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Abstract

The thesis is on an investigation of the Oseen partial differential equations for the problem
of laminar boundary layer flow for the steady two-dimensional case of an incompressible,
viscous fluid with the boundary conditions that the velocity at the surface is zero and outside

the boundary layer is the free stream velocity.

It first shores-up some of the theory on using the Wiener-Hopf technique to determine the
solution of the integral equation of Oseen flow past a semi-infinite flat plate. The procedure
is introduced and it divides into two steps; first is to transform the Oseen equation (Oseen
1927) into an integral equation given by (Olmstead 1965), using the drag Oseenlet formula.
Second is the solution of this integral equation by using the Wiener-Hopf technique (Noble
1958).

Next, the Imai approximation (Imai 1951) is applied to the drag Oseenlet in the Oseen
boundary layer representation, to show it approximates to Burgers solution (Burgers 1930).
Additionally, a thin body theory is applied for the potential flow. This solution is just the
same as the first linearization in Kusukawa’s solution (Kusukawa, Suwa et al. 2014) which,
by applying successive Oseen linearization approximations, tends towards the
Blasius/Howarth boundary layer (Blasius, 1908; Howarth, 1938).

Moreover, comparisons are made with all the methods by developing a finite-difference

boundary layer scheme for different Reynolds number and grid size in a rectangular domain.

Finally, the behaviour of Stokes flow near field on the boundary layer is studied and it is
found that by assuming a far-boundary layer Oseen flow matched to a near-boundary layer
Stokes flow a solution is possible that is almost identical to the Blasius solution without the

requirement for successive linearization.

Vi



Chapter 1 Introduction

1.1 Introduction

Oseen flow fluid dynamics has important applications in different aerodynamic applications,
including modelling the flight of aeroplanes, birds and even balls, and in different
hydrodynamic applications, including modelling the motion of ships and marine animals.
Consequently, the investigation of the boundary layer for Oseen flow is an important branch
of fluid dynamic research. The simplest model is that of laminar steady two-dimensional
flow of an incompressible fluid over a semi-infinite flat plate.

In particular, recent research on modelling manoeuvring problems in fluids includes
investigation of the far-field Oseen equations (Chadwick 1998), and continuing these
equations into the near field (Chadwick 2002, Chadwick 2005, Chadwick 2006, Chadