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ABSTRACT:

The current study investigates theoretically and numerically the entropy generation in time-
dependent free-convective third-grade viscoelastic fluid convection flow from a vertical plate. The
non-dimensional conservation equations for mass, momentum, and energy are solved using a
Crank-Nicolson finite difference method with suitable boundary conditions. Expressions for
known values of flow-variables coefficients are also derived for the wall heat transfer and skin
friction and numerically evaluated. The effect of Grashof number, Prandtl number, group
parameter (product of dimensionless temperature difference and Brinkman number) and third-
grade parameter on entropy heat generation is analyzed and shown graphically. Bejan line
distributions are also presented for the influence of several control parameters. The computations
reveal that with increasing third-grade parameter the entropy generation decreases and Bejan
number increases. Also, the comparison graph shows that contour lines for third-grade fluid vary
considerably from the Newtonian fluid. The study is relevant to non-Newtonian thermal materials
processing systems.

KEYWORDS: Free convection; Vertical plate; Third-grade non-Newtonian fluid, Finite
difference method, Entropy heat generation, Bejan lines, Bejan number.

NOMENCLATURE
Roman

Cp specific heat at constant pressure
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Be dimensionless Bejan number

Cs dimensionless average momentum transport coefficient
g’ acceleration due to gravity

k thermal conductivity

Gr Grashof number

Nu average heat transport coefficient

Br Brinkman number

l dimensional length of the plate
t' time

P fluid pressure

I identity tensor

Pr Prandtl number

T' temperature

t dimensionless time

T dimensionless temperature

Ns dimensionless entropy heat generation number

T matrix transposition

d . . . .
” material time derivative

S1,S5,53 Rivlin and Ericksen tensors

tr matrix trace

x axial coordinate

X dimensionless axial coordinate

y transverse coordinate

Y dimensionless transverse coordinate

u, v  components of velocity vector in (x, y) coordinate system



U,V  dimensionless components of velocity vector in X, Y directions, respectively

Greek letters

o, 0", B, B, B,"  rheological material moduli
a4 viscoelastic parameter

ay second-grade fluid parameter

o3 third-grade fluid parameter

Br volumetric coefficient of thermal expansion
T Cauchy stress tensor

p density of third-grade fluid

a thermal diffusivity

Q non-dimensional temperature difference

U viscosity of third-grade fluid

BrQ~! non-dimensional group parameter

9 kinematic viscosity of third-grade fluid
Subscripts

W wall conditions

00 ambient conditions

f,g  grid levels in (X, Y) coordinate system

Superscript

h time level

1.INTRODUCTION
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Significant mathematical (and experimental) investigation of thermal convection boundary
layer flows was greatly assisted by Prandtl’s [1] boundary layer theory which reduces the
complexity of the governing equations considerably. The inclusion of viscous effects significantly
advanced earlier limitations of the potential flow theory. Using Prandtl’s boundary layer theory,
Blasius [2] examined the two-dimensional flow on a flat surface. Over a century after Prandtl’s
monumental work, studies on boundary layer theory have remained a major area for researchers.
Boundary layers arise in a tremendous range of industrial and natural fluid phenomena including
atmospheric flows, geothermal plumes, paper production, metallic sheet synthesis, polymer
dynamics, drag force computation for aero/hydronautical bodies, mixing techniques,
aerodynamics (reattachment and separation), coating flows, biofluid dynamics etc. Thermal
convection boundary layers may involve free, mixed or forced convection. Accurate simulation of

the heat transfer in these flows is a critical area of interest to engineers and scientists.

Thermal boundary layer flows driven by buoyancy forces external to different geometries are
of some interest in the cooling of electronic devices, environmental comfort, cores of a nuclear
reactor, thermal storage, grain drying, geophysics, coating dynamics and many others. Many
studies have been communicated considered such flows adjacent to both flat surfaces (vertical,
inclined plates) and curved bodies (cones, cylinders, curved walls etc). Out of these, the vertical
flat plate is a geometry of considerable interest in many areas of technology including solar
collectors, fire dynamics (combustion), coating in materials processing etc. Vertical plate free
convection has been examined for an extensive range of multi-physical problems. Merkin [3]
presented asymptotic solutions for general similarity free convection flows over a vertical plate
considering the case of constant heat flux. Mansour [4] considered radiative heat transfer effects
in oscillatory free-convective flow from a vertical plate with the Rosseland approximation. Takhar
et al. [5] employed a series expansion method for free-convective flow in the presence of a
magnetic field, radiative flux and thermal buoyancy. Kuznetsov and Nield [6] derived a similarity

solution for nanofluid flow over a vertical plate and showed the dependency of the reduced Nusselt
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number on thermophoresis, Brownian motion & buoyancy-ratio parameters. Kuznetsov and Nield
[7] further revised the nanofluid free convection boundary layer model in [6] to give a more
realistic solution where the particle fraction of nanofluid is controlled passively on the boundary.
Very recently Biswas et al. [8] used the explicit finite difference to compute solutions for the flow
past a plate. Nevertheless, all these studies are confined to Newtonian fluids. The Newtonian
classical fluid theory cannot simulate many sophisticated phenomena exhibited by the real
industrial fluids (slurries, plastics, coating materials, gels etc) such as non-linear creep, stress
relaxation, normal stress differences involved in shear flows, threshold stress developed at the
onset of fluid flow, shear thickening/thinning and viscosity dependent stress. However various
non-Newtonian models (such as Casson fluid model [9], [10] and couple stress fluid model [11])
are available which can explain these and other phenomena satisfactorily. These models include
thixotropic models, viscoelastic models, memory fluids, microstructural fluid models etc. The
implicit relationship of deformation gradient and history of stress can be quite well simulated with
the Reiner-Rivlin family of fluid models of the differential type. The third-grade fluid model is an
advanced sub-set of the generalized differential type model. A key attraction to engineers of this
model is that it has been shown to be capable of simulating accurately shear-thinning or thickening
phenomena. Various lubricants and coolants, molten plastic and polymers employed in chemical
industries, polymeric solutions, slurries, blood, and other physiological fluids are approximated
reasonably well with this fluid model. Mathematical and computational studies of third-grade fluid
dynamics have therefore received substantial interest in recent years. Ayub et al. [12] have
presented exact solutions for third-grade fluid boundary layer flow from a porous vertical plate.
Busuioc and Iftimie [13] have rigorously demonstrated the existence of global and unique
solutions for equations of third-grade fluids. Akyildiz et al. [14] have compared exact and
numerical solutions for third-grade fluid flow from a rotating cylindrical geometry. Sajid et al.
[15] presented homotopy analytical solutions for hydromagnetic third-grade convection boundary

layer flow from a linear stretching sheet for both cases of prescribed surface temperature (PST-
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case) and prescribed surface heat flux (PHF-case), observing that the flow is decelerated with
increasing third-grade viscoelastic parameter. Bég et al. [16] presented finite element numerical
solution for viscoelastic third-grade fluid convection in nonlinear porous media. Sahoo [17]
presented finite difference computational solutions for hydromagnetic Hiemenz flow and thermal
convection in a third-grade fluid confirming that the velocity gradient at the wall is suppressed
with a greater third-grade viscoelastic parameter. Sahoo and Do [18] investigated the influence of
partial slip from a magnetized heated third-grade fluid along a stretching sheet. They showed that
increasing third-grade parameter amplifies momentum boundary layer thickness (i.e. induces flow
deceleration) and diminishes thermal boundary layer thickness (i.e. causes cooling) and that these
effects are the reverse to those generated by increasing slip. Sahoo and Poncet [19] analyzed the
magnetohydrodynamic heat transfer in third-grade fluid flow. Keimanesh et al. [20] used the
multistep DTM (differential transformation method) to study channel flow of a third-grade fluid
with heat transfer. Baoku et al. [21] investigated suction/injection effects on third-grade
convection flow with a numerical scheme using Richardson’s extrapolation. Hayat et al. [22]
derived series solutions for the radiative-convective flow of a third-grade fluid. Nadeem and
Saleem [23] examined the viscoelastic third-grade nanofluid transport from a rotating cone.
Adesanya and Makinde [24] studied heat source effects on the forced-convective flow of third-
grade fluid using the Adomain decomposition method (ADM). Latif et al. [25] analyzed
hydromagnetic third-grade fluid flow in a deformable symmetric channel considering the effects
of viscous dissipation. Abbas et al. [26] presented numerical solutions for reactive species
diffusion in a stagnation-point flow of a third-grade fluid. Hayat et al. [27] considered the
magneto-convection flow of a third-grade elastic-viscous nanofluid from a stretching sheet. Reddy
et al. [28] recently investigated the heat line visualization for time-dependent third-grade fluid
convection boundary layer flow external to a vertical cylinder. Reddy et al. [29] further simulated
transient heat transfer in third-grade fluid flow from an upright cylinder under supercritical

conditions.
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In recent years, engineers have actively sought new robust methods to improve thermal
efficiency and control of energy wastage. A key challenge has been the successful design of a
thermodynamic system (e.g. engines of vehicles, refrigerators, air conditioners, and thermal power
devices) to achieve enhanced thermal performance using all available energy without loss or by
minimizing loss. Many studies of thermodynamic system performance enhancement have been
communicated and include multiple physical effects (magnetic, chemical, mechanical,
electromagnetic, etc.) and these find diverse applications in mechanical engineering, industrial and
energy systems applications. The irreversibility in the system is the product of heat transfer and a
quantification of the wastage of the available energy (exergy). Frictional effects, chemical
reactions, a transformation of mass, applied magnetic field effects, viscous dissipation, Joule
heating, system turbulence, and temperature gradients are the causes for energy loss in
thermodynamics. These factors increase the disorder of the system and thereby produce entropy
heat generation. In irreversible processes, the generated entropy and the reduction of exergy have
a direct relationship. Hence, by measuring the entropy it is feasible to minimize the reduction of
exergy and maximize the thermal performance of the system. The minimization of entropy
generation is closely associated with the first and second law of thermodynamics and the system
design. The first law of thermodynamics provides engineers with only a quantitative measurement
of the system energy and has limited benefits. In contrary, the second law of thermodynamics
reveals critical information relating to the qualitative part, i.e. “Every actual spontaneous process
is irreversible”. Henceforth, ‘the entropy generation minimization’ technique is equivalent to the
‘second law of thermodynamics’. Entropy analysis has emerged in the past several decades as a
major focus of interest in chemical reactors, combustion, turbo-machines, industrial thermal
technologies, heat exchangers, cooling devices, electric conductors, hot water & steam pipes,
refrigerator, heater, gas turbines, glass blowing, continuous casting of metals, plastic production,
extrusion of plastic sheets, polymers in metal spring processer, etc. Primarily, the idea about

entropy was put forward in detailed experiments by Carnot [30] in 1824. However, the idea of
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minimizing entropy generation to elevate thermal efficiency was first proposed by the American
engineer, Bejan [31-35]. Entropy generation minimization (EGM) studies have been extensive in
recent years for a variety of fluids and physical phenomena present in industrial processes.
Makinde and Bég [36] used the perturbation method with Hermite—Pade” approximations to
compute Bejan numbers in EGM analysis of hydromagnetic channel flow with chemical reaction
effects. Magherbi et al. [37] presented control volume finite-element method computations to
evaluate the variations of the total entropy generation as a function of time for Rayleigh number
in the natural-convective flow. Mahmud and Fraser [38] presented a rigorous analysis of entropy
generation in a tube and parallel plate channel convection flows, computing both entropy
generation number and Bejan number profiles. Entropy generation analysis due to natural
convection has been investigated for different geometries including a square cavity [39], open
triangular cavity [40] and vertical cylinder [41]. Also, some research works from an application

point of view are listed in the reference section [42-45].

