Important Paradigms of the Thermoelastic Waves
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Abstract This paper is devoted to the investigation of the propagation of
magneto-thermo-elastic waves in a rotating monoclinic system. The system
is electrically conducting in the presence of an applied magnetic field. A
general dispersion relation is obtained for magneto-thermo-elastic waves. The
propagation of wave produced two elastic waves and two thermal waves. It
is found that the elastic waves depend on the applied magnetic field and
the rotational frequency, where the thermal waves are independent of these
effects. The numerical simulations are presented in this article to support
the findings.

Keywords: Dispersion relation; Thermo-elastic Waves; Rotational fre-
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1 Introduction

There is a strong relation between the dynamical properties of an object and
its deformation. The key variables are the change in the temperature and
the elastic behaviour, which are closely correlated in the literature to the
deformation properties of solids. Investigation of the thermoelastic waves
has remained a challenge in industry as well as in the field of bio-informatics
and bio-manufacturing, plasma physics and in the study of condensed matter
[1-7,22]. In short, the theory of elasticity has remained an important area of
research since the elementary methods of strength of materials are insufficient
at some scales to provide the detailed insight of the stress distribution and
other properties in the domain of structural mechanics. To obtain adequate
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insight of the thermoelastic properties of structures at different scales, it is
desired to propose models and to apply quantitative and qualitative methods
for analysis.

During the past decade, enormous efforts have been made to address
this requirement and the interaction between magnetic fields and strain in a
thermoelastic materials is studied due to its many applications [2, 3]. Usu-
ally, in these investigations the heat equation under consideration is taken as
the uncoupled or the coupled equation [5]. We can summarise the concept
of magneto-thermoelasticity as a topic concerned with the relation between
magnetic field and electric field in a thermoelastic solid due to its immense
applications in the field of geophysics, plasma physics and engineering ap-
plications [6, 7, 8, 9]. The uncoupled thermo elastic theory has two flaws,
first one is that the elastic body has no thermal effect, but it is not exper-
imentally valid. The second one is that any initial change would instantly
alter the medium under observation, but physically it is not in accordance
with the physical experiments. Thus Biot [10] developed a new thermoelastic
theory to remove the first flaw. The heat equation in the Biot theory is still
parabolic and thermal wave has an infinite speed. Lord and Shulman [11] pro-
posed the generalized theory of magneto-thermoelasticity with the relaxation
times in which the acceleration of heat flux was taken into the account and
Fourier law of heat conduction was replaced by generalized version. Green
and Naghdi [12-14] re-examined the basic postulates of thermo mechanics,
they examined un damped heat wave in an elastic solid and also considered
the thermoelastic wave without energy dissipation. Thus they obtained three
theories called thermoelasticity of type I, IT and III is also known as GN the-
ories [-III. When the three theories are linearized, the heat equation of GN-I
is identical to the Fourier law of heat conduction, while GN-II and IIT showed
that the propagation of thermal waves have finite speed.

The combination of three fields such as mechanical (elastic), electromag-
netic field and thermal field has attracted considerable attention due to its
various applications in science and technology, particular in geophysics, seis-
mology and plasma physics. Knopoff [15] presented the relation between
magnetic field and elastic wave motion in electrical conductors. Kaliski and
Petykiewicz [16] derived the equation of motion coupled with the field of
temperature and magnetic field for an isotropic bodies. Paria [17] investi-
gated the effect of magnetic field on the propagation of thermoelastic waves
in an isotropic unbounded medium. After Paria a detailed revision of mag-
neto thermoelastic plane waves were made by Purushothama [18]. He found
that when magnetic field is parallel to the direction of wave propagation, the
shear wave is purely elastic whereas the compression wave is thermo-elastic
in nature.



The topic of wave propagation in crystalline media shows a very vital role
in geophysics and also in ultrasonic and signal processing. The monoclinic
crystal is one of the biggest symmetry crystals comprising of almost one
third of all the minerals that are present in earth. Singh and Yadav [19]
investigated the propagation of plane wave in a monoclinic medium under the
effect of magnetic field. They observed that the speed of the wave increases
as magnetic field strength increases. Various researchers have investigated
the effect of rotation in crystalline media [20, 21], with applications in diverse
fields of research.

During this research, we have presented the mathematical formulation,
which was not available in literature. In this study, we thus present the
mathematical formulation to describe the influence of magnetic field on the
propagation of thermoelastic wave in a rotating monoclinic medium by using
G-N III theory. The monoclinic medium has remained a topic of debate,
for many years, to observe the propagation of seismic wave. The magneto-
thermo-elastic coupled governing equations are established. At the end, the
dispersion relation for heat and rotation are obtained separately.

The research during this study is documented in the following order:
Section 1 is comprised of the recent literature and the outline of the research
methodology. In section 2, we have described the problem by using GN-III
theory. The vital feature of GN-III theory is that it sustains dissipation of
thermal energy due to the existence of thermal damping term. In section 3
the solution is presented. Section 4 then presents the application of current
research on a practical problem.

2 Formulation of the Problem

The constitutive relation in a infinite homogeneous elastic solid of monoclinic
type having x; plane as the plane of symmetry are given by

[o11] [C11 Ci2 Ci3 Ciy 0 0] [en]

0922 Crz2 Cyp Co3 Coyy 0 0 €92

o33| _ |Ciz Caz Cs3 C3y 0 0 €33 (1)
023 Cuu Cy C34 Cyy 0 0 2e03

013 0 0 0 0 C55 056 2613

| 012 ] L 0 0 0 0 056 066_ _2512_

where 2e;; = w;; + u;; are the components of the displacement vector
v(z1,22,23,t). 0y are the components of the stress tensor and Cj;(i,7 =
1,2,3,4,5,6) are elastic constants.
Equation governing the propagation of elastic wave in a electrically conduct-



ing infinite homogeneous monoclinic solid is rotating with an angular velocity
Q2 having electromagnetic force J x B (the Lorentz force, J being the elec-
tric current density and B being the magnetic induction vector)as the body
forces are

ijj (JxB)_p(Uﬁ(Qx (QxU))i+2(Q><U')>, (2)

where p is the density of the medium. The Hook’s Law for heat conducting
material is
= Cijuicr — V0iT. (3)

The energy equation in the absence of heat source is,

Tij,j

pe, T + ’VTOUi,i = KTm + K*T, (4)

Where ~ is the thermal modulus, K is the thermal conductivity, K* is a
material constant and is the specific heat of the medium.

The well known Maxwell’s equations [22] governing the electromagnetic
field are,

curlH = J, divB =0, (5)
curlE = —aa—]?, B=yuH, E=—4. (U x H), (6)
ouU

Here E is the induced electric field and magnetic field H induces both pri-
mary and induced magnetic field, p. and o are the induced permeability and
conduction coefficient respectively. Let H=H, + h and Q=Q(1,0,0) where
H, = (Hy,0,0). The perturbed magnetic field h is so small that the product
of U, h, and the derivatives of h can be ignored when linearizing the field
Egs. (5) to (7) and using the value of H, it gives

() (22-32)
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Differentiation of equations 8-10 w.r.t z{, o and z3

The differentiation leads to the following results:
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Utility of Induced Electric Field

The formulation for the induced electric field E can further be written as:
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which when interfaced with Eqs (11-16) provides the following set of equations
(i.e. Egs (17-22))
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Case of Perfect Conduction

For perfectly conducting material c—o0, the Egs. (17) to (19) becomes
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Propagation of Elastic Wave, the Component-form
and the Alf’ven Wave Velocity

Then, Eq. (2) in component form can be written as
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where C% is the Alf’ven wave velocity (for details, the reader is referred to [23]).
Egs. (23) to (25) can also be written as
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where V;(i = 1,2,...,12) are just presenting ratio between the velocity

components of the wave in a monoclinic medium, and Ry is the magnetic
pressure.
The following dimensionless variables and parameters are introduced:
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where, 1 is the dimensionless time, [ and ¢y represents the length and time respec-
tively, Kq is the thermal diffusivity, ko is the non thermal diffusivity, cr is the
thermal velocity and er is the thermo-elastic coupling constant. The details of the
constants are provided in [24]. The non-dimensional quantities defined in relation
(29), Egs. (26) to (28) take the form

Puy Pugy ( > s < >
+ Vot+ Vi |+ s (Vi + Va
noe: " amogoe, \ 0 T) T anogsoe \ T ®




e (V) + naan (i)
— (Va+ Vs |+ = (Va+ Vi
Tonogoe, \"1 ) T aagee \ 1T

83u1 83U1 < > 83u1
+ + 2V
o2 Vi ONOE;0E, OnoE2
P Pu
omd& o’

PBuy < ) Dus < )
— (Ve + Vi Vo+ R
noc06 \ ") Togae2\T T

83U1 ( > 83 83U2 < )
Ve + Vi V + Vo + R
Tonagoe \ V) Tagae 0 T apae \0 T
——— (Va+Vio+ Ry | + ————| 2V;
T onoe06, \ 2T T G 606, \ U1

Bus Bus DBuy 0%us
68§2V11+03€3V12+03£3V3+RHQ< 05%

82u3 n 9% us ) %0 8 U az%
06 06306, omo&y o’ on

o

(30)

2
—Qa%:;’, (31)

e (15 10) g (Ve )
Vs + V4 Vs +R
nogso& \ ° ) Toageez\ P T

+&§Z&50%+VQ*}gg%<%>+a£g$@
<RH + Vs + V10> + ggé <V3> + aasgé <V11>
i (e) + g (Ve ) +
(Vi) - e (gt - et ~ 5t

%0 83U3 o 0us 0%uy

- 8 49
anoes o oy Vo

82 9V L 83U1 + 83U2 4 a3U3
T\ on2oe, T on2oc, T on2oc,

(0, %0 %
— O\ onoe2 T anoez T anoez




9%0 9% 0%0
22+ = + = 33
*Qr<a£%*'a§%*'a§§>’ (33)
where
ol
Oy

3 Solution of the Problem

In a manner similar to [25], consider the harmonic plane wave solution of the form,

u; = pie! RN and g = goet(k&ini—ewn) (34)

Here k is the wave number, w represents the angular frequency of the wave, the
direction of wave propagation is represented by the unit vector n; = (ni,ne, ng)
while the direction of particle displacement is denoted by unit vector p;. is the
wave speed.

Substituting Eq. (34) into Egs. (30) to (33), we arrive at the system of four
homogeneous equations
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The system of equations has non trivial solution if and only if the determination
of the factor matrix vanishes. So

Ay Ap Az Ap
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where

Ay = iwk®n? + (iwk®n3)(V7) + (2Vs) (iwk*nans)
+(iwk‘2n§)(‘/}3) — w3,
Ay = (Vs + Vo) (iwk®ning) + (Vi + Vi) (iwk?*nyn3),
Asz = (Vi + Vi) (iwk®ning) + (Vi + Vo) (iwk®nyng),



A14 = —wknl, A24 = —wkmg, A34 = —wkng,

Ay = (iwkznmg)(Vs +V7)+ (ikanlng)(V(; + Vi),

Agg = (iwk*n})(Vz + Ry) + (Vo + Rp)(iwk®n3) + (iwk*nans)
(2V11) + (iwk®n3)(V3) — Rya(k*ngng) — (iw®) — a®(iw),
Ao = (iwk*nang) (Vs + Vig + Rp) + (iwk®n3)(Vi1) + (iwk*n3)
(Vig) + Ry (ak®n?) + Rya(k*n3) — 2a(w?),
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(Vi1) + (iwk?*n3)(Viz) — Rga(k*n3) — Rya(k*n?) + 2a(w?),
Azz = (iwk®n) (Vs + Rpy) + (iwk?n3)(Va) + (iwk®nanz)(2Vi2)
+(iwk?n3)(Va + Ry) + Rga(k®nang) — (iw®) — a®(iw),
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Agy = kowk + ikch — B2

For simplicity, we choose the propagating vector along z; axis i.e., n =
(1,0,0), the dispersion relation can be converted to the following form.

{#@mz+wﬁ—%mwﬁ4ﬁw—%wﬁ—meﬁ
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[k‘* (ikow — c2T> + k? (w2(6 +c3+1) - ik0w3) — wﬂ =0. (39)

The above equation is the dispersion relation for plane wave propagation in
a monoclinic medium. It has two factors. 1% factor depends on the magnetic
field and frequency of rotation and 2" factor depends on the thermal velocity
and angular velocity of the elastic wave.



4 Practical Application

For the case of monoclinic medium, we have considered the following para-
metric values:

p =174 x 103kg/m?, Cy; = 5.974 x 10'"°N/m?, Ces = 0.93 x 10" N/m?,
055 =0.94 x 1011N/m2, 056 =—0.11 x 1011N/m2.
These values were selected from the results presented by Chattopadhyay et’al. [21].
The magnetic field is given by the following relation as, B = uo(1 + x,,)H,
where pe = po(1 + z,,,) is the magnetic permeability, x,, is the constant for
magnetic susceptibility whose value depends on the nature of the material,
Lo is the free space magnetic permeability. For sulfur z,, is 14.9 x 10~% and
o is 4w x 107THm™! [26], therefore, the relative permeability is equal to 1.
From Eq. (39),

[1# <a23§, + V2w? — VsRpw? — REw?* — VgVaw?

—RHV7w2) + k2 (aQ‘/};wQ — 4a’Ryw?® + 24’ Ry w?

+a®Vew? 4+ Vaw? + Vo + 2RHw4) + < — a*w? + 4a*w?

—2a°w* — wG)] =0

This is the quadratic equation in k% so having two roots of velocity of waves,

the values of these velocities are depending on the strength of magnetic field
and frequency of rotation. Figs. 1 and 2 depicts the behaviour of wave
velocity relative to frequency of rotation under the variation of Hy. Fig. 1
shows that the wave velocity show peaks at two different values of a, one
between 0.5 to 1 and other between 2 to 2.5. The first peak increase it
maximum value for stronger value of magnetic field Hy, while the second
peak shows that the opposite trend. Fig. 2 depicts that the wave velocity is
decreases with increasing rotation a.

And,
{k‘A‘ <ikow - c?p) + k2 (w2(5 +cr+1)— ikow3) - w4] =0

This is the quadratic equation in k? so having two roots, which represents
existence of two thermal waves. Fig. 3, 4, 5 and 6 demonstrate the effects
of coupling factor er and thermal diffusivity ko on the wave velocity. Figs.
3 and 4 is a graph for one wave and Figs. 5 and 6 is for 2" wave. It is



Figure 1: The wave velocity ¢ (m/s) versus rotation a (Hz) for different values
of Hy when w = 1.

perceived from these Figs. that, the wave velocity attain its maximum value
before the thermal velocity attain its value 2. In both cases wave velocity
decreases on increasing e and ky.

5 Conclusion

This paper presented the propagation of an elastic wave in a rotating mon-
oclinic medium in the presence of magnetic field. Thus our results provides
an evidence that in the case of energy dissipation diffusivity is ignored. It is
examined through graphs that energy dissipation changes the nature of the
curve. The elastic wave velocity becomes independent of diffusivity for higher
values of thermal velocity. Furthermore, the elastic wave velocity declines by
increasing the magnetic field and coupling constant.

Dispersion relations for thermoelastic wave has been derived. The main
findings are summarized as:
1) For higher values of thermal velocity cr, the elastic wave velocity ¢ be-
comes independent of diffusivity.
2) Increase in the couple factor er, decreases the wave velocity c.
3) The wave velocity decreases with increasing magnetic field.
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Figure 2: The wave velocity ¢ (m/s) versus rotation a (Hz) for different values
of Hy when w = 1.
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Figure 3: The wave velocity ¢(m/s) versus thermal velocity ¢r (m/s) for
different values of e when w =1, ky = 2.
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Figure 4: The wave velocity ¢ versus thermal velocity cr for different values
of kg when w =1, ep = 2.
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Figure 5: The wave velocity ¢ versus thermal velocity cr for different values
of ex when w =1, kg = 2.



Figure 6: The wave velocity ¢ versus thermal velocity cr for different values
of kg when w =1, ep = 2.
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