis of nanofluids are typically metallic (Al, Cu),
metallic oxides (Al2Os, TiO), nitrides (AIN, SiN), carbides (SiC) or carbon nanotubes with
diameters ranging between 10 and 100nm. Sandeep et al. [17] studied unsteady natural convective
flow of Nimonic 80a (nickel chromium iron alloy)-Ethylene glycol nanofluid from an infinite
vertical plate observing that with an alteration in nanoparticle shape the heat transfer rate is
elevated. Pandey and Kumar [18] examined the boundary layer flow and heat transfer of Cu-water
nanofluid flow from a stretching cylinder with slip. In recent years, magnetic and super magnetic
nanofluids have emerged as a new sub- group of nanofluids which exhibits both magnetic and
thermal enhancement property. This type of nanoparticle has extensive applications in
biomedicine, thin film smart polymer coatings, magneto-nanofluid heat pipes and smart nuclear
bio-inspired pumping systems. Many researchers have developed robust mathematical models of
magnetic nanoparticle flows using rigorous experimental data as a foundation. Bég et al. [19]
studied computationally the nonlinear, steady, forced convection, hydromagnetic flow of electro-
conductive magnetic nano-polymer with magnetic induction effects for four different magnetic
nanoparticles and three different base fluids. However, to the authors’ knowledge, the flow and
heat transfer of ferro-nanofluid over a stretching cylinder with magnetic induction and different
magnetic and non-magnetic nanoparticles, has thus far not been explored in the scientific
literature. This is the focus of the present study. The scenario considers a static magnetic field
applied parallel to the stretching cylinder longitudinal axis i.e. the magnetic field is aligned with
the cylinder. Via similarity scaling transformations, the nonlinear multi-physical boundary value
problem is transformed from a system of partial differential equations to ordinary differential
equations with appropriate wall and free stream conditions. The spectral relaxation method
(SRM) is utilized to solve the ordinary differential boundary value problem with faster
convergence rates. The simulations may find applications in coating of engineering components
with magnetic nanomaterials.

2. Mathematical Model
We consider the axisymmetric, steady, two-dimensional laminar boundary layer
incompressible

flow of a water-based (aqueous) nano-ferrofluid over a stretching cylinder. The x -axis is measured
along the axis of the cylinder and r-axis is orientated in the radial direction. The effect of magnetic
induction is taken into account since magnetic Reynolds number is adequately large and magnetic
field is therefore distorted by the flow [20]. The magnetic field is aligned with the cylinder axis and
comprises two mutually perpendicular components, H (H,, H,) . The normal component of the induced
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magnetic field, H, vanishes at the wall and the parallel component, H, approaches to the given value
H, = xH, at the edge of the boundary layer (free stream).The wall temperature is T, and the free
stream temperature isT,_. The physical model is illustrated in Figure 1. The cylinder is electrically

non-conducting and electrical field, polarization, viscous and Ohmic dissipation effects are negated.
Further, it is assumed that cylinder is being stretched in the axial direction with linear velocity,
U, -U,(x/l)whereu, is constant and | is the characteristic dimension (e.g. cylinder length). Under
above assumptions, the governing continuity, magnetic induction, momentum and heat conservation
equations for magnetohydrodynamic nano-ferrofluid boundary layer forced convection external to
the cylinder, may be written, extending the models in [15, 21] as:
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The following velocity, magnetic induction and temperature boundary conditions are
prescribed at the wall and in the free stream:
oH
At r=a, u=U_,v=0—=H,=0,T=T,
" or ? (6)

Asr—o,u—0 v=0, H —->H, T->T,
Here u and v are the velocity components along the x and r directions, Temperature is denoted
by T, p, Iis the density of the nanofluid, is the dynamic viscosity of the nanofluid and «, is

the thermal diffusivity of the nanofluid. To simulate the modified properties of the nanofluid, we
define the density of the nanofluid p, the dynamic viscosity of the nanofluid z, , the thermal

diffusivity of the nanofluid ¢, respectively as [15] :

ko (kg + 2k |-20(k; -k
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For simplicity, we introduce the following transformations in the non-dimensional equations

(1)-(6):

W(x,r):(./ufuwx)af(n), n(x,r)=r22_:2( /uw/vfx),TW =T, +To(x/1),007) = (T —Tw)/(TW—Tw)} (8)

Here y(x,r) is the stream function and 7 (x, r) is the dimensionless similarity variable, f and
g are dimensionless stream and magnetic stream functions respectively and & is dimensionless
temperature function. For the velocity field we define the dimensionless steam function, w(x,r) as
follows:
Jotov V:_ww} ©
ror r ox

