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Abstract

Rigid origami, which can be regarded as assemblies of spherical linkages, inspires a new paradigm of
design for mechanical metamaterials and deployable structural systems with large deployable ratio. In
this paper, the kinematic properties of assemblies of spherical 4R linkages are studied, and new origami
patterns are obtained. Kinematics of a single loop spherical 4R linkage is firstly presented, and by
assigning four specified values for the four twist angles, and defining four pairs of specified input and
output angles, 16 maps between the input and output angles are obtained together with 256 types of
special spherical 4R linkages. By merging four identical spherical 4R linkages into a single loop, three
basic mobile assemblies are constructed and the one-degree-of-freedom kinematic compatibility
condition is formulated. Through alteration of the four vertex linkages in the three basic assemblies,
variations of the basic assemblies are generated. Consequently, by adding further geometric conditions,
novel rigid origami patterns are obtained leading to the tessellation of the spherical-4R-linkage-
integrated assemblies. Hence, this paper provides a novel approach for generating new rigid origami
patterns which can lead to the development of foldable structures and tessellations with potential
applications in robotics, smart architectures, and space exploration.

Keywords: spherical 4R linkage; kinematic compatibility; mobile assembly; rigid origami;
tessellation

1. Introduction

Origami is a traditional art and it is a continuous, one-to-one mapping of a crease pattern to create a
three-dimensional object. Rigid origami, which is referred to the case that each paper facet surrounded
with creases is not stretching or bending during folding. Because of the large deployable ratio and low
cost, rigid origami patterns have significant potentials in various applications such as robotic systems
[1, 2], deployable arrays for space applications [3], and self-deploy structures [4].
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On the one hand, rigid origami has been investigated from the viewpoint of geometry. Miura [5]
presented a proposition of intrinsic geometry of origami based on an arbitrary point on the surface of
origami works. Watanabe and Kawaguchi [6] proposed two methods to judging rigid foldability of
origami patters from the compatibility matrix. Based on separating each crease of an origami pattern
into two parallel creases, Hull and Tachi [7] presented the double line method to obtain new origami
patterns. And recently, He and Guest [8] studied the configuration space of four-crease origami patterns
and generated two families of rigid-foldable origami patterns with four-crease vertexes.

On the other hand, rigid origami can be studied with a kinematic approach, where its facets and crease
lines can be replaced by rigid panels and hinges [9]. In particular, a four-crease vertex can be
represented by a spherical 4R linkage [10-12]. Wu and You [13] proposed a new crease pattern that
allows a tall box-shaped bag with a rectangular base to be rigidly folded flat. The typical origami crease
patterns and their corresponding equivalent closed-loop linkage were investigated by Zhang and Dai
[14]. Wei and Dai [15] analyzed an origami carton by representing it with one planar four-bar loop and
two spherical 4R linkage loops. With the tessellation method for mobile assemblies of spatial linkages
[16-18], Wang and Chen [19] proposed the mobile assembly [20] of spherical 4R linkages to study the
Kokotsakis type of the rigid origami patterns. Liu [21] used the assemblies of spherical 4R linkages to
analyze the rigid origami patterns and presented several new patterns. Based on the kinematics of
spherical 4R linkages, Liu et al. [22] presented several types of rigid origami tubes, and recently Chen
et al. [23] proposed an extended family of them. However, the spherical 4R linkage method applied to
analyze rigid origami patterns requests quite complicated closure equations, which limits the design of
rigid origami. This prompted us to think whether 4R linkage method could be improved.

In this paper, a new method for synthesizing novel rigid origami patterns is proposed. The approach is
based on the development a family of mobile assemblies with spherical 4R linkage of various formats
and thus forming the corresponding rigid origami patterns. Kinematics of spherical 4R linkage is
presented and 1-DOF mobile assemblies formed by four spherical 4R linkages are developed. Then
based the equivalence between linkage and rigid origami, innovative design of rigid origami patterns
is proposed demonstrated by the generation of a helical pattern rigid origami.

2. Kinematics of a Spherical 4R Linkage and Maps between Special Input and Output Angles
Origami is seen in different forms in our daily life, and since the research by Cundy [24] it is widely
acknowledged that for every rigid origami there correspondingly exists an equivalent linkage [9, 25].
Figure 1(a) shows a degree-4 origami vertex containing four panels or sectors 1 to 4, and four creases
A, B, C and D; the four creases intersect at a common point O. The four sector angles between the
adjacent creases are a12, 023, a4 and aa1; and the four dihedral angles between the adjacent sectors are
61, 62, 03, and 64. From the mechanism point of view, by taking the sectors as links and the creases as
revolute joints, an equivalent spherical 4R linkage can be obtained in Fig. 1(b); where sectors 1 to 4
become links 1 to 4, creases A to D become joints A1 to A4, and sector angels ai2, 23, ass and a1
become twist angles of the linkage. Hence, kinematics for the spherical 4R linkage can be applied to
the kinematic analysis of the degree-4 origami vertex [26].
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Figure 1 A degree-4 origami vertex and its equivalent spherical 4R linkage

In Fig. 1(b), by following the D-H convention [27], coordinate frames & are established at the joints
of the linkage. Where, the Zi-axis (i = 1, 2, 3 and 4) is along the joint axis of joint Ai; Xi-axis is normal
to the plane formed by the Zi and Zi+1 axes such that Xi = Zi x Zi+1 (it should be noted that when the
subscripti + 1 =5, it is replaced with 1); Yi-axis can be found with right-hand rule and the origin Oi of
each coordinate frame coincides with point O. Angle 6i+1 is defined as joint angle from the Xi-axis to
the Xi+1-axis, positively about Zi+1-axis; and angle aigi+1) is the twist angle from Zi to Zi+1 positively
about axis Xi (when i + 1 =5, it is replaced with 1). Further, link length aici+1) is defined as the distance
of the common perpendicular between Zi and Zi+1 along Xi, and offset di+1 is defined as the distance
between Xi to Xi+1 along Zi+1. For the spherical 4R linkage, since all the four revolute joints intersect
at a common point O, it has ai12 = a3 = as4 = as1 = 0, and d1 = d2 = d3 = d4 = 0 such that there is no
translation between the coordinate frames.

Treating two adjacent joint angels 6, 6i+1 one, e.g. 6i as input and the other one, i.e. #i+1 as outpult,
based on the loop equation that R12R23R34R41 = | with Rjj being the rotation matrix and | being a 3 x
3 identity matrix, the general relationship between two adjacent joint angles can be given as

SIN ;1) COS 1,1y 2) SIN 314y COS G}

+5IN Q1) SIN Q1,11.2) COS 31,4y COS

+COS &1, SIN &1, 1y.2) SIN 31,4y COS G, COS O, 1)
=SIN &1y1.2) SIN A1) SIN G SING,

—COS & (j,1) COS i ,1)i12) COS (i 3y(i1a) T COS (i pyisg) = 0

And the detailed derivation of Eg. (1) can be found in [28]. In the Eq. (1), subscript i is the number of
stating joint and subscripti +j (j =1, 2, 3, 4) is the number for the sequential joint. In the case that i +
j>4,withi=1,2,3and4,and j=1, 2, 3and 4, i + j needs to be replaced by i + j — 4. For example,
referring to Fig. 1 in the paper, the spherical 4R linkage has just four twist angles, if the stating joint i
= 3 then the twist angle between jointi+ 1 and i + 2 (with j = 1 and 2) becomes oi+1)(i+2), i.€. aas, which



does not exist and the actual twist angle should be a41; inwhichi+2=3+2=5>4is replaced by i
+2-1=3+2-1=1.

Solving the trigonometric equation in Eq. (1) leads to
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Sinai(i+1)COSayi+1)(i+2)SiNoyi+3)(i+4)C0SHi, all being the functions of 6i.

Equation (2) gives the explicit function between the output angle 8i+1 and the input angle 6i which can
also be represented concisely in implicit function form as

0. = fi(i+1) 4) 3)

Further, by substituting —6i and —6i+1 into Eq. (1), due to the relations that cos(—6i) = condi, cos(—6i+1)
= condi+1, condicondi+1 = cos(—6i)cos(—Hbi+1), and sindisinbi+1 = sin(—&i)sin(—6i+1), it is found that all the
five terms on the left hand side of Eq. (1) remain unchanged, hence there exists the following relation:

_0i+l = fi(i+1) (_‘9|) == fi(i+l) (6’.) 4)

which implies that a minus input results in a minus output.

In this paper, it is interesting to find that by altering the twist angles «i +jyi+j+1) into four cases as o
H)(i++1), —O +)(i+i+1), T — 0 +j)(i+j+1), and —r + o +j)i+j+1), there exist different maps between the special
input and output angles of the spherical 4R linkage such that given the input as either of the four values
as 6i, = — i, —m + 6, or —6i, each can lead to four results for the output angle as i+1, & — fi+1, -7 + Gi+1,
or —6i+1. For each of the case, by taking the map from 6i to i1, that is denoted as m4 in this paper, as
an example, there are 16 different combinations of the four twist angles o +j)i+j+1), =0 +)(i+j+1), T — i
+j)(i+j+1), and —7 + ayi +j)i+j+1) that can lead to the same map based on Eqg. (1); and these 16 combinations
provide 16 variations of the spherical 4R linkage as listed in Table 1.

Table 1 Map mjy, the associated combinations of twist angles and variations of spherical 4R linkage

Map Combinations of o +j)(i+j+1), —0(i +)(i+j+1), 7 — ai +j)(i+j+1), aNd =7 + ai +j)+j+1) | Variations fij
T — Oli(i+1), T — O(i+1)(i+2), O(i+2)(i+3), —O(i+3)(i+4) V41. My-C1

mas: i —
- 9i+1

T — Qi(i+1), T — O(i+1)(i+2), T — O(i+2)(i+3), 7T — O(i+3)(i+4) Va2: My-C2

T — Qli(i+1), T — O(i+1)(i+2), =7 T O(i+2)(i+3), T — O(i+3)(i+4) V43: My-C3




T — Qi(i+1), T — O(i+1)(i+2), —O(i+2)(i+3), — O(i+3)(i+4) Va4: My-C4
T — Q(i+1), — O(i+1)(i+2), O(i+2)(i+3), 7T — O(i+3)(i+4) Va5. M4-Cs
T — Oli(i+1), — O(i+1)(i+2), T — O(i+2)(i+3), — O(i+3)(i+4) Va6: M4-Co
T — Qli(i+1), — O(i+1)(i+2), — T t Q(i+2)(i+3), — O(i+3)(i+4) Va7. My-C7
T — Q(i+1), — O(i+1)(i+2), — O(i+2)(i+3); T — O(i+3)(i+4) Vag: M4-Cg
=T t Qi(i+1), Q(i+1)(i+2), O(i+2)(i+3), =TT T O(i+3)(i+4) V49: M4-Cg
=7 t Qi(i+1), Q(i+1)(i+2), T T O(i+2)(i+3), O(i+3)(i+4) V410: M4-C10
=7t Qii+1), O(i+1)(i+2), — F Q(i+2)(i+3), O(i+3)(i+4) V411: M4-C11
=T+ Ql(i+1), Oi+1)(i+2), —C(i+2)(i+3), =TT t O(i+3)(i+4) V412: M4-C12
=7 + 0l(i+1), — t O(i+1)(i+2), O(i+2)(i+3), Oi+3)(i+4) V413: M4-C13
=T+ 0i(i+1), = t O(i+1)(i+2), T — O(i+2)(i+3), =T + G(i+3)(i+4) V414: M4-C14
=T + 0ii+1), — t O(i+1)(i+2), T T Oi+2)(i+3), —T + O(i+3)(i+4) V415. M4-C15
=T+ Qi(i+1), —T + oi+1)(i+2), — O(i+2)(i+3), O(i+3)(i+4) Va16: M4-Cie6

In Table 1, m4 stands for the 4th map and ci (i = 1 to 16) denotes the ith combination; hence, map ma4
contains 16 different types of variations of spherical 4R linkage that can lead to the same map that can
achieve —6i+1 by given an adjacent input angle 6i. It should be pointed out that due to the combination
of the twist angles, the 16 variations of Map mj listed in Table 1 are not always different. Nevertheless,
it is found that for each variation v4i in map ms, there always exists at least one variation vaj which is
identical with it in the case that aig+1) is related to oi+3)i+4) With z, —z or inverse.

Further, from the specified input angles 6i, = — 6i, —z + 6i, and -6 to the specified output angles i1, =
— Oi+1, - + Oi+1, Or —6i+1, there are totally 16 maps which are listed in Table 2.

Table 2 Maps between the special input and output angles

Map i Relationship between the input and output angles
my Oi — Oir1: {Oi+1 = fig+1)(00) }
my 0 — 7 — Giv1: {m — i1 = fii+1)(6h) }
ms Oi — — m + Oiv1: {— © + i1 = fii+1)(60) }
My 6i — — Bis1: {~ i1 = fii+1)(6i) }
Ms 7 — 0i — Ois1: {Oi+1 = figi+y) (7 — 60)}
Me 7 — 0i — 1 — Oiv1: {m —0i1 = fiGi+1)(r — 0i) }
my 7 —6i — — 1+ Oin1: {~ 7 + Oiv1 = fiGi+1) (7 00 }
Mg 7T — 0i — = Ois1: {- Oiv1 = fiGi+1)(r —6) }




Mo — bi —> — Ois1: {- Ois1 = fii+1)(— 61)}

Mio — b6 —> — 1+ Ois1: {— 7 + Oiv1 = fig+1)(— 6)}
M1y — 6 — 7 — Oiv1: { 7= Oin1 = fiiry (- G0}

M1z — O — Ois1: {Ois1 = fii+1)(— 61)}

M3 ot O — Ot A O = (7 + 00
Mi4 -+ 60i > -1+ Oiv1: {— 7 + Giv1 = fii+)(— 7 + 6))}
Mis -+ 6i > - 0is1: { 7 — Oiv1 = figrpy)(— 7 + 00}
Mie — 7+ 0i — Oisa: {01 = fii+y)(— 7 + 6)}

Where in Table 2, fii+1)(6) is the function obtained in Eq. (3). Since there exists —6ii+1) = fii+1)(-6i) = —
fig+1)(6i) as indicated in Eq. (4), it can be found that maps mg to mse in Table 2 are the negative angle
forms of maps m; to mg, and for each of the maps there are 16 types of combinations of the twist angles
providing 16 variations of spherical 4R linkage. Figure 2 indicates the generation of the variations of
the spherical 4R linkage, and the maps mz to mg are derived and the detailed combinations of twist
angles ayi +j)(i+j+1), —0i +)i++1), T — o +)i++1), and — + agi +j)yi+j+1) that lead to these maps are listed in
Table Al in Appendix A. Combinations of twist angles for maps mg to mse are the same as those for
maps mz to mg, correspondingly. From Table 1, one can find that for each map mi, there are 16 types
of variations of spherical 4R linkage with various specified twist angles, and the 16 maps in Table 2
lead to 256 types (which may not all be different) of variations of special spherical 4R linkage of
special twist angles; each denoted as vij: mi-cj, with i = 1 to 16 and j = 1 to 16 as shown in Fig. 2.

Input angle Output angle

Map m; (i = 1 to 16)

Combinations of twist
angles ¢ (j = 1 to 16)

A +)(i+j+1) Lim((ﬁ_lgeilifiig;’n Vij
i=1to
—Oli +j)(i+j+1) IH: (1=1to 16)
Vij: Mi-Cj

T — O +j)(i+j+1)

7T+ i +j)(i+j+1)

Figure 2 Generation of variations of spherical 4R linkage

By forming combinations of four of the variations of spherical 4R linkage from these 256 special
spherical 4R linkages, various mobile assemblies of 1-DOF can be obtained which can then result in
the corresponding origami patterns for the constructed of novel tessellations.

3. 1-DOF Mobile Assemblies of Four-spherical-4R-integrated Linkages

3.1 The Basic Assemblies of Spherical 4R Linkages

A mobile assembly of linkages is a network or tessellation of unit linkages with very few degrees of
freedom (DOF) [29]. In order to construct 1-DOF mobile assemblies with four spherical 4R linkages,



the assembly of two spherical 4R linkages is considered first, and the connection between two spherical
4R linkages is constructed through the alignment and merging of a pair of common revolute joints
from the two linkages as shown in Fig. 3. By defining the link between the i and i+1 joints in the
spherical 4R linkage as link i(i+1), referring to Fig. 3, it can be seen that when joint a; in linkage A
and joint by in linkage B are aligned and merged, link 12 of linkage A and link 41 of linkage B are
rigidly connected and become one link, and so are the link 14 of linkage A and link 12 of linkage B.

This combination leads to the result that g* = g7; according to [15, 30] this is a two-spherical-4R-

integrated linkage of 1 degree of freedom.

Similarly, by adding two more spherical 4R linkages, and aligning and merging the joints with the
same subscript as shown in Fig. 4, an assembly of four spherical 4R linkages is obtained, which forms
a four-spherical-4R-integrated linkage expected to be 1-DOF. In the linkage, joints a; and az in linkage
A is merged with joint d; of linkage D and joint b, of linkage B, respectively; and joints cs and ¢4 in
linkage C blend with joint bs of linkage B and joint d4 of linkage D, respectively.

Figure 4 The assembly of four spherical 4R linkages.

For the sake of simplicity, we assumed that the four assembled spherical 4R linkages are identical such
that there exist



a _ b _ ¢ _ d _
Oy =Qpp =0y =0y =0y,
a _ b _ ¢ _ _d _
Ay3 = Upy = Uy3 = Qy3 = Uy, )

a _ b _ ¢ _ _d _
U3y = Az = Ay = Ay = Ay,

a _ b _ ¢ _ _d _
Oy =0y =0y =0y = Ay

Based on this assumption, considering the four twist angles a¥f,, a%;, a%,, and ak, there are four
types of the assemblies of four-spherical-4R-integrated linkages as shown in Fig. 5.

d4 a4

(c)
Figure 5 The schematic diagram of the assemblies of spherical 4R linkages: (a) double-plane
symmetric case; (b) and (c) plane symmetric case; (d) rotational case (in which the straight lines
represent the axes of the joints; the curved lines represent the links, and the nodes on the curved lines

are the joints connecting the ends of the links.)

In Fig. 5(a) with the three-dimensional configuration supported in Fig. 6, the distribution of spherical
4R linkages C and D are the mirror of linkages A and B in the vertical direction, and in the meaning
while linkages B and C are the mirror of linkages A and D in the horizontal direction, hence this is a
double-plane symmetric case, which means it is planar-symmetric with respect to two orthogonal
planes, i.e. plane hh' and w'in Fig. 6. In order to keep this assembly to be one degree of freedom,



the kinematical compatibility conditions must be set up. Referring to Fig. 6, if & is the input, using
Egs. (3) and (4) it has -6 =02 =13(0") , -O6-=600=1(00) , -6 =65 =15(6°) and
—07 =0 = 1,,(65), in which the subscripts in f, indicate the input and output angles, e. g, f
means that in the spherical 4R linkage B, the input angle is @, and the output angle is & . Thus,

when the rotational motion transfers through the collinear joints, and back to 6] in the end, the

transmission loop can be expressed as

(0°)>( 87 )=—(68)> (6" )=—(8)>( 6 )=—67)>(6") (6)

T ( gla :_( Bld) l

which can be representas 9 = —f3(-f5(—f.(—=f3(6%)))). Considering that the four linkages A, B, C

and D are identical, Eq. (6) is simplified as 6 = —f, (-f (-f, (-f_,(67)))), according to Eq. (4),

21 12 21 12

and as long as this condition is satisfied, this double-plane symmetric case is of 1-DOF four-spherical-
4R-integrated linkage.

Figure 6 3D configuration of the assembly in double-plane symmetric case
Further, the distributions of spherical 4R linkages A and D, B and C are symmetric in the horizontal
direction in Fig. 5(b); and the distributions of linkages A and B are symmetric with D and C in the
vertical direction in Fig. 5c. Since these two cases have the same symmetric characteristics, the



assemblies in Fig. 5(b) and (c) are topologically the same, and are termed as plane symmetric case.
Only Fig. 5(c) is taking into consideration in the following analysis and similar to the analysis for the
double-plane symmetric case, the transmission loop for the plane symmetric case can be derived as

(67 )=(6; )=(0)~(6,)=—(6;)~(6;)=(6])~(6)
o (7

T (67)=—(6")

which can be simplifiedas 6" =—f,,(f,, (- f,5(f,(6")))) according to Eq. (7), and the assembly of this
plane symmetric case is mobile with 1-DOF.
For the case illustrated in Fig. 5(d), distribution of the four joints of in each linkage is center clockwise

about the intersection point of the axes of the joints, hence it is termed as rotational case, with the
transmission loop being expressed as

(67 )=(65)=(6)>(0;)=(6;)~>(6;)=(6])~>(6)
o (8)

T (67)=(6)

which can be simplified as 6] = f,,(f,,(f,,(,(61)))), and the assembly of this case is obviously 1-

DOF.

Therefore, by integrating four identical spherical 4R linkages into one single loop, the above
combination gives three cases of the basic assemblies, and based on these three basic cases, by altering
the four linkages A, B, C and D with the variations of four-spherical 4R linkage generated in Section
2, variants of these basic assemblies can be obtained as follows.

3.2 The Variants of the Basic Assemblies

As mentioned in Section 2, by changing the link twist angles, different relationships between the input
and output angles, i.e. i and 6i.1 of a spherical 4R linkage can be obtained. Considering this, if the
twist angles in the spherical 4R linkages of the above three basic assemblies are changed, variants of
them can be obtained.



Figure 7 One variation of the double-plane symmetric case

The variants of the three basic assemblies are developed by maintaining the compatibility conditions
for each case. In this development, twist angles in linkage D of each of the three basic assemblies are
kept unchanged, and the variants are obtained by changing the twist angles of the other three linkages
A, B, and C according to different maps and linkage variations derived in Section 2. Taking the double-
plane symmetric case as an example as illustrated in Fig. 7, keep the twist angles in linkage D
unchanged, and we change the twist angles in linkages B and C. Referring to the left figure in Fig. 7,
in the original assembly, both linkages B and C satisfy map my such that given 6, leads to 6, as 61 —
0. After changing the twist angles in linkages B and C, assuming that the new linkages both obeying
map mye such that given —z + 61 results in 62 as mie: —z + 61; a variant is obtained and illustrated on
the right hand side of Fig. 7. And hence the transmission loop in equation for the new variant assembly
then changes into

(O )~ (05 )=—(0; )~ (—7+6] ) =—(-7+6] ) ~ (05 )=—(65 )~ ()

! | 9)
(6/)=-(6")

Comparing with Eq. (6), it is found that the transmission loop is changed in the intermediate process,

but the compatibility condition 6 =-6 is still hold since linkage D is not changed, hence, this

assembly is 1-DOF. One combination of the twist angles, which makes & e (0, ), for Eq. (9)

i(i+1)
according to Table Al is
a _ b _ ¢ _ _d _
O =0 =0y =0 =0y
a b c d
Op3 = Qyy = U3 = Uy3 = U (10)
a b c d
Oy =T =0z =T = Ugy = Uy =0y

a _ b _ c _ d _
A =T =0y =T — 0y =0y =0y

And by changing the intermediate process of the transmission loop and keeping the compatibility

condition 6 =-67, there are totally 15 different variations for the double-plane symmetric case,



which are enumerated and listed in Table 3, where vii represents the ith type of the variations of the
double-plane symmetric case. The new types of linkages for A, B, C and D are given according to the
different types of spherical 4R linkages provided in Appendix A, and n/c denotes that the linkage is

not changed.

Table 3 Variants for the double-plane symmetric case

Variant types

Types of the four spherical 4R linkages

A B C D
Vil M2-Ci M2-Ci n/c n/c
) M3-Ci m3-Ci n/c n/c
Vi3 Ma4-Ci Ma4-Ci n/c n/c
Vi n/c Ms5-Ci Ms5-Ci n/c
Vis n/c M12-Ci M12-Ci n/c
Vi6 n/c M16-Ci M16-Ci n/c
V7 M2-Ci Mée-Ci Ms5-Ci n/c
Vis M2-Ci M15-Ci M16-Ci n/c
Vig M2-Ci M11-Ci M12-Ci n/c
Vt10 M3-Ci m7-Ci Ms-Ci n/c
Vi1l M3-Ci M10-Ci M12-Ci n/c
V12 M3-Ci M14-Ci M16-Ci n/c
Vi13 Ma-Ci Ms-Ci Ms-Ci n/c
Vi14 Ma4-Ci Mo-Ci M12-Ci n/c
Vit15 Ma4-Ci M13-Ci M16-Ci n/c

Similarly, for the plane symmetric case, referring to Fig. 5(c) and let linkages A and B be replaced with
linkages of types mas-ci and mi2-Ci respectively, an example of its variant can be obtained, and the

corresponding new transmission loop equation can be derived as,

(07 )~ (=05 )=(=0; )~ (6, )=—(6; )~ (6;)=(6; )~(6)

T

(67)=-(6")

(11)



in which the compatibility condition 6 =67 does not change. And one solution of the twist angles

for spherical 4R linkages to constitute a network is

a _ b _ ¢ _ d _
=0 =T =0 =0 =0y =0

a _ b ¢ _ d _
=y =T — Uy = Up3 = Up3 = U3

a _ b ¢ _ d _
om0y =70 =03y = (g = Uy =0y

a _ b _ ¢ _ _d _
T=0p =T —Qy =0y =0y =0y

(12)

This variant assembly of plane symmetric case is shown in Fig. 8. Similarly, using 16 kinds of variant
geometric relationships can give more solutions for the twist angles. All variant relationships are listed

in Table 4.

Figure 8 One variation of the plane symmetric case

Table 4 Variants for plane symmetric case.

Types of the four spherical 4R linkages
Variant types

A B C D
Vs1 n/c M2-Ci M2-Ci n/c
Vs2 n/c M3-Ci M3-Ci n/c
Vs3 n/c Ma-Ci M4-Ci n/c
Vs4 M2-Ci Ms-Ci n/c n/c
Vs5 M3-Ci M16-Ci n/c n/c
Vs6 Ma-Ci M12-Ci n/c n/c




Vs7 M2-Ci Mée-Ci M2-Ci n/c
Vs8 M2-Ci m7-Ci M3-Ci n/c
Vs9 M2-Ci Ms-Ci Ma4-Ci n/c
Vs10 M3-Ci M15-Ci M2-Ci n/c
Vs11 M3-Ci M14-Ci M3-Ci n/c
Vs12 M3-Ci M13-Ci M4-Ci n/c
Vs13 Ma-Ci M11-Ci m2-Ci n/c
Vs14 Ma4-Ci M10-Ci M3-Ci n/c
Vs15 Ma4-Ci Mo-Ci Ma4-Ci n/c

For rotational case, referring to Fig. 5(d), an example of the variant relationships, in which the
compatibility condition 6 =67 remains, is by replacing linkage A with ms-ci, and linkage B with
M1e-Ci; and the variant relationship is 61 — — = + 62, and — 7 + 62 — 63 and thus the transmission loop

can be altered as

(6 )>(-m+60; )=(-w+6; )~ (07 )=(05 )~ (0;)=(6)~(6)

{ d | (13)
(67)=0o")
Referring to Table Al, a solution of the twists in the four spherical 4R linkages is
a b c d
Opp =T —Qpp =0y =0y = Oy,
7= Oy :0523 = ay :ags = U3, (14)

a _ b _ ¢ _ d _
=0y = Qg = U3y = Ay = Uy,

a _ b _ ¢ _ d _
Ay =T =0y =0y = Ay = Ay

which is shown in Fig. 9. And the variations of rotational case are enumerated in Table 5.



Fig. 9 One variation of the rotational case

Therefore, this section presents three basic assemblies of spherical 4R linkages and their variants and
all these assemblies have their corresponding rigid origami patterns [24]. However, from the viewpoint

of application, for each variation, those with twist angles satisfying «,;,,, € (0, z) are considered

in the following analysis, which are listed in Tables A2 (1)-(3) in Appendix A.

Table 5 Variants for rotational case

Types of the four spherical 4R linkages
Variant types

A B C D
Vr1 M2-Ci Ms-Ci n/c n/c
Vr2 M3-Ci M16-Ci n/c n/c
Vr3 Ma4-Ci M12-Ci n/c n/c
Vr4 M2-Ci Me-Ci Ms-Ci n/c
Vrs M2-Ci m7-Ci M316-Ci n/c
Vr6 M2-Ci Ms-Ci M12-Ci n/c
Vr7 M3-Ci M13-Ci M12-Ci n/c
Vrs M3-Ci M14-Ci M16-Ci n/c
Vro M3-Ci M15-Ci Ms-Ci n/c
Vr10 Ma4-Ci Mo-Ci M12-Ci n/c
Vri1 Ma4-Ci M10-Ci M16-Ci n/c
Vr12 Ma4-Ci M11-Ci Ms-Ci n/c




4. A Novel Origami Pattern Obtained from the Variations

Based on the equivalence between linkage and rigid origami [9, 23, 24], for all the mobile assemblies
of the four-spherical-4R-integrated linkages obtained in Section 3 there exist corresponding rigid
origami patterns. However, for each equivalent rigid origami, besides the compatibility conditions for
the mobile assemblies mentioned above, some extra conditions known as flat-foldability [25, 31]
should be added.

4.1 Flat-foldability of Degree-4 Vertices

To form a rigid origami pattern, according to the flat-foldability condition proposed in [31] the panel
ABCD in Fig. 5 should be a planar quadrilateral such that in double-plane symmetric case, there must
exist

T

=) =a,=a, = > ; (15a)
For the symmetric case, there twist angles must satisfy

o =al =~ =7y (15b)
and for the rotational case, it complies with

ol +an ol +ay =2 (15¢)

Further, if a pattern is flat-deployable, i.e., the pattern can be folded from a flat paper, except for the
rotational case, the addition conditions is

k k k k
Oy + Oy + 0y + 0ty =27 (16)

Where ¢, €(0,27) withk stands for a, b, c and d.

In this way, we can derive the four-spherical-4R-integrated linkage from a desired pattern. Take the
pattern of the bottom of the shopping bag in [13] as an example, and the folding process of the pattern
is illustrated in Fig 10(a): The pattern belongs to the double-planesymmetric case, and its twist angles

are shown in Fig. 10(b); according to Egs. (5) and (15a), we can derive that afz = % Since the pattern

can be folded to a plane and deployed to a cuboid, we can also derive that o, == and of, =a=2.
2
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Figure 10 The shopping bag pattern, (a) the folding process and (b) the twist angles of the pattern

4.2 From Mobile Assemblies to Rigid Origami Patterns

Through the analogy between the linkage and the origami pattern, the origami patterns corresponding
to all the three basic assemblies in Fig. 5 can be obtained. From the four-spherical-4R-integrated
linkages, a general origami pattern with four-crease vertexes can be generated as illustrated in Fig. 10a.
Here the creases surrounding vertex A, i.e., AD, AB, AEz and AEz, correspond to joints ai to as of the
spherical 4R linkage A in Fig. 5, respectively. Similarly, the creases surrounding the other three
vertexes correspond to the joints of the other three spherical 4R linkages in Fig. 5. Further, by setting
the sector angles between the adjacent creases of the origami patterns according to the twist angles in
the corresponding mobile assemblies, origami patterns stemming from the double-plane symmetric
case, the symmetric case, and the rotational case can be obtained. Taking the rotational case as an

example, by setting the sector angles aik(m) according to the twist angles illustrated in Fig. 5(d), the

corresponding origami pattern can be generated and sketched as shown in Fig. 11(a).



(b)

Figure 11 An origami pattern inspired by rotational case, (a) the origami pattern and (b) the physical
model obtained from the rotational case.

When the corresponding assembly of the spherical 4R linkages meets the compatibility conditions, the
origami pattern is rigid; and to become a rigid origami pattern, conditions for flat-foldability [28] must
be satisfied, and combining Egs. (8), (15¢) and (16) one solution for the origami pattern in Fig. 11(a)
can be derived as

a _ b _ ¢ _ d _
Opp =Qpp =0y =0y =

a _ b _ ¢ _ d _
Oy = Qg = Qp3 = Up3 =
(17)

a _ b _ ¢ _ d _
Oy = Qzy = U3y = Oy =

a _ b _ ¢ _ d _
Oy =0y =0y =0y =

©|§“ w|y 5|§‘l N[N

Using the solution in Eq. (17), a rigid origami pattern is generated and a physical model in a 4x4



tessellation form is made as shown in Fig. 11(b).

Further, if we alter the sector angles in the vertexes in Fig. 10(a) by replacing sector angles for vertex
A with variation type va2: m4-C2, and changing sector angles for vertexes B and C into variation type
Vo1 Mo-C1 and type viz2: miz-Cz, respectively, a new origami pattern can be evolved as show in Fig.
12(a). From derivation for the corresponding assembly, transmission loop equation for this new pattern
is

(67 )~ (=65)=(—-07)~> (-0)=(=05) ~ (05 )=( 6 )~ (6 )
T J (18)
(67 )=06")

Considering the cases listed in Table A2 in Appendix A, a solution for this pattern can be obtained as

(b)
Figure. 12 An origami pattern generated from the variant of the rotational case, (a) a new the helical
pattern, and (b) the physical model obtained from the rotational case’s variation



a _ b _ __ ¢ _ _d _
=0 =0 =T =0 =0 =0p

a _ b c _ ,d _
=0y =0y =T =0y = Uy3 = Uy

a b c d (19)
TTm Oy =03 =T~ Uy = Uy =0y
M=y =gy ==y = 0y = 0y
Substituting Egs. (15c¢) and (17) into Eq. (19) leads to
Ay + Qyy + Oy + 0y =27, (20)

Qp + 0y =TT, 0y + 0y = 7.

Equations (19) and (20) provide the relationships between the twist angles in the new pattern, and
considering the flat-foldability condition, a solution for this new rigid origami pattern is

(21)

Oy =0y :E’ Ay =0y ZE-

Using this solution, a physical model of the new pattern is produced and illustrated in Fig. 12(b). This
is a new rigid origami pattern and is termed a helical pattern in this paper.

4.3 Geometry of the New Helical Pattern

Geometry of the helical pattern is illustrated in Fig. 13. Figure 13(a) illustrates the lengths of the sides,
in which ai and bi represents the row and column in which the sides in the latitude and longitude
directions locate; aij and bij represents the length of the sides in the latitude and longitude directions, e.
g. ass is the length of the third side in row as and bss is the length of the third side in row bs. The length
of the sides in a single panel is shown in Fig. 13(b), in which there exist

: by
81,y); = SiN(0ry — arcsm(ﬁ‘)) -m (22a)

a.
By =Sin(a,, - arcsin(ﬁ)) ‘m (22b)



and m= \/ aj +b; —2ab; cosa, (22c)

In Fig. 13(c), the dihedral angles between neighboring panels in a single unit, ¢1 to ¢4 is illustrated and
it has

¢1: ¢3’ ¢2= ¢4’ and (23&)

?,

tan? _sinag, —sinay,

(23b)

tanﬁ sina,, +sina,,




Figure 13 The geometry of the helical pattern: (a) the lengths of the sides; (b) a single panel and (c)
the dihedral angles in a single unit.

Similar to the process of designing the novel helical origami pattern above, using the same analogy
between linkage/mobile assembly and origami, it is supposed that all the mobile assemblies obtained
in Section 3 can be used to identify and design their corresponding origami patterns. However, to from
flat-foldable origami, the flat-foldability conditions presented in Section 4.1 must be satisfied. Hence,
by using the variants of the mobile assemblies obtained in Section 3 as listed in Tables A2 (1) to (3) in
Appendix A, and considering the flat-foldability conditions in Eqgs. (15) and (16), all flat-deployable
origami patterns (in which the twists aij € (0, z)) that can be found are derived and listed in Tables
A3 (1) to (3). 18 flat-foldable origami patterns are obtained from the mobile assemblies of the double-
plane symmetric, and plane symmetric cases, and 4 are obtained from the rotational case. According
to the categories proposed in Ref. [22], for the 9 patterns from the double-plane symmetric case, 5 are
planar symmetric type, 3 are supplementary type and 1 is translational type; for the 9 from the
symmetric case, 3 are planar symmetric type, 3 are supplementary type and 3 are translational type;
and for the 4 from rotational case, 1 is supplementary type and 3 belongs to the translational type. The
helical pattern discovered in Section 4.2 is a novel pattern type.

5. Conclusions

This paper has proposed an innovative approach for synthesizing novel rigid origami patterns. Based
on the kinematics of a single loop spherical 4R linkage, by assigning four pairs of specified input-
output maps and by modifying the twist angles each with 4 specified values, 16 different maps between
the specified input and output were obtained; and in each of the maps 16 combinations of the twist
angles leading to 16 linkage types; these result in 256 special spherical 4R linkages. Then by
integrating four spherical 4R linkages into one mobile assembly loop, three basic mobile assemblies
containing four identical spherical 4R linkages were constructed. Kinematics of spherical 4R linkages
was used to prove the mobility and the compatibility conditions among the assemblies and
transmission loop equations of the basic assemblies were established altered. Further, by altering the
vertex linkages of the three basic assemblies with the 256 special spherical 4R linkages, variations of
them and suitable parameters of spherical 4R linkages were identified and the evolved transmission



loop equations were formed. Consequently, using the equivalence between the linkage and rigid
origami, by combining the kinematic compatibility conditions of the mobile assemblies and
geometrical conditions of origami patterns, from the assemblies obtained in this paper new rigid
origami patterns were achieved with discovery of the novel helical pattern; which leads to the
construction of novel tessellations. The theory proposed in the paper can lead to a large number of
mobile assemblies of spherical 4R linkages, and using these assemblies associated with the equivalent
rigid origami patterns, it is expected that novel origami structures and tessellations are to be found.
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Appendix A

Table A1 Maps, the associated combinations of twist angles and linkage variations

Map Combinations of ai +j)(i+j+1), —O(i +j)(i+i+1), T — O +j)(i+j+1), =T + 0 +j)(i+j+1) | variants
Qi(i+1), O(i+1)(i+2), O(i+2)(i+3), O(i+3)(i+4) Vi1: M1-C1
Qi(i+1), O(i+1)(i+2), 7T — O(i+2)(i+3), — T + OU(i+3)(i+4) V12: M1-C2
Qi(i+1), O(i+1)(i+2), — T + O(i+2)(i+3), — T t O(i+3)(i+4) V13: M1-C3
Qi(i+1), O(i+1)(i+2), — O(i+2)(i+3), Q(i+3)(i+4) V14! M1-Cs4
Qi(i+1), — T T O(i+1)(i+2), Q(i+2)(i+3), — T T O(i+3)(i+4) V15. M1-Cs
Qi(i+1), — T+ O(i+1)(i+2), 7T — O(i+2)(i+3), O(i+3)(i+4) V16. M1-Cs
Qi(i+1), — T+ O(i+1)(i+2), — T T O(i+2)(i+3), A(i+3)(i+4) Vi7: M1-C7
My O — Qi(i+1), — T F Oi+1)(i+2), — O(i+2)(i+3), — T T O(i+3)(i+4) V1g: M1-Cg
Oi+1 = Qi(i+1), T — O(i+1)(i+2), O(i+2)(i+3), T — O(i+3)(i+4) V19: M1-Co
= Qi(i+1), T — O(i+1)(i+2), 7T — O(i+2)(i+3), — O(i+3)(i+4) V110: M1-C10
= Qli(i+1), T — O(i+1)(i+2), =T + O(i+2)(i+3), — O(i+3)(i+4) V111: M1-C11
— Qli(i+1), T — O(i+1)(i+2), —O(i+2)(i+3)s T — O(i+3)(i+4) Vi12: M1-C12
— Qlii+1), — O(i+1)(i+2), Oi+2)(i+3), — O(i+3)(i+4) V113: M1-C13
— Oli(i+1), — O(i+1)(i+2), T — O(i+2)(i+3), T — OL(i+3)(i+4) V114. M1-C14
= Qli(i+1), — O(i+1)(i+2), =T + O(i+2)(i+3), T — O(i+3)(i+4) V115: M1-C15
— Qli(i+1), — O(i+1)(i+2), — O(i+2)(i+3), — Oi+3)(i+4) Vii6: M1-C16
T — Qi(i+1), O(i+1)(i+2), O(i+2)(i+3), T — Ol(i+3)(i+4) V21 M2-C1
T — Qi(i+1), O(i+1)(i+2), T — O(i+2)(i+3), — O(i+3)(i+4) V22: M2-C2
T — Qi(i+1), O(i+1)(i+2), — 7T T O(i+2)(i+3), — O(i+3)(i+4) V23: M2-C3
T — Qi(i+1), O(i+1)(i+2); — O(i+2)(i+3), 7T — O(i+3)(i+4) V24: M2-C4
T — Qli(i+1), O(i+1)(i+2), — T T O(i+2)(i+3), — O(i+3)(i+4) V25. M2-Cs
Mo O — T — Qi(i+1), — T + Oi+1)(i+2), T — O(i+2)(i+3), T — O(i+3)(i+4) V26: M2-Ce
T—0i+1) | T— ai(i+1), — T+ Oi+1)(i+2), — T T O(i+2)(i+3), T — Oi+3)(i+4) Vo7: M2-C7
T — Qli(i+1), — T + O(i+1)(i+2), — O(i+2)(i+3), — O(i+3)(i+4) V2g. M2-Cg
— Tt Qlii+1), T — O(i+1)(i+2), O(i+2)(i+3), O(i+3)(i+4) V29: M2-Co
— 7+ Qi(i+1), T — O(i+1)(i+2), T — O(i+2)(i+3), — T + O(i+3)(i+4) V210: M2-C10
— Tt qi{i+1), T — Q(i+1)(i+2), —T + O(i+2)(i+3), — T T Oi+3)(i+4) V211: M2-C11
— 7t Qli(i+1), T — O(i+1)(i+2), —O(i+2)(i+3), O(i+3)(i+4) V212: M2-C12