In the present work, thermodynamic optimization (entropy generation minimization) is
conducted for unsteady free-convective third-grade fluid boundary layer flow from an isolated
vertical flat plate by determining the losses caused due to viscous effects and heat transfer. The
second law of thermodynamics has been applied for a present problem. An appropriate temperature
difference is maintained to investigate the heat transfer effects. The mathematical model derived
is normalized with appropriate transformations and the resulting nonlinear boundary value
problem which comprises a set of coupled, highly non-linear equations is solved with an efficient
and stable Crank-Nicholson finite difference technique. Extensive visualization of time-dependent

velocity profiles (U), time-dependent temperature profiles (T), average momentum transport
coefficient (C_f) profiles, average heat transport coefficient (Nu ) profiles, transient and steady-

state entropy generation distributions (Ns), transient and steady-state Bejan number profiles (Be),
unsteady state contours of temperature (T) & velocity (U) are presented for the effects of Grashof

number (Gr), group parameter (Brinkman number divided by temperature difference, BrQ=1),
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Prandtl number (Pr) and third-grade non-Newtonian parameter (a3). Validation of the with
previous studies is included. Grid independence and time independence numerical tests are also
conducted. The present work addresses theoretically and numerically the minimization of entropy
generation in third-grade viscoelastic fluid (such as a polymer, slurry, lubricant, molten plastic,
etc.) flows. The current simulations are therefore highly relevant to thermal materials processing
and rheological coating dynamics. Also, radiation shields, mechanical supports, electric cables,
counter flow heat exchangers are some of the industrial components designed to minimize heat

loss and pertinent application of entropy generation minimization analysis.

2.PROBLEM FORMULATION

Thermal convection boundary layer flow in a non-Newtonian third-grade fluid along a vertical flat
plate is investigated. The heated semi-infinite vertical plate is kept stationary comparative to the
flow of fluid and the physical system is illustrated in Fig.1. A two-dimensional rectangular
coordinate system is selected where plate (along the ix-axis) is placed normal to the flow direction
(along y-axis). The third-grade fluid within which the plate is immersed is maintained at T,,. At
t' = 0, the plate is also sustained at the same temperature. For an increased time (t' > 0), a
temperature difference is maintained such that the plate temperature is increased to T,,, and this is

maintained at all later times.
2.1 The constitutive equation:

The Cauchy stress-tensor (t*) for a third-grade fluid having thermodynamic compatibility (given

by Fosdick and Rajagopal [46]) is as follows:

T = =PI+ pS; + oS3 + a3S;% + BiS3 + B (S1S5 + S387) + Bi(trS;H)S; (1)
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Here the spherical part of stress relation is specified by a factor —PI, the temperature dependent
material moduli are 83(j = 1,2,3) and o (j = 1,2), and the Rivlin-Ericksen tensor matrices Sy (j =

1,2,3) are given by:

Si= T+

*

* ds— ** g % )
5) = d]t -+ v’ Sj-1+ 51—1(VV), j=23.. (2a)

where T** is transposition of matrix, V is velocity vector, V is the gradient operator,

d . : o
and e material derivative is expressed as:

L0 =(2+wW)O (2b)

Also, two more assumptions for the fluid motion are listed, i.e., (i) Clausius-Duhem inequality, (ii)

least value of Helmholtz free energy at equilibrium. The constraints for this fluid model are defined

as,
u=0;  aj>0; lai + az] </ 24!43;} (3)
B*l‘ =0 B; = 0; ;20

These conditions on the material moduli are discussed in [47], [48] and are substituted in Eq. (1)

reduces to:
" = —PI + uS; + oiS; + 03S;” + By (trSi)S] @

Incorporating the above non-Newtonian third-grade model conditions, the mass and momentum

conservation boundary layer equations for the flow of third-grade fluid are given by [28, 29]:

ou av
Y + % =0 (53.)

Du _ 0P | 9t |, 0% 5h
Dt 0% = 0x y (5b)
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Here the following definitions apply:
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Here (u, ) are velocity components in the coordinate directions (x, y). The components of extra

Q
QO
N||S|
N——
N
_|_

stress-tensor are denoted by 735, g Txy Txe. Vertical fluid-flow is assumed by ignoring the

transverse flow. Using the appropriate stress-tensors, the momentum equation is derived and along
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with energy equation define the thermal convection boundary layer flow equations for vertical

plate free convection of a third-grade fluid under Boussinesq’s approximation as:

Ju _a_u —a_ﬁ_ r_ ’u | o[ 0% | Judtm - 9°m | -o°u 9%u ou
at’ +u + 1] g 'BT(T °°) +8 + p [at'ayz ax 9y2 tu dx0y? 27052 T v6373 + 369?637637
G [,0m %u) Bl (ow)folu
+ p [2 ay 69?637] + p [6 (637) ay? (6)
_or'  _or'  or' a°T’
u—+ ay-l-ﬁ—otayz (7)
The applied initial and boundary conditions:
t'<0: T'=T,, v=0, u=0 for all x and y
t'>0. T'=T,, V=0 u=0 aty =
T'=T,, v=0 u=0 at x = (8)
T' - T., 17—>0,a—>0,2—’;—>0 aty — oo

_xGr? Yy (m) 1 vl
X = T Y_z , U= 5 Gr—, =3
ot’ "Brl3(Ty, — T T' Ty 9
(= Gr=fEtUnTe) o _Tlo o op 9 9)
12 92 T —Tao a
=4 =% — Bs¥
M T T e BT

The considered range for third-grade fluid parameter a; and second-grade fluid parameters o, o,
are taken from the inequality (Eq. (3)) and conditions of Eq. (9). Fosdick and Rajagopal [46]
analyzed the thermodynamics and stability of third-grade fluid and concluded that boundedness
and stability of third-grade fluids can be studied just as it was for second-grade fluid (examined

by Dunn and Fosdick [47], for B5 = 0 results in the constitutive relation for second-grade fluid).
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Fosdick and Straughan [48] showed that the condition o; * < 0 gives non-physical results i.e., quite

arbitrary flows with instability and unboundedness and asymptotic stability for o3 >0.

For higher Gr value, effect of the viscous force can be ignored in comparison to thermal buoyancy
force (when Gr =1 both viscous and thermal buoyancy contribute equally). Greater Gr influences
the induced buoyancy force and mobilizes greater thermal convection effects Whereas at low
values of Grashof number, the induced flow may be weak. Also, the range of Prandtl number is
fixed as Pr > 1, as it decides the thermal boundary layer thickness. Pr > 1 generally applies to

denser liquids e.g. polymers for which thermal conductivity is significantly lower than air or water.

Following substitution in Eqns. (5a), (6) - (8), the non-dimensional governing equations and initial

and boundary conditions emerge as:

ou_ ov _

ax | oy 0 (10)
ou ou ou 9%u 23U oU 92U 93U o3u 0%U U
AU AV =T+ e [+ TR U+ VSR 30
U 92U au\?% a2u

oo 25770 + 0 [6“”)2(5) e (11)
oT oT oT 1 (3T
StV =5 () (12)
t=0:T=0, V=0 U=0 forall XandY
t>0:T=1 V=0 U=0 at Y =0 (13)

T=0, V=0, U=0 at X =20

T—-0, V-0 U-0, a——>0 asY - o

3. FINITE DIFFERENCE SOLUTION PROCEDURE
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Employing an analytical method for the solution is a difficult task due to the strong non-linearity
in the momentum and energy equations. Hence a computational method which is “unconditionally
stable” known as the “Crank-Nicolson method” is deployed to solve Eqgns. (10) - (12) using Eqn.
(13). The “Crank-Nicolson” finite difference scheme is unconditionally stable and it does not
require any stability condition for the numerical computations. Also, this method is compatible

and stable. Hence, compatibility and stability ensure the convergence of results.

3.1 Finite Difference Discretization

The discretized finite difference equations corresponding to Eqns. (10), (11) and (12) are as

follows:
h+1 h+1 h+1 h+1
RS U R -UR g | VRSV V-V _
+ =0 (14)
20X 20Y

UpS'=Utg | Ukg (1h41 | 1k h+1 h Vf h+1 h h+1 h
a7 ZA; (Ufg +Upg—Up-19— Uf—l,g) 4A$(Ufg+1 + Ufg+1— Upg—1— Uf,g—l)

h+1

ng+ng , ht1 h h+1 h h+1 h
Ly Z(Ay)z (UFshs + U oy — 2UF5 = 20} g + UFgha + U i) +

1 h+1 h h+1 h+1 h
oy [4(Ay)2(At) Urg-2 = Urg-2 = 2Urg" + ZUfg + Ur gtz Uf,g+2)]

Ul rohig h+1 h h+1 h h+1 h
+2(AY)2AX [U + Uf g+1 Uf 1,g+1 Uf—l.g+1 ZU _ZUf.g + 2Uf 19T ZUf—Lg +

h h h h
UPali + Ufgot — Ut g 1 =Uf s 4]

aVhy oy h h h h h h h
st Urgia + Ufgrz = 2Uf G0 = 2Uf gus + 207510 + 2Uf gy = Ufg1,= Uy o]

h h+1 h h+1 h h+1 h
+ —Z(AX)(Ay)Z (Ufg Uf—l.g) (Uf.g—l tUfg-1—2Ufg —2Ufg+Usgia t+ Uf,g+1)

3(11

h h+1 h h+1 h h+1
+8(AX)(AY)2 (Uf,g+1 Ufg 1)( f.g+1 + Uf,g+1 - Uf—l,g+1 - Uf—l,g+1 Ufg 1

h h h
Ufgor + UfH g + Uf g1)
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o« (1rh+1 h h+1 h h+1 h h+1
t s (Uf,g+1 +Ufg+1 —Up-1,9+1 = Uf-19+1 = Ufg-1 = Uf g1+ Ur 141 +

Ut-19-1) (Ufg+1 = Ut g-1)

303(Gr)? (11h h 2 h+1 h h+1 h h+1 h
+ 4(3Ay)4 (Uf,g+1 - Uf.g—l) (Uf.y—l tUfg1—2Ufg —2Ufg+Usgii t Uf.g+1)

(15)

ph+1_zh uh vh
f.9 f.9 f.9 h+1 h+1 h h f.9 h+1 h+1 h h
St oy (Tf,g —Ti 19+ Trg— Tf—l.g) + oAy (Tf,g+1 —Trg-1+Trge1— Tf,g—l)

1 h+1 h+1 h+1 h h h
= o (TFois — 2Ty + THo + Tyt — 2T} g + T ge1) (16)

The selected flow domain is X,,i, = 0, Xpnax = 1, Yipin = 0 and Y4, = 20 (Where Yy, implies

toY = o0).

Initially, the temperature field is computed using the finite difference thermal Eqn. (16). Then, the
computational procedure continues to solve for the velocity field via the momentum (Eq. (15)) and
mass conservation Eqgn. (14). The tridiagonal and penta-diagonal forms of Egns. (15) and (14) at

(h+1)™ stage are given as:
A8FEL, + B8P+ €87 = Dy (17)
AzY’}Ll—z + BZY?Ll—l + CZY?,EI + DZY?,EH + EZY?I]1+2 =F (18)

where § and y specify T and U, respectively. Hence, Eqns. (17) - (18) at each interior grid-point
on a definite f-level comprise a system of equations in penta-diagonal and tridiagonal forms. A

number of articles [28, 29] provide a more detailed explanation for this finite difference method.
3.2 Validation of the numerical scheme:

3.2.1 Grid independency test:

An economically stable consistent mesh is chosen by employing grid-independency tests for

different mesh sizes. The Nusselt number (Nu) and average skin-friction coefficient (ff) values
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for boundary condition Y = 0 are given in Table 1. The grid-independency test implies that a mesh
size of 100 X 500 yields a sufficient accuracy for the current problem. In the same way, a time-
independency test provides the best time-step size At (t = hAt,h =0,1,2,...) for program

execution and is documented in Table 2. For the present study, At = 0.01 is therefore prescribed.

3.2.2 Comparison studies:

For the special case of Newtonian flow conditions (a; = a, = a3 = 0) the present model reduces
exactly to that investigated earlier by Takhar et al. [49] who employed power series expansions
and Runge-Kutta-Merson numerical shooting methods. The comparison of the present finite
difference solutions with Takhar et al. [49] is shown in Fig. 2(a). Also, the current numerical
simulations are compared (in the absence of magnetic effects) with Abbas and Palani [50] (refer
to Fig. 2(b)), who have considered a surface temperature gradient along with magnetic effect for
a Newtonian fluid. Generally, a close correspondence is achieved confirming confidence in the

present numerical code.

4. RESULTS AND DISCUSSION

The behaviour of the key flow-field variables (non-dimensional velocity U and temperature
T) at different times are studied graphically. The flow (U and T') profiles are explained along with
the direction of Y. The numerically simulated values give a detailed explanation for the variation
of the non-dimensional quantities such as flow-variables, coefficients of heat transport and skin-
friction along with Bejan number, entropy generation parameter for different controlling

parameters. Extensive elaboration is provided in the following paragraphs.

4.1 Velocity:

The simulated transient non-dimensional velocity (U) profiles at a specific location (1, 0.68)

for various values of the viscoelastic fluid parameter (a; ), a second-grade fluid parameter (a),
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and third-grade fluid parameter (a3) are depicted in Fig. 3. The U profile, in the neighborhood of
the heated vertical plate (Fig. 3) shows a particular trend, i.e., it initially grows with time to reach
the peak value, thereafter exhibits a marginal fall and finally becomes independent of time tending
to a constant value. Also, at the starting time (t << 1), it is evident that the conductive heat transfer
dominates over the convective heat transfer. Subsequently, after a particular time elapses, the heat
transfer rate is influenced by natural convection alone and a significant acceleration of the third-
grade fluid flow occurs with respect to time. It is also apparent in Fig. 3 that initially (t < 1) the
unsteady U profiles coincide with each other and only deviate at a later time (t > 1). From Fig. 3
amplifying a,0r a3 both cause a decreasing trend in the velocity field (U), whereas increasing a,
induces an increasing trend in velocity. Figure 3 also shows that the time needed to attain the
maximum value is almost the same for variation of a,, whereas it increases when a,; or os
rheological parameters are increased.

Figure 4 exhibits the evolution in steady-state velocity profile for the variations of o, a5, and
as. Initially, the no-slip condition influences the U curves to start with zero value, and then reach
the maximum magnitude, after which velocity depletes to zero in the Y direction in accordance
with the edge (free stream) boundary conditions. Increasing o or a,, both elevate the time taken
to attain the steady-state behaviour. However, the steady-state time is not tangibly modified with
a variation of as.

4.2 Temperature

The numerically generated non-dimensional temperature (T) plots versus time are shown in Fig.
5 for different values of a4, a,, and as again at the location (1, 0.68). Initially, there is observed
to be a drastic increase in the T curves which all ascend to their peaks, then decreases slightly, and
finally attain the time-independent state. As o, o, and a3 increases, time for attaining peak value
increases. Increasing third-grade parameter values, therefore energize the regime and give higher

temperature values. It is evident that the viscoelastic effect of third-grade parameter encourages
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collision of the fluid particles and increases the fluid temperature in the vicinity of the hot plate
and simultaneously (owing to higher viscosity) decelerates the boundary layer flow.

The impact of rheological parameters a4, a, and a; on the time-independent T plots against
Y are depicted in Fig. 6. All T curves start with T = 1, i.e., boundary condition maintained at the
hot plate then follow a monotonic decrease eventually decaying to zero in the free stream. As the
effect of viscoelastic property of third-grade parameter increases, this enhances the thermal
boundary layer thickness due to amplified temperature values. It also modifies the time taken to
attain the steady-state.

4.3 Friction and Heat Transport Coefficients

For the numerically generated known third-grade flow-field variables associated with both
unsteady and steady-state conditions, the coefficients of heat transport rate (Nu) and friction (Cy)
are critical parameters. They provide important wall characteristics in convective heat transfer

problems. Here, their non-dimensional forms are given by

0 \9Yy 0 \ay

G=J ("’—”)y=0 dX and Nu = — fl(a—T)Y_0 dx (19)

The calculation procedure for these coefficients involves the 5-point approximation formulae and
Newton-Cotes quadrature.

For the variations of a4, a, and a3, Fig. 7 visualizes the distributions for the coefficient of
friction (Cr) and Fig.8 illustrates the variation in the heat transfer coefficient. Inspection of Fig. 7
shows that at the initial stage, the C curves ascend with time to a maximum value then decrease
to lower values. Following this, all curves reach the asymptotic time-independent state. Skin-
friction is an increasing function of a, whereas it is a decreasing function of a; or az. As we
increase the third-grade parameter, a3, the viscoelastic property of the fluid increases and hence
hinders the flow past a wall, as a result, shearing is reduced, and low-velocity values are observed

at the hot wall.
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Figure 8 shows the results for heat transfer rate (Nu) at the hot surface for the third-grade free
convection flow (i.e. at Y = 0). At the starting time, the Nu curves fall to significantly smaller
values, increase and then finally attain the steady-state with further time elapse. The Nu values
increase for decreasing third-grade parameter (as). For increased as, particle collision increases
and this manifests in an increased flow temperature and hence negatively increased Nu values are
observed in Fig. 8. Higher Nu values imply greater transfer of heat to the wall from the boundary

layer.

4.4 Entropy generation analysis

The exchange of thermal energy and the momentum due to viscous dissipation and heat transfer
result in an imbalanced condition in the fluid medium, and at the boundary. Hence there will be a
continuous generation of entropy. For incompressible non-Newtonian third-grade fluid, this

entropy generation per unit volume is expressed as [51-56]:

2 —\ 2 x e 2= o 2 * =\ 4
k (oT' u [(ou of [ 0°u ou . _ o*u ou . _o*uou B ou
Egen=—,2(—_) +{—,(—_) ‘A=t it |+ 2 2(—_)
TS ay Teo \OY Teo LOt" 0y 0y ax dy dy ay= oy Teo ay

Egen =E +E (20)
where
E, =— (a—T’)z (Due to heat transfer) (21)
1 To,oz oy
_ (o) it ou o 0w ou  otwou B_[ @“]}
E, = {To’o (ay) T To, [at’ay oy tu X 0y 0y T vayz ay] t T 2 (ay) (22)

(Due to viscous effect of incompressible third-grade fluid)

The dimensionless parameter for entropy generation Ns is given as,

Ns = 2 (23)

Echar
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By defining E pqrr = k(TW—_Z“) (characteristic entropy generation) and Q = (TWT_,T°°) (dimensionless

2
To 1

temperature difference) we obtain:

_ (a1\?* | Br(Gr)? ((ou\? o*U au *U ou 92U au 2 (U 4]}
Ns = (ay) T {(ay) o [atay v T Usxavar TV oz ay] +B [Z(Gr) (ay) (24)

Ns = N; + N,= Due to heat transfer + viscous effect (25)
. T 2
le., N; = (5)

_ Br(Gn? ((ou\? | [V ou g U ou  ,0fU0u 2 (0)* }
N2 ==—¢ {(ay) + o [atay o T Uarar TV ore ay] +B [Z(Gr) (aY) (26)

Here Brinkman number (Br) accounts for viscosity dissipation due to the friction of fluid particles
corresponding to conductive heat flow which is the result of temperature difference. Also, BrQ~—1
is one more significant non-dimensional number which is referred to as the group parameter in
the analysis of entropy generation. Here, BrQ~1 > 0 signifies the effect of viscosity mainly due
to the fluid. While studying the effect of entropy generation it is important to consider viscous

effects.

The parameter Be (Bejan number) is introduced for the calculation of irreversibility, and may be
defined as the quantitative relationship between the generation of entropy due to heat flow to the

total entropy production i.e.,

Be = (27)

T Ni+N,

The parameter Be (Bejan number) belongs to a closed interval of 0 &1, i.e.,, 0 < Be < 1. Any
particular Be number within the range indicates the dominating effect of different factors causing
entropy heat generation. Accordingly, different cases can be studied, as listed below:

Case 1. Be = 0; The parameter N, dominates the parameter N,

Case 2. Be = 1; The parameter N; dominates the parameter N,.
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Case 3. Be = 0.5; Both irreversibility (heat transfer & fluid friction) have the same impact on

entropy generation production (i.e., N, = N;).

4.5 Results of entropy generation analysis

It is essential to discuss the effect of various non-dimensional numbers for calculation of Ns and
Be at both transient and steady conditions for free-convective flow. In the present paper, the
influence of Gr (Grashof number), Pr (Prandtl number), BrQ~1 (group parameter) and effect of

a third-grade parameter (as) are shown graphically.

4.5-1 Effect of a4, ay and a3 (third-grade fluid parameters)

The influence of a4, a,, and oy i.e. the viscoelastic third-grade fluid parameters on the calculation
of entropy heat generation parameter and Bejan number under steady and unsteady conditions are
deliberated through graphs and described below.

Behaviour of entropy generation number (Ns)

From transient graph (Fig. 9(a)), for t < 1.5 heat conduction is dominated. In Fig. 9(a), as a,; or
a, increases, the Ns parameter increases whereas when a; increases, the Ns parameter decreases.
It is witnessed that intensified oz implies higher viscoelastic properties of the third-grade fluid
which results in the stronger bonding forces between the fluid particles in the free-convective
laminar flow. Therefore, the amount of heat released is absorbed to excite the fluid particles. This
results in a decrease in entropy generation which is presented through Fig. 9(a). Again, the steady-
state profile for Ns (refer to Fig. 9(b)) shows that N's is decreased by increasing o5 and here also
a similar explanation can support the result. Also, the steady-state time increases with increasing

o OF Oy OF a3,

Behaviour of Bejan number (Be)
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Figures 10(a), (b) illustrate the impact on Be of the rheological parameters, a,, o, and as. Figure
10(a) gives transient numerical Be values for different oy, o, and 3. Bejan number is enhanced
with an elevation in a, or as whereas it is reduced with greater ;. As a3 intensifies, viscoelastic
behavior of third-grade fluid increases and this modification in viscous and elastic properties
results in an increase in Bejan number (Be) values. Be lines almost coincide for variations of o,
a,, and a5 in the steady-state plots (Fig. 10(b)) and Be number is decreasing for increasing as.
Former observation is noticed since fluid flow is influenced by heat transfer as it is remarked that
Bejan number value is greater than 0.5 for variation of a; immediately adjacent to the hot plate.
After reaching the steady-state condition, it is apparent that Bejan number decreases as o or o
or a3 decrease. The steady-state time is also observed to be accentuated with escalating values of
a4 Of oy Of a3.
4.5-2 Effect of BrQ™1, Gr and Pr
Behaviour of entropy generation number (Ns)

The variation of BrQ~1, Gr and Pr all show a significant effect on entropy heat generation
which is evaluated numerically by the non-dimensional parameter Ns for the unsteady state and
these results are depicted in Figs. 11(a) and 11(b) respectively. The non-dimensional Grashof
number, Gr signifies the relative influence of thermal buoyancy force to viscous hydrodynamic
force in buoyancy-driven (natural convective) fluid-flow. Figure 11(a) presents the effect of
BrQ~! and Gr on non-dimensional Ns under an unsteady condition at constant Pr. From Fig.
11(a), it is evident that Ns is increasing for increasing values of BrQ~! or Gr. The induced
buoyancy forces are more for increased Gr which contributes to higher temperature differences
and hence an enhanced rate of heat transfer. This may be the reason for increased entropy
generation. BrQ~1 signifies the effect of viscosity mainly due to the fluid. This parameter is
related to fluid viscosity term and appears with velocity components (referring Eg. 26). Hence an
increase in group parameter increases the velocity of the fluid which in turn results in higher

entropy generation. More fluctuations can be observed near the heated plate, which may be
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attributable to the frictional effect of fluid particles at the boundary. The time taken to reach
maximum N's is almost same for several values of each physical parameter. Figure 11(b) denotes
influence of Gr and Pr on unsteady Ns profiles for constant BrQ~1. A significant observation
can be made from Fig. 11(b) that the entropy curves are overlapped with each other for increasing
Gr values. However, in particular, it is seen that for larger values of Gr, the Ns profiles show an
increasing trend i.e. thermal buoyancy encourages entropy generation. Also, a variation of Pr
substantially alters the free-convective flow of the third-grade fluid. Here, Ns curves increase
monotonically, then show some oscillations and finally reach the steady-state. Moreover, for
increased Pr, the peak value of the dimensionless entropy heat generation parameter of the third-
grade fluid is almost the same. The Ns profile has an increasing trend with increasing Pr number
i.e. with decreasing thermal conductivity. This shows that with decreasing Pr (increasing thermal

conductivity) the entropy heat generation can be minimized for third-grade fluids.

Figures 12(a)-12(b) show the steady-state effects of Gr, BrQ~! and Pr on Ns. Initially, Ns
shows an increasing trend and then sharply decreases for variation of Gr and BrQ~! due to
dominant effects of heat transfer (near the plate) and fluid friction (away from the plate)
respectively. For almost at ¥ > 5.63, the steady-state condition is reached. The maximum Ns
value is the increasing function of both Gr and BrQ~1. The effect of BrQ~1 on entropy generation
is more in comparison with Gr. This is a significant result in the minimization of entropy heat
generation. Also, amplifying Gr and BrQ1, the steady-state time is almost the same. The steady-
state plots from Fig. 12(b) give numerically generated Ns values for different Pr and Gr. It is seen
that for different values of Pr and Gr, Ns curves increase from zero value to a maximum then
abruptly fall to zero. Here, the curves are almost overlapped for the variation of parameter values.
Initially in the third-grade fluid region (i.e., 0 < Y <1.63), Ns profiles show an increasing trend,

and forY > 1.63 this trend is reversed exactly with greater Pr values. It is evident that for
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increasing Gr the curves show an increasing trend. Also, the steady-state time is largely invariant

to a change in Gr as compared to Pr.

Behaviour of Bejan number (Be)

Figures 13(a) and 13(b) show results for the impact of different physical parameters on Bejan
number at the transient condition. From Fig. 13(a) for different Gr or BrQ~1, at the time-dependent
condition the Be lines begin with small fluctuations, increase monotonically, an again exhibit some
oscillations before reaching the steady-state. The Be show the increasing trend for varying values
of Gr or BrQ~1. Furthermore, the time needed to attain the maximum Bejan number value is
almost the same for the variation of the different parameters. The Be profile for variation of Gr
is higher than the variation of BrQ~1. Figure 13(b) reveals interesting trends regarding the effects
of Gr or Pr on Bejan number under the unsteady condition. For the chosen values of Pr, the
maximum Be values are small, but the effect of Pr on Be is considerable. As Pr increases,
Be decreases. Also, the time required for reaching the maximum value amplifies with increased
Pr. However at a constant value of Pr and for variation of Gr, this is almost the same. In both
transient graphs for Be in the vicinity of the heated plate, the entropy generation due fluid friction
dominates over heat transfer since 0 < Be < 0.5.

The steady-state results of Be for several parameter values are reflected in Figs. 14(a) -14(b). All
Be curves for different values of Gr or BrQ~1 show a similar trend. Initially, these curves increase
from Be = 0 (N, > N;) to reach maximum value along Y direction then suddenly decrease to
zero almost at Y = 1.42. Again for Y > 1.99 Be values start to increase slightly to maintain the
same trend thereafter (at Y > 6.11) reaching zero values (refer to Fig. 14(a)). For increased Gr or
BrQ~1, Be > 0.5 i.e., heat transfer influences the entropy generation near the hot plate which is
depicted in Fig. 14(a). For smaller BrQ=1, irreversibility due to the viscous effect exceeds that due
to heat transfer. Also, in the flow region far away from the plate irreversibility due to viscous effect

dominates over the heat transfer. Here, it is noted that steady-state time is not varying much with
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group parameter or Grashof number. Figure 14(b) depicts the steady-state plot for Be for different
values of Pr or Gr. The Be curves for increased Pr start from zero, reach peak value and then
sharply fall to zero (almost at Y = 1.41). They exhibit small oscillation and then attain zero value
for Y >5.78. As Pr increases (lower thermal conductivity) the Bejan lines show a decreasing
trend and the maximum attained Be is less than 0.2 near the plate i.e., irreversibility caused by
frictional effects due to the fluid is elevated. Here also (at constant Pr condition), Be profile shows

an increasing trend with greater values of Gr.

4.5-3 Entropy and Bejan contours:

Figures 15 (a)-(d) present the entropy lines in a two-dimensional plane (X,Y) for different
values of Gr (Grashof number), Pr (Prandtl number), BrQ~1 (group parameter) and third-grade
parameter (a3). It is observed that the entropy lines are typically concentrated near the heated
plate. From Figs. 15 (a), (b) & (c), as Gr, Pr and BrQ~! increase, the entropy lines are moving
away from the hot plate, respectively. In the same way, from Fig. 15 (d), as a3 increases, the
entropy lines move a little distance from the plate. These observations are consistently witnessed
at any point of the two-dimensional third-grade fluid free convection flow-domain.

Likewise, Figs. 16 (a) & (d) show the results for Bejan lines in the whole flow-domain for the
third-grade fluid. For increased Gr, BrQ~1! and a3, the Bejan lines are moving away from the
plate, as is evident from Figs. 16 (a), (c) & (d), respectively. Also, these lines move nearer to the
hot plate i.e. they become constricted, as Pr increases (refer to Fig. 16 (b). Immediately adjacent
to the heated plate Be contour lines show that Be number is increasing for increased Gr, BrQ~!
and is greater than 0.5 i.e., heat transfer influences the entropy generation. However, for

amplifying Pr or as , exactly the reverse observation is noticed.

4.5-4 Comparison contour plot
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The contours for flow-variables (U & T) of the third-grade fluid (Fig. 17 (a)) and Newtonian
fluid (Fig. 17 (b)) are visualized in the two-dimensional rectangular plane (0 < X <1, 0 <Y <
2). The contour lines for the third-grade fluid tend to deviate more as compared to Newtonian fluid
from the heated vertical plate. Also, the shapes of contours vary slightly. These patterns
demonstrate clearly that computed results for third-grade fluid vary significantly with respect to

the Newtonian fluid.

5. Concluding Remarks
Thermodynamic entropy generation minimization analysis has been conducted for transient
third-grade fluid free convection flow from the semi-infinite heated vertical plate. The normalized
unsteady boundary layer equations for mass, momentum, and energy (heat) conservation have
been solved by a numerical Crank-Nicolson finite difference scheme. With known flow-variables
(temperature and velocity), the entropy heat generation parameter and Bejan number are
calculated. The effect of different control parameters i.e. Grashof number (Gr), Prandtl number
(Pr), group parameter (BrQ~1) and rheological third-grade parameter (a3) on entropy analysis
are discussed. Validation of the finite difference numerical code is conducted with grid-
independence and time-independence tests and also with earlier Newtonian results from the
literature. The major findings of the current study can be listed as:
e As third-grade parameter intensifies temperature rises and velocity decreases.
e Asthird-grade parameter increases both skin-friction and heat transfer coefficient decrease.
e Entropy heat generation increases for increasing values of Grashof number or Prandtl
number or group parameter (Brinkman number divided by temperature difference) whereas
it decreases with increasing third-grade rheological parameter.
e Bejan number is enhanced with increasing Grashof number or group parameter or third-

grade rheological parameter whereas it is depressed with increasing Prandtl number.
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e For the first time, entropy generation contours and the Bejan number contours are displayed

in the flow-domain for the third-grade fluid flow.
The present work has considered the Reiner-Rivlin third-grade non-Newtonian differential model.
Future studies will consider alternative rheological models including the Oldroyd-B model [57],
single-phase and two-phase Jeffery’s viscoelastic models [58, 59] and may also consider non-

Fourier heat flux models in rheological coating heat transfer [60].
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TABLES

Tablel. Grid independent test:

34

Gridsize | C; values for Pr = 1.0, Gr = 5.0, Nu values for Pr = 1.0, Gr = 5.0,
0,=0.01,a, =0.1, a5=0.1 a;=0.01,a, =0.1, a3=0.1
25 X 125 1.19858100 0.51026240
50 X 250 1.35896500 0.50124320
100 X 500 1.42048600 0.49410230
200X 1000 1.41308100 0.48411810




Table2. Time independent test:

35

Time-step C; values for Pr = 1.0, Gr = 5.0, Nu values for Pr = 1.0, Gr = 5.0,
size (At) a,=0.01, a, = 0.1, az= 0.1 a;=0.01, a, =0.1, a3= 0.1

0.1 1.50135100 0.49529500

0.08 1.49907500 0.49526090

0.05 1.49226000 0.49515940

0.03 1.48018000 0.49498010

0.01 1.42048600 0.49410230
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Fig. 5. Simulated time-dependent temperature profile (T') versus time (t) at the point (1, 0.68).
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Fig. 12 (a). Steady-state entropy profile (Ns) versus Y at X = 1.0 for the effect of Gr and Q1.



~1
o=0.02, 0,=03, 0=0.3, BrQ=0.1

Gr t

2.00 10.89
200 14.11
200 17.15
210 17.15
215 17.15
220 1715

t — Steady-state time

Fig. 12(b). Steady-state entropy profile (Ns) versus Y at X = 1.0 for the effect of Pr and Gr.

0.08
- L 0y=0.02,0,=0.3,0,= 0.3, Pr = 1.0
[ Gr Brg_)l _.’ \
— 200 02/ /‘\‘-,
[ — — — =200 04 I/\‘
Y5 T XY/ I
006 =77 215 06 jff N N
. —220 06 jfi 7} Bt (o e —
- roV T
. !/:_- I. \ ',..\‘/:. ............................................
| TE P
a | 1 VIS N
B I N .
i J/5 / \ g N -
0.04 |- i <!
[ 25 VA
B ’/..[. \
= 7..'_ / ,
~ £y \ N — = -
- A </
- 1y
- &
0.02- FA
0 y L L L I L L L l L L I L L L I L L

Fig. 13 (a). Simulated transient Bejan number (Be) versus t for the effect of Gr and BrQ—1;



45

0.01 -1
i o, =002, 0,=03, 0,=03, Brd=0.1
0.008
Pr Gr
L0 2.00
—_— — — 2.0 2.00
oee6p|- [ L - - - 3.0 2.00
................... 30 2.10
W — ——_30 215
X . — 3.0 220
0.004 o
0.002
O | I | 1 | l | | | I | | | I | | I 1l | | I | 1 | l | | | l |
0 4 8 t 12 16

Fig. 13 (b). Simulated transient Bejan number (Be) versus t for the effect of Pr and Gr.

=002, 0,=03, 0,=0.3, Pr=1.0

—1
Gr BrQ 3

200 02 1162
- — — — 200 04 11.62
——————— 200 0.6 11.62
................... 2,10 0.6 1162
—_—— 215 0.6 11.63
———— — 215 0.6 11.63

Fig. 14 (a). Time-independent Bejan number versus Y at X = 1.0 for the effect of Gr and BrQ 1.



oilgl  ——e—=

Be

Gr

2.00
2.00
2.00
2.10
2.15
2.20

f— Steady-state time

0.05

—1
o, =002, ©,=03, 0,=03, BrQ=0.1

t

11.62
15.18
18.34
18.35
18.36
18.37

46

Fig. 14 (b). Time-independent Bejan number (Be) versus Y at X = 1.0 for the effect of Pr and Gr.
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Fig. 16. Simulated steady-state Bejan lines (Be) for different values of (a) Gr; (b) Pr; (c) BrQ™1
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Fig. 17: Time-independent state contours of velocity (U) and temperature (T) for (a) Third-grade

fluid (a;=0.02, a, = 0.3, a3=0.2, ); (b) Newtonian fluid (a; = a, = a3 = 0.0).