After using the above similarity variables, the governing dimensionless boundary layer
equations for momentum, magnetic induction and energy for the regime emerge as:
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Proceeding with the analysis we define:

I V.Y S PR 7))
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Egns. (10)-(12) thereby assume the final form:

(1+2yn) f"+2y " +¢l[ff" f’2)+ﬂ( ?gg’ ] (14)
AQ+2yn)g"+2yAg"+[fg"—f"g]=0 (15)
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f
Where primes denote the differentiation with respect to 77 . Now the transformed boundary
conditions assume the form:
n =0, f(0)=0, f'(0)=1, €(0)=1, g(0)=0, g"(0)=0,
n—o, f'(0)—>0, O(n)—0, g'() >1
In Egns. (14)-(17), y is the curvature parameter, Pr is the Prandtl number, £ is the magnetic
(body force) parameter and A is the reciprocal of the Prandtl number, which are respectively defined

as:

I C

= Uf2 p=te _He [ Hol /1 o Pr _He (p ) (18)
Usa 4rp; u, Uy P K

In view of the velocity field the local skin friction coefficient and the local Nusselt number in

(17)

dimensionless form are given by:

_
1-¢)*°

Rel/Z c:f —

X

f”(0), Re;> Nu, = —¢'(0) (19)

3. Numerical Solution with SRM

The spectral relaxation method is a numerical technique based on simple iteration scheme
formed by reducing large systems of nonlinear equations into smaller systems of linear equations,
using spectral collocation. Motsa [22] has described this method in detail. SRM is equally adept at
accommaodating coupled nonlinear systems of ordinary or partial differential equations. Using the
SRM technique we discretize the transformed Eqgns. (14) to Eq. (17). This process involves 3 stages:
1. Reduction of the order of the momentum equation for f () by introducing the transformation

f'(n) = F(n) and expression of the original equation in terms of F(7;)

2. Assumingthat f (7;) is known from the previous iteration (denoted by f (7)), an iteration scheme
is constructed for F(z) by assuming that only linear terms in F(7;) are to be evaluated at the
current iteration level (denoted by F,_, (7)) and all other terms (linear and nonlinear) are assumed
to be known from the previous iteration. In addition, nonlinear terms in F(7;) are evaluated at
the previous iteration.
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3. The iteration schemes for the other governing dependent variables are developed in a similar
manner, however using the updated solutions of the variables determined in the previous
equation.

The strategy described above is analogous to the Gauss-Seidel technique for decoupling linear
algebraic systems of equations. Using this algorithm leads to a sequence of linear differential
equations with variable coefficients which can be easily be solved using standard numerical
techniques for linear differential equations e.g. Chebyshev spectral collocation methods ([23],
[24]).Spectral methods are preferred here owing to their remarkably high accuracy and ease of
implementation in discretization and the subsequent solution of variable coefficient linear differential
equations with smooth solutions over simple domains.

A comparison table between the basic SRM and the SRM with SOR is given in Table 1 for
Nusselt number (for the 4 different nanoparticles studied). It is clear that SRM with SOR accelerates
the convergence.

Table 1: Comparison of Nusselt number convergence between SRM and SRM with SOR.

Parameters Nano Nusselt Iterations
Particles | number | SRM SRM with
SOR
y=054=0.14,1=05,4=0.1,0.15,Pr =0.72 Mn- 0.14 37 19
ZnFez04
7=05,8=0.11=05,4=0.1,0.15Pr=0.72 SiO; 1.2356 38 21
y=11,4=011=05,9=0.1,0.15Pr=0.72 Nimonic 1.1249 33 15
80a
7=05,8=0.1,1=05,4=0.1,0.15Pr=0.72 FesO 1.2233 35 20

4. SRM Results, Validation and Discussion

An extensive number of SRM computations have been presented in Figs. 2-11. The
thermophysical properties of base fluid (water) and 4 different nanoparticles (two magnetic (Fe3Oa,
Mn-ZnFe»0.) and two non-magnetic (Nimonic 80a, SiO>)) are taken from ([21, 25]). The accuracy
of spectral relaxation method (SRM) code (which is executed in Matlab symbolic software) is
verified by benchmarking with simpler models from published works in the literature. Taking
¢ =¢,=1=k, K;, ¢=y=21=p=0 and varying the value of Pr, the SRM solutions are compared
for Nusselt number with Keller-box finite difference solutions of Khan and Pop [26] and asymptotic
solutions of Wang [27]. The results are found to be an excellent agreement as shown in the Table 2.

Confidence in the SRM code is therefore justifiably high. Pr<zicorresponds to low thermal
conductivity fluids, Pr =7to water and Pr > 20to polymers.

Table 2: Comparison of present results with published for different values of Pr

Pr Present Study Wang [27] Khan and Pop [26]
0.2 0.16911012 0.1697 0.1691
0.7 0.45391616 0.4539 0.4539
2 0.91135768 0.9114 0.9114
7 1.89540305 1.8954 1.8954
20 3.35390414 3.3539 3.3539
70 6.46218077 6.4622 6.4622
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Fig. 2 shows that velocity f'(r) in the boundary layer is strongly decreased with higher values

of A increases. Non-magnetic nanoparticle SiO, achieve the highest velocity whereas magnetic
nanoparticle Fe3O4 achieve the lowest velocity. The other two nanoparticles produce velocities
between these two extremes and Nimonic 80a is higher than Mn-ZnFe,O4 for large values of 4. Fig.
3 displays the influence of A on induced magnetic field distributions, g'(r7). As the values of A

increases there is a boost in magnetic stream function gradient. In all cases the profiles tend
asymptotically to unity in the free stream. The parameter A is the reciprocal of this ratio i.e. magnetic
diffusion rate divided by viscous diffusion rate. When magnetic diffusion dominates this exacerbates
the magnetic induction effect and explains the higher magnitudes of g'(z) achieved for A = 2 (thicker

magnetic boundary layer) and the suppressed magnitudes corresponding to A =0.5 (thinner magnetic
boundary layer) in fig. 3. Maximum g'(r7) values are attained for FezO4 nanoparticles followed by

Mn-ZnFe>04, then Nimonic 80a and finally SiO». Clearly ferromagnetic characteristics are beneficial
to magnetic induction. Fig. 4 shows that for large value of A there is a distinct elevation in
temperature. Stronger magnetic diffusion relative to viscous (momentum) diffusion is therefore
assistive to the thermal diffusion process also. Magnetic nanoparticles achieve significantly greater
heat transfer enhancement compared with non-magnetic nanoparticles i.e. maximum temperatures
are produced with Fe3O4 followed by Mn-ZnFe,O4, then Nimonic 80a and finally non-metallic SiOx.

Figs. 5-7 present the velocity, magnetic stream function gradient and temperature profiles with
transverse coordinate for a change in solid volume fraction parameter, ¢, and different nanofluid

suspensions. 10% and 15% doping concentrations are studied (¢ =0.1,0.15). From Fig. 5 it is evident

that there is a slight deceleration in flow with greater volume fraction i.e. momentum boundary layer
thickness is decreased. The non-magnetic nanomaterial SiO> achieves the highest velocity, followed
by Mn-ZnFe,0a, Fe304 and Nimonic 80a respectively. The magnetic stream function gradient (fig.
6) however is significantly enhanced with an increase in solid volume fraction parameter and the
effect is most prominent near the cylinder surface, progressively diminishing into the free stream.
From Fig. 6 it is apparent that maximum magnetic stream function gradient is achieved by SiO>
followed by Mn-ZnFe,0a, Fes04 and Nimonic 80a respectively. Fig. 7 shows that there is a relatively
weak increase in nanofluid temperatures; the best thermal enhancement is attained by Nimonic 80a
followed respectively by FesOs, Mn-ZnFe>04 and SiO». Similar observations on temperature response
have been reported by Noghrehabadi et al. [25] although in the absence of magnetic induction.

Fig. 8 illustrates the impact of solid volume fraction parameter ¢ on skin friction for all 4

nanoparticles investigated. The value of 4 is chosen in the range 0.02 to 0.1 [21] and corresponds to
2% to 10% nanoparticle doping. As the value ¢ increases the shear stress coefficient decreases i.e.
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strong flow deceleration is induced. Non-magnetic nanoparticle Nimonic 80a achieves the highest
shear stress and the non-magnetic nanoparticle SiO, produces the lowest shear stress.

5. Conclusions
The present SRM numerical simulations have shown that:

e With greater reciprocal of magnetic Prandtl number the boundary layer flow is decelerated
whereas the temperature magnitudes are enhanced. Maximum flow acceleration is achieved with
non-magnetic nanoparticle SiO> and the best thermal enhancement is obtained with magnetic
nanoparticle FezOa.

e Increasing nanoparticle solid volume fraction decelerates the flow both for magnetic and non-
magnetic nanoparticles.

e Skin friction coefficient decreases with an increase in nanoparticle solid volume fraction
parameter and reciprocal of magnetic Prandtl number.

e Nusselt number decreases with an increase in Prandtl number.
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