— T+ Qii+1), — O(i+1)(i+2), O(i+2)(i+3), — T T O(i+3)(i+4) V213: M2-C13
=+ Aii+1), — O(i+1)(i+2), T — O(i+2)(i+3), O(i+3)(i+4) V214: M2-C14
=t Aii+1), — Q(i+1)(i+2), — T F O(i+2)(i+3), A(i+3)(i+4) V215. M2-C15
=+ Aii+1), — O(i+1)(i+2), — O(i+2)(i+3), — T T CU(i+3)(i+4) V216: M2-C16
Qi(i+1), T — O(i+1)(i+2), O(i+2)(i+3), — T + O(i+3)(i+4) V31: M3-C1
Qi(i+1), T — Oi+1)(i+2), TT — Q(i+2)(i+3), Oi+3)(i+4) V32! M3-C2
Qi(i+1), T — O(i+1)(i+2), — T T Oi+2)(i+3), O(i+3)(i+4) V33: M3-C3
Qi(i+1), T — O(i+1)(i+2), — Oi+2)(i+3), — T T Oi+3)(i+4) V34: M3-Cy
Qli(i+1), — O(i+1)(i+2), O(i+2)(i+3), O(i+3)(i+4) V35. M3-Cs
Qi(i+1), — Oi+1)(i+2), T — Oi+2)(i+3), — T T O(i+3)(i+4) V36. M3-Cs
Qi(i+1), — O(i+1)(i+2), — T T O(i+2)(i+3), — T + O(i+3)(i+4) V37. M3-C7
Ma: O — Qli(i+1), — Q(i+1)(i+2), — Q(i+2)(i+3), O(i+3)(i+4) V3g. M3-Cg
— T+ Oi+1) | — Qi(i+1), Q(i+1)(i+2), O(i+2)(i+3), — Oi+3)(i+4) V39: M3-Co
= Qli(i+1), O(i+1)(i+2), T — O(i+2)(i+3), 7T — O(i+3)(i+4) V310: M3-C10
= Oli(i+1), O(i+1)(i+2), =T F Ol(i+2)(i+3), T — OU(i+3)(i+4) V311: M3-C11
— Qli(i+1), O(i+1)(i+2), — Oi+2)(i+3), — OU(i+3)(i+4) V312: M3-C12
— Qli(i+1), —T + Q(i+1)(i+2), O(i+2)(i+3), T — O(i+3)(i+4) V313: M3-C13
— Qli(i+1), =T t Oi+1)(i+2), T — O(i+2)(i+3), — O(i+3)(i+4) V314: M3-C14
— Qli(i+1), =T t oi+1)(i+2), = F Q(i+2)(i+3), — O(i+3)(i+4) V315. M3-C15
= Qi(i+1), =T F Oi+1)(i+2), — Q(i+2)(i+3), T — Oi+3)(i+4) V316. M3-Ci6
T — Qi(i+1), T — O(i+1)(i+2), O(i+2)(i+3), —O(i+3)(i+4) Va1 Mg-C1
T — Qi(i+1), T — O(i+1)(i+2), T — O(i+2)(i+3), T — O(i+3)(i+4) Va2: Mg-C2
T — Qli(i+1), T — O(i+1)(i+2), =T T O(i+2)(i+3), T — O(i+3)(i+4) V43: M4-C3
T — Ql(i+1), T — O(i+1)(i+2), —O(i+2)(i+3), — O(i+3)(i+4) Va4: My-C4
T — Qli(i+1), — O(i+1)(i+2), O(i+2)(i+3), T — O(i+3)(i+4) Va5: M4-Cs
ma: 0 — T — Qi(i+1), — O(i+1)(i+2), T — O(i+2)(i+3), — O(i+3)(i+4) V6. M4-Ce
B 9(|+1) T — Qli(i+1), — O(i+1)(i+2), — T t O(i+2)(i+3), — O(i+3)(i+4) Va7. My-C7
T = Qli(i+1), — O(i+1)(i+2), — O(i+2)(i+3), T — OL(i+3)(i+4) Vag: M4-Cg
=7 t Qi(i+1), Q(i+1)(i+2), O(i+2)(i+3), =T T O(i+3)(i+4) V49: M4-Cg
=T + ali(i+1), Oi+1)(i+2), T F O(i+2)(i+3), O(i+3)(i+4) V410: M4-C1o
=T + ali(i+1), Oi+1)(i+2), =T + Oi+2)(i+3), O(i+3)(i+4) V411: Mg-C11




=Tt Qi(i+1), Q(i+1)(i+2), —O(i+2)(i+3), —TT T O(i+3)(i+4) Va12: M4-C12
=T + 0lii+1), = T Q(i+1)(i+2), O(i+2)(i+3), O(i+3)(i+4) V413: M4-C13
=T t Qii+1), —T + Q(i+1)(i+2), T — Oi+2)(i+3), =T + O(i+3)(i+4) V414: M4-C14
=7+ aii+1), — T Q(i+1)(i+2), T T O(i+2)(i+3), =T t O(i+3)(i+4) V415 M4-C15
= t qii+1), —T t O(i+1)(i+2), — O(i+2)(i+3), O(i+3)(i+4) V416 M4-C16
T — Qi(i+1), T — O(i+1)(i+2), O(i+2)(i+3), O(i+3)(i+4) Vs1: Ms5-C1
T — Qli(i+1), T — O(i+1)(i+2), T — O(i+2)(i+3), — T T O(i+3)(i+4) Vs52: Ms5-C2
T — Qii+1), T — O(i+1)(i+2), — 7T T O(i+2)(i+3), — 7T T O(i+3)(i+4) Vs53: Ms5-C3
T — Qi(i+1), T — O(i+1)(i+2), — O(i+2)(i+3), O(i+3)(i+4) Vs54: Ms5-Cy
T — Qlii+1), — O(i+1)(i+2), O(i+2)(i+3), — 7T + Oy(i+3)(i+4) V5. Ms-Cs
T — Qi(i+1), — O(i+1)(i+2), T — O(i+2)(i+3), O(i+3)(i+4) Vs6. Ms5-Ce
T — Qli(i+1), — O(i+1)(i+2), — T T O(i+2)(i+3), O(i+3)(i+4) Vs7. Ms-C7
Ms: 7 —6i T — Qli(i+1), — O(i+1)(i+2), — O(i+2)(i+3), — T + OU(i+3)(i+4) Vsg. Ms-Cg
— 9(i+1) — Tt Qli(i+1), O(i+1)(i+2), O(i+2)(i+3), T — O(i+3)(i+4) Vs9. Ms-Cg
— Tt Qli(i+1), Q(i+1)(i+2), T — Q(i+2)(i+3), — O(i+3)(i+4) V510. M5-C10
— Tt Qli(i+1), O(i+1)(i+2), —T + Oi+2)(i+3), — O(i+3)(i+4) Vs11: M5-C11
— Tt Qli(i+1), Q(i+1)(i+2), —O(i+2)(i+3), 7T — O(i+3)(i+4) Vs12: M5-C12
— 7t ai@i+1), — T t Q(i+1)(i+2), Oi+2)(i+3), — O(i+3)(i+4) V513: M5-C13
=7t aQii+1), — Tt O(i+1)(i+2), T — O(i+2)(i+3), T — O(i+3)(i+4) Vs514: M5-C14
=+ di(i+1), — Tt O(i+1)(i+2), —T T Oi+2)(i+3), T — A(i+3)(i+4) V515. Ms-C15
=7+ aii+1), — T T O(i+1)(i+2), — O(i+2)(i+3), — O(i+3)(i+4) Vs516. M5-C16
Qli(i+1), T — O(i+1)(i+2), O(i+2)(i+3), 7T — O(i+3)(i+4) Ve1: Me-C1
Q(i+1), T — O(i+1)(i+2), 7T — O(i+2)(i+3), — O(i+3)(i+4) Ve2: Mg-C2
Qi(i+1), T — O(i+1)(i+2), — T T Oi+2)(i+3), — Oi+3)(i+4) V3. Me-C3
Qli(i+1), T — O(i+1)(i+2), — O(i+2)(i+3), 7T — OU(i+3)(i+4) Ve4: Me-C4
Me: 7 -6 Qi(i+1), — G(i+1)(1+2), O(i+2)(i+3), — A(i+3)(i+4) Ves: Me-Cs
—7T — 9(i+1) Oli(i+1), — O(i+1)(i+2), T — O(i+2)(i+3), 7T — O(i+3)(i+4) Ve6. Me-Co
Qli(i+1), — Q(i+1)(i+2), — T T O(i+2)(i+3), T — Oi+3)(i+4) Vg7 Me-C7
Qi(i+1), — O(i+1)(i+2), — O(i+2)(i+3), — O(i+3)(i+4) Veg: Me-Cg
= Qli(i+1), O(i+1)(i+2), O(i+2)(i+3), O(i+3)(i+4) Ve9: Me-Co
— Qli(i+1), O(i+1)(i+2), T — Oi+2)(i+3), — T T OU(i+3)(i+4) Ve10: Me-C10




= Qli(i+1), O(i+1)(i+2), = + Q(i+2)(i+3), — + O(i+3)(i+4) Ve11: Me-C11
— Oli(i+1), O(i+1)(i+2), —O(i+2)(i+3), O(i+3)(i+4) Ve12: Me-C12
— Qi(i+1), =T + Q(i+1)(i+2), O(i+2)(i+3), =TT + Q(i+3)(i+4) V613: Me-C13
= Qli(i+1), =T F O(i+1)(i+2), T — O(i+2)(i+3), OU(i+3)(i+4) Ve14: Me-C14
— Qli(i+1), =T toi+1)(i+2), = + O(i+2)(i+3), O(i+3)(i+4) Ve615. Me-C15
— Qli(i+1), =T t oi+1)(i+2), — O(i+2)(i+3), =TT + O(i+3)(i+4) Ve16. Me-C16
T — Qi(i+1), O(i+1)(i+2), O(i+2)(i+3), — T + O(i+3)(i+4) V71 M7-C1
T — Qi(i+1), O(i+1)(i+2), 7T — O(i+2)(i+3), Q(i+3)(i+4) V72: M7-C2
T — Qi(i+1), O(i+1)(i+2), — 7T T O(i+2)(i+3), Q(i+3)(i+4) V73: M7-C3
T — Qli(i+1), O(i+1)(i+2), — O(i+2)(i+3), — T + O(i+3)(i+4) V74: M7-C4
T — Qli(i+1), — T + O(i+1)(i+2), O(i+2)(i+3), O(i+3)(i+4) V75. M7-Cs
T — Q(i+1), — T + Oi+1)(i+2), T — O(i+2)(i+3), — T + O(i+3)(i+4) V76. M7-Ce
T — Qi(i+1), — T+ oi+1)(i+2), — T + O(i+2)(i+3), — T t O(i+3)(i+4) V77. M7-C7
mra—6 | - Qi(i+1), — T + O(i+1)(i+2), — O(i+2)(i+3), O(i+3)(i+4) V7. M7-Cg
7“__0)(;1) — Tt Qi(i+1), T — O(i+1)(i+2), Q(i+2)(i+3), — O(i+3)(i+4) V79. M7-Cq
=+ Qii+1), T — Q(i+1)(i+2), T — O(i+2)(i+3), T — O(i+3)(i+4) V710: M7-C1o
— 7+ Qii+1), T — Q(i+1)(i+2), —T T O(i+2)(i+3), T — O(i+3)(i+4) V711 M7-C11
— Tt Qii+1), T — O(i+1)(i+2), —O(i+2)(i+3), — O(i+3)(i+4) V7120 M7-C12
— T+ Qii+1), — O(i+1)(i+2), A(i+2)(i+3), T — O(i+3)(i+4) V713: M7-C13
— Tt Qii+1), — Q(i+1)(i+2), T — O(i+2)(i+3), — O(i+3)(i+4) V714. M7-C14
— T+ Qii+1), — O(i+1)(i+2), =T T O(i+2)(i+3), — O(i+3)(i+4) V715 M7-C15
— Tt Qii+1), — Q(i+1)(i+2), — Oi+2)(i+3), T — O(i+3)(i+4) V716. M7-C16
Qli(i+1), O(i+1)(i+2), O(i+2)(i+3), — O(i+3)(i+4) Vg1. Mg-C1
Qi(i+1), O(i+1)(i+2), T — O(i+2)(i+3), T — Ol(i+3)(i+4) Vg2: Mg-C2
Qi(i+1), O(i+1)(i+2), — T + Oi+2)(i+3), T — OU(i+3)(i+4) Vg3. Mg-C3
Oli(i+1), O(i+1)(i+2), — O(i+2)(i+3), — O(i+3)(i+4) Vga. Mg-C4
Ma: 7 0 Aii+1), — T+ Oi+1)(i+2), O(i+2)(i+3), TT — O(i+3)(i+4) Vgs: Mg-Cs
— — Bi+1)
Qi(i+1), — T + O(i+1)(i+2), T — Oi+2)(i+3), — Oi+3)(i+4) Vge: Mg-Cp
Qi(i+1), — T + oi+1)(i+2), — T t Q(i+2)(i+3), — O(i+3)(i+4) Vg7. Mg-C7
Qli(i+1), — T F Oi+1)(i+2), — O(i+2)(i+3), 7T — Oi+3)(i+4) Vgs. Msg-Cg
— Qli(i+1), T — O(i+1)(i+2), O(i+2)(i+3), — T T O(i+3)(i+4) Vgg: Msg-Cg




— Qli(i+1), T — Oi+1)(i+2), 7T — O(i+2)(i+3), Ol(i+3)(i+4) Vg10: Mg-C10
= Oli(i+1), T — O(i+1)(i+2), =T F O(i+2)(i+3), CU(i+3)(i+4) Vg11: Mg-C11
= Qli(i+1), T — O(i+1)(i+2), —O(i+2)(i+3), — T t OU(i+3)(i+4) Vg12: Mg-C12
— Qi(i+1), — O(i+1)(i+2), A(i+2)(i+3); O(i+3)(i+4) Vg13. Mg-C13
— Qli(i+1), — O(i+1)(i+2), T — Oi+2)(i+3), — T T OU(i+3)(i+4) Vg14. Mg-C14
— Qli(i+1), — Q(i+1)(i+2), =T + O(i+2)(i+3), — T T Oi+3)(i+4) Vg15: Mg-C15
— Qli(i+1), — O(i+1)(i+2), — Oi+2)(i+3), OL(i+3)(i+4) Vg16: Mg-C16




Table A2 (1) Variants for double-plane symmetric case (e, € (0, 7))

Variant
Vg V2
types
Types of a _ bo_ ¢ _ ' a _ b _ ¢ _ '
Opg =TT = Qpy Oy =TT — 0Oy Oyp = Ol Uy = Qs Qpy = Oy Oy = Qo Oyp = Oy Oy = Uy,
tthour a __ b _ c _ d _ a _ b _ c _ d _
herical Oy = U3y Qpz = U3y Upy = U3, Oy = Ulg, Oy =T = Qogy Qpg =TT — U3y Upy = Upzy Upz = U,y
Sperlca a _ b _ c _ d _ a _ b _ c _ d _
AR Az = Oy Olgy = Ay Agy = Olgyy Ugy = Uy, Ogy =TT =0y Ugy =TT — Uy Ay = Uy, Ozy = gy,
a _ b _ c _ d _ a _ b _ c _ d _
link Ay =T =0y, Oy =T —Qyy Oy = Oy, Oy = Oy Ay = OOy = Oy Oy = Qyy Oy = Oy
inkages
Variant
Vi3 Via
types
Types of a _ bo_ ¢ _ d _ a _ bo_ ¢ _ d _
Quyp =TT =0y Oy =TT = Qs Ay = Oy Oy = Uy, Quyp = 0oy Oy =TT = Qo Qg =TT = Olypy Ay = Uy,
the four a_ bo_ ¢ _ J _ a _ b o_ o C _ ¢ _
herical O3 =T = Qogy oy = T — Uy3yUpz = Upzy Up3 = Uog, Oz = O3 Oy =0 = QpgyQpg = 70— Uz Upz = U,y
Sperlca a _ b _ c _ d _ a _ b _ c _ d _
AR Qg =T = Oy Oy =TT — Uy Uy = Uy Oy = Ay, A3y = Oy O3y = Oy Olgy = Uy Oy = Uy,
a _ _ b _ _ c _ d _ a _ b _ c _ d _
link Oy =T = Oy =TT =0y Oy = Oy Oy = Qe Ay = OOy = Oy Oy = Qyy Oy = Oy
inkages
Variant
Vis Vie
types
Types of a_ bo_ ¢ _ '
Qy = Qo Oy =T = Uy Qg =TT =0y, Uy = Uy, Oy = Qpp Oy = Oy Oy = Uy, Qyy = Ay,
the four a b ¢ _ d _ a _ ¢ g
. Opz = Qg  Olpg = 70— Qg Ulpy = 70— U3, Ulpy = Olyg, Oz = Q3 Olpz = U3y Ulpy = Olpzy Upg = Upg,s
spherical X X . .
AR Ay = Oy, Qg =TT = 0y Oy =TT = Wy Ogy = Ay, Qzy = Ogy, Oy =TT = Qgyy Ogy =TT — Uy, Uy = Uy,
a _ b _ c _ d _ c
link gy = QO =TT =0y Oy =TT — Oy Ay =0y Qpy =0y Oy =T = Oy Qg =T — Qs Oy = Oy
InKages
Variant
Vitz Vig
types
TypeSOf a _ b _ c _ d _ a _ b _ c _ d _
Oy =T =0y Oy = Ay Oy =TT = Qs Oy = Ol Oy =70 = Qyp Oy =TT =0y Oy = Qs Cyy = Ol
the four a bo_ ¢ _ J _ a _ b _ ¢ _ 4 _
herical Opz = Qg  Ulpz = 70— Qg Upz = 70— U3, Ulpz = Olyg, Opz = U3y Olpz = U3 Upy = Olpzy Uy = Upg,
Sperlca a _ b _ c _ d _ a _ b _ c _ d _
AR Ay = Oy gy = Ugyy Uy = Uy, Oy = Uy, Aoy = Qs Qg =TT = Ulgyy gy =TT — Uy Ozy = Uy,
a __ b _ _ [ d _ a _ _ b _ c _ _ d _
link Ay STy Ay =T = Oy Oy = 0y, Ay = Oy Oy =T — Qs Ay = gy Oy =TT = 0y gy = Ay
INkages
Variant v v
19 110
types
Types of a_ b _ ¢ _ ' a _ bo_ ¢ _ __ d _
Qup =TT =y Oy = Qpp Oy =TT —0Olyps Oy = Olyp,s Qpp = Qo Oy =TT —Cypy gy =TT =0y Ay = Uy,
thefour a _ b [ d _ a _ b _ c o _ __ d _
herical Oz = Qogy Oy =TT = Uly3sUlpg = 70— U3, Upz = Qg Opz =0 = Qo3 Ogz = U3 Ulpz = 70— Ulp3 Upz = Upg,s
spherica a b ¢ _ d a _ bo_ c _ d _
4R Agy = OzysOzy = Uy Ugy =TT = Olzy Olzy = Ay, Qyy =TT = Oy Oay =TT — Uy Olzy = Oy Ozy = Oy,
a __ b _ _ c _ _ d _ a __ b _ c _ d _
link Gy ST = Qs Oy STy, Ay =T~ Uy Uy = Oy Ryy = 0y Ay = Oy Ay = Uy, Ay = Oy
INkages
Variant
Vi1l Vt12
types
Types of a _ b_ e _ 0 _ a _ b _ e _ 0 _
Quy = 0o Oy =TT = Qo gy =TT =0y Oy = Uy, Qpp = Oy Oy = Qpp Oy = Oy Oy = Uy,
the four a b ¢ _ ¢ _ a_ b ¢ _ '
herical Oy =T = Qogs gy = Wpgy gy =TT — Uz Upz = Ug,s Oy =T = Qogy gy =TT — Up3sUpy = Upgy Upg = U,
spherica e e R S S
AR Qg =T = Oy Oy = Qg gy = 70— Uy Ay = Uy, Qg =T = Oy Oy = Qg Agy = 70— Uy Ay = Ay,

linkages

a _ b _ [ d _
Uy = 0y Oy =T = Oy Oy =T 0y, Ay = Ay

a _ b _ c _ d _
Uy = 0y Oy =T =y Oy =T — 0y, Ay = Ay




Variant
V13 Vit
types
TypeSOf a _ b _ c _ d _ a _ b _ c _ d _
Qup =TT —=0ps Oy = Oy gy =TT —0lyps Oy = Uy, Qup =TT —=0yps Oy = Cypy gy =TT —0lyps Ay = Uy,
the four a_ b _ ¢ _ ¢ _ a _ b _ © ¢ _
. Opz = 70— Qo3 Opz = Qg Ulpz = 70— Ui, Ulpz = Ulpg, Opz =0 = Qo3 Opz = U3 Ulpz = 70— Ulp3 Upz = Uyg,s
Spherlcal a __ _ b _ _ c _ d _ a _ _ b _ c _ _ d _
4R Qyy =T = Oy Ogy =TT — Uy Olzy = Oy Ozy = Oy, Qyy =TT = Oy Ogy = Ugyy Ogy =TT — Oy Olzy = Uy,
a __ b _ c _ d _ a _ b _ c _ d _
link Ay STy gy = T0— Oy Oy = 0y, Ay = Oy Uy STy gy = Oy Oy =Ty, Ay = Ay
INKages
Variant
Viis
types
Types of a _ bo_ ¢ _ 4 _
Quyp =TT =0y Oy =TT =y Oy = Oy Oy = Uy,
the four . b . d _
. Oy =T = o3y Qpg = T — Uy3sUpz = Up3y Ulpz = Upg,
spherical . X . )
AR gy =TT = Qgy Oy = Qgg gy = 70— Olgyy Oy = Uy,
a b c d
. Oy =TT — Oy Oy =0y O gy =TT —Oyy O yy = Oy
a 0y Oy Oy a
linkages




Table A2 (2) Variants for plane symmetric case (&

e (0, 7))

i(i+1)
Variant
types Vs1 Vs2
Types of a _ b ¢ _ ' a _ b _ c _ '
Ay = 0y Oy =T = Qo Oy =TT —Clypy Qyy = Oy, Oy = Qp Oy = Oy Oy = Uypy Qy = Ay,
the four a b o_ ¢ _ ¢ _ a _ b_ c _ ¢ _
herical Oy = Up3 Olpz = T — U3y Upg = 71— Qg Upg = Ug, Qpg = O3y Olpg = Olp3 Oy = Up3 Ulpz = Upg,
Sperlca a _ b _ c _ d _ a _ b _ c _ d _
AR Ay = Ogy Ozq = Oy Ogy = Oy Oy = Aoy, Oy = Oy Oy =TT — Oy, Oy =T = Qayy gy = Ay,
a _ b _ c _ d _ a _ b _ c _ d _
Iinkages Oy = Oy Oy = Oy Oyy = Qyy Oy = Q- Oy = Oy Oy =TT = Oy Oy =TT =0y, Oy = Oy
Variant
types Vs3 Vs4
Types of a _ bo_ ¢ _ o _ a _ bo_ ¢ _ d _
Ay = 0y Oy = Qps Oy == 0y Oy =T = Oy, Quy =TT =0y Oy = Oy Oy = Oy Oy = Uy,
tthour a _ b _ c _ d _ a _ b _ c _ d _
herical Oy = Uy3 Olyz = U3y Uyy = T — Ulp3 Oy = 7T — U, Oy = O3y Qpg =TT — U3y Uyy = Up3y Upz = Upg,
Sperlca a _ b _ [ d _ a _ b _ c _ d _
AR A3y = Qg Ay = Qg Ay =TT = Uy, Uz = T — Ugy,s Az = UgyyOgy =TT =0y, Oy = Ay Azy = Ay
a _ b _ c _ _ d _ _ a _ _ b _ c _ d _
Iinkages Oy = Oy Oy = Oy Oy =T = Qg Oy =TT =0y Oy =T =y Oy = Oy Oy = Oy Oy = Q-
Variant
types Vs5 Vs6
Types of .
Qpy = Cppy Qg =TT =0y Oy = gy Ay = Uy, Qpy =TT =0y Ay =T =0y Oy = gy Ay = Oy,
the four a p a q
herical Opz =TT = Qlopgy Oz = Qg y Oz = Uz Uz = Uy, Opz =70 — Q3 Ugz = 70— U3, Upy = Olpzy Upg = Upg,s
spherica a a
AR Ay =T = Oy, Oy = Uy, Uy = Olgyy Uy = gy, Aoy =T = Uy, Oy =TT = Qgy s Ogy = Qg Oy = Ay,
a
link Ay = Qg Oy =TT =y Oy = gy Qg = Qyy Qpy =T = Qg Oy =T —Cuy Oy = gy Oy = Ay
InKages
Variant
types Vs7 Vsg
TypeSOf a _ b _ [ d _ a _ b _ c _ d _
Oy =T = Oy Oy =TT =y gy =T =0y, Oy = Oy Oy =TT =0y Oy = Qypy Oy = Qyp Oy = Ay,
thefour a _ b _ c _ d _ a _ b _ c _ d _
herical Olgg = Qp3y Qo3 = Qg3 Uy = 70— Uz Uy = Uy, Olpg = Olpg Q3 = T — U3, Olpy = Olygy Uy = U,
Sperlca a _ [ c _ d _ a _ b _ c o_ d _
AR Aoy = Qg Olgy =TT = Qayy Oy = Uy Ozy = Uy, Oy = Oy Aoy = Uy Ogy =TT = Ugy Oy = Uy,

a _ b _ c _ d _ a _ . b _ C o _ d _
linkages Oy == 0 Uy = Oy, gy = Oy, Ay = Ay Oy ST 0y gy =TT =0y Oy =T — Ry, Ay = Ay,
Variant v Y

s9 s10
types
TypeSOf a _ b _ c o _ d _ a _ b _ [ d _
Oy =TT = Qs Qg =TT =0, Oy =TT =0y, Oy = Uy, Oy = 0hp Oy = Oy Oy = 70— Qs Gy =
the four a b ¢ _ d _ a _ . bo_ ¢ _ o ¢ _
herical Oz = U3y Qg = UpgyUlpg = T — Uz Ulpg = Ulpg, Opy =T = Qo3y Oz =TT = Qg Qg = T = Olyzy Uy = Ulpg,
Sperlca a _ b _ c _ d _ a _ b _ c _ d _
4R Oy = Q3 Oyy = Uy Ozy =TT — Ugyy Oy = Ay, Oy =T = Qs Olgy = Uy Oy = Uy Oy = Ay,
a _ b _ _ c _ _ d _ a _ b _ _ c _ d _
; Oy =T = Oy Oy == 0y, Ay =Ty Uy = Ay Ay = Qs Oy =70 — 0y y Oy = Uy, Ay = By
linkages
Variant
types Vs11 Vs12
TypESOf a _ b _ c _ d _ a _ b _ c _ d _
Oy = Qo Qpy =T = 0lypy Qyy = 0y Oy =y, Oy = 0lps Oy = Qo Qyy =TT =0y, Oy = Oy,
the four s _ b ¢ _ ¢ _ a _ bo_ ¢ _ . _ d _
herical Olpg =0 = Ology Olpg = Qg Uz = U3y Olpy = Olyg, Olpg =TT = O3y Opy = 70— Qg Uy = T = Qpgy Uy = Qg
Sperlca a _ b _ c _ d _ a _ b _ c _ d _
AR Oy = = Qyy Oy =TT = 0oy gy =TT — Uy, Uy = gy, Oy =T =y gy =T =gy, Oy =TT — Uy, Oy = Ay,

linkages

a _ b _ [ d _
Ogy = Oy Oy = gy Ogy =T =0y Ay = Oy

a _ b _ [ d _
Oy =04 Oy = Uy Qg =T =0y Ay = Ay




Variant
Vs13 Vs14
types
Types of a _ bo_ ¢ _ ' a _ bo_ ¢ _ d _
Ay =TT = Cypy Qyy = Qo Qg =TT —Clypy Ay = Oy, Qg =TT = Cypy Qyy =TT = Qs Oy = Clypy Qyy = Oy,
the four a_ b _ ¢ _ ¢ _ a _ o b o - d _
. Oy =70 = Qpgy Qpg = Uiy Upg = 70— Qg Upg = U, Oy =70 = Qogy oy =TT = U3y Upy = Qpgy Upg = U,
Sph@l’lC&' a _ bo_ c _ d _ a _ b _ ¢ _ d _
AR Ay =TT = OgyyOgy =TT = Uy Ogy = gy Ogy = Ugy,s Ay =TT = OgyyOgy = Ugyy Ugy = T = Uy, Ogy = Ugy,s
a _ b _ c _ d _ a _ b _ c _ d _
I' k Qg =TT = QY Qg =T =0y, Oy = Oy, Ay = Q- Qg =TT =Yy Oy = Oy Oy =TT = Oy, Oy = Oy
inkages
Variant
Vs15
types
Types of a_ b_ ¢ _ ¢ _
Qg =TT =0y Ay = Qo Oy =TT — Oy gy = Oy,
the four s . . .
. Oy = 70— Qogy Qpg = Uipgy Upg = 71— Qg Upg = U,y
spherical . . . p
AR A3y =TT = Oy Ogy = Ugyy gy = T — Uy, Ugy = Ugy,s
at =r—a,a=a,,a, =r—a,,at =a
: = 4%y = 0y, Oy = 4 Oy = Ay
linkages




Table A2 (3) Variants for rotational case («

e (0, 7))

i(i+1)

Variant
types

Vr1

Vr2

Types of
the four
spherical
4R
linkages

a _ b _ c _ _ 4 _
Oy =TT =0y Oy = Clypy Ay = Uypy =y = Oy,
a _ b _ c _ d _
Oy = Op3y Qpg =TT — Upzy Qg = Uz Uz = Upg,
a _ b _ _ c _ d _
Qg = O3y Oy =T = Qg Oy = Oy Oy = Uy,

a _ b _ c _ d _
Qpy =T = Oy Oy = Oy Oy = Qs Qg = Oy

a _ b _ c _ d _

Oy = Qpp Oy =TT —Qypy Oy = Qs gy = Uy,
a __ _ b _ c _ d _

Qg =TT = Uy3y Upz = Upzy Qpg = Wz O3 = Upg,
a _ _ b _ c _ d _

Oy =T = oy Oyy = Aoy Oy = Olgyy Oy = Ay,

a _ b _ c _ d _
Oy = Qg Oy =TT = Oygy Oy = Oyyy Oy =y

Variant
types

Vr3

Vr4

Types of
the four
spherical
4R
linkages

a _ b _ c _ d _
Qg =T = Cps Oy =TT —Qypy Qy = Uypy Oy = Qpy,

a __ b _ _ c _ d _
Oy =T = Oy3 Oy =T — Uyzy Qo3 = Qpzy Qpg = Qg
a _ b _ c _ d _
Qg =T =0y Oy =T = Oyyy Qg = Ay Ozy = Uy,

a _ b _ c _ d _
Cpy =T = Oy, Oy =TT = Qs Qg = Cyqy Oy =0y

a _ b _ c _ d _
Oy =TT = CypyQyy =TT =0y Qpy = Qppy Oy = Uy,
a _ b _ c _ d _
O3 = U3 Op3 = Uyzy Qg = Uy Upz = U3,
a _ b _ [ d _
Uy = Qgys gy =TT = Qyyy Oy =TT = Uyyy Ay = Uy,

a _ b _ c _ d _
Qg =TT =y Qg = Cygy Qg =TT =gy Oy =y

Variant
types

Vrs

Vre

Types of
the four
spherical
4R
linkages

a _ b _ c _ d _
Qpy =T = Chp gy = Qypy Uy =T =y, Ogp = Ay,
a _ b _ _ c _ _ d _
Oz = Qopgy Qg =TT = Ulygy Qg =TT = Uyzy Uy = Upg,
a _ b _ c _ —
Ogy = U3y O3y = Qayy Oy = Olgyy Qg = Uy,

a _ b _ _ c _ d _
Ry STy Oy ST —Qyyy Ay = Ayyy Ay = Ay

a _ b _ c _ d _
Oy =T =0y Oy =T =0y Qpy =T =0y, Qyy = gy,
a _ b _ c o _ d _
Opg = O3y Oy = Uy, Qg =TT — gy Upz = Uy,
a _ b _ c o _ d _
Ozg = QgysOlgy = Qgyy Qzy == Olyyy Oy = Uy

a _ b _ [ d _
Oy =TT = Qs Oy =T =0y gy =T =0y, Ogy =0y

Variant
types

Vr7

Vrg

Types of
the four
spherical
4R
linkages

a _ b _ c _ d _
Ay = Oy Qyy = Qppy Oy = Oy Oy = Oy,
a _ b _ _ c _ _
Ops =TT = 0y3s Qlpg =70 — Uz, Qlopg = Upzy U3 = U3,
a _ b _ c _ d _
Uy =TT = 0gyr gy = Qgyy Uy =TT~ Ugyy Ay = Uy,

a __ b _ cC _ d _
Ay =gy Oy =Ty Ay ST Ayyy Ay = Ay

a _ b _ [ d _

Oy = Cyp Oy == Qs Oy =T =y, Oy = Uy,
a _ b _ C o_ d _

Ops =TT = 0yzs Qpg = Ulygy Qg =TT = Ulyzy Qg = Uz,
a _ b _ c _ d _

Ay =TT = 0gyr Qg =T — Uy Uy = Ugyy Oy = Uy,

a __ b _ c _ d _
Ay = Quy s Oy = 0yyy Oy = Oy, Ay = Ay

Variant
types

Vrg

Vr10

Types of
the four
spherical
4R
linkages

a _ b _ c _ . _ d _
Oy = 00y = Qppy Qyp =T =0y, Oy = Oy,
a _ b _ [ d _
O3 =T = Qlpgy Qg =TT = Olygy Oy =T = oz, Qpg = Uy,
a _ . b _ c _ d _
Ogy =TT = QgysUgy =TT = Qgyy Uy =T~ Uy Uy = Uy,

a _ b _ c _ _ d _
gy =0y Oy = Qg Oy =STT— gy Ay = Ay

a _ b _ c _ d _
Oy =70 = Qo Oyp = Oy Opp = 0y Gy = Qs
a _ b _ [ d _
Olpg =T = Ology g = Ulpgy Qg = Upzy Uz = Ulyg,
a _ _ b _ _ c _ _ d _
A3y =T =y Oy =T = Uy Uy =T = Qgyy Ogy = Uy,

a _ b _ cC _ d _
O ST =0y Ay ST —Qyyy Oy =TTy, Ay = Ay

Variant
types

Vr11

Vr12

Types of
the four
spherical
4R
linkages

a _ b _ [ d _
Oy =T =y Oy =T =0y, Oy =T = Oy Oy = Oy,
a _ b _ c _ d _
O3 =T —Opgy Qg == Qygy Uy =TT = Uyzy g = U,
a _ b _ ¢ _ d _
Qg =70 = O3y, Oy = Ugyy Ay = Ugyy Ay = Ay

a _ b _ c _ d _
gy ==y Oy =0y, Oy =0y, Oy =0y

a _ b _ c _ _ d _

Oy =T =0y Qyy = Qs Oy =T =gy, Oy = Uy,
a _ b _ c _ d _

Opz =TT = Oyzy Qlpg = Ulygy Qg =TT = Uyzy Qg = Upg,
a _ b _ c _ d _

Uy =70~ gy gy = Ugyy Ugy =T~ Ugyy Ay = Ay,

a _ b _ c _ _ d _
O =T =0y Qg = Qg Oy =TT = 0yyy Ay = Ay




Table A3 (1) Flat-deployable origami patterns obtained from the variations of double-plane

symmetric case (.

i(i+1)

Variant Additional relationships N Types of the
. Origami patterns
types besides Tab. A2 patterns
Planar
Vi1 Oy +Qyy =3+ 03y = 7. .
symmetric type
i3y
vV Qpp =0y %l o Planar
t2 .
G+ = . . symmetric type
C
(22>
Planar
Vi3 Qpy + 0y + 0y + 0y =27,

symmetric type




o % % a,
Vg Jr/\zgjﬁ/Z ﬁ/%y”/‘z
Via Ay = 0Oy E' Planar
/2 /2 i
Qg+ 0y =T @\gfz “Tav2 symmetric type
a, Oy
41 OL'“
a
o, A A o,
@Jﬂ/z ﬂ-/zkyﬂ'fz
=t = i Planar
Vt6 12 — Y23 T 2 1
/2 i
T 2132 24N symmetric type
m—a\ [B
% T, B T—04,
Vi1 O, + 0y =0y +0y =T

Supplementary
type

Vi13

Oy + 0y =0y + 0y = 7.

Translational
type




Vi14

Oy + 0y + 0y + 0y =27,

Supplementary
type

V15

Oy + 0y =gy + 0y = 7.

Supplementary
type




Table A3 (2) Flat-deployable origami patterns obtained from the variations of plane symmetric case

i(i+1)

e (0, 7))

Variant Additional relationships . ) Types of the
p yp
. Origami patterns
types besides Tab. A2 patterns
Oy
Gy 4 A 34
” I S y
a12 - a23 = anar
Vs1 2 ]
P - /\@2 - /\m symmetric type
s 2 (29 0’7]?%0-’41
o aﬁw/
12 @3
Planar
Vs2 Oy 0, =0y +ay =7 ]
symmetric type
a,
ayy D A b 34
= 0ty = N F/}%z Planar
12 — Y3 =
Vs3 2 ]
_ symmetric type
Oy + 0y =7 71'/2(\7[/2 mzf\ﬂfz
TmANLC JT—OLHB —0y,




Vs4

QT Oy =y +Ayy =T

Translational

type
Translational
Vs6 Qy + 0y + 0y + 0y =27,
type
Translational
Vso O+ 0y =0y, 10y =7
type
Supplementary
Vs13 O+ 0, =0y +ay =7

type




Vs14

Oy + 0y =gy + 0y = 7.

Supplementary
type

Vsi15

Qy + 0y + 0y + 0y =27,

Supplementary
type




Table A3 (3) Flat-deployable origami patterns obtained from the variations of rotational case

e (0, 7))

Variant Additional relationships N Types of the
. Origami patterns
types besides Tab. A2 patterns
Translational
Vr2 Oy +Qyy =3+ 03y = 7.
type
Supplementary
Vr3 Oy +Qyy =0y 0y =T
type
Translational
Vr7 Oy +Qyy =3+ 0y =T

type




Vr12

Oy + 0y =gy + 0y = 7.

Translational
type
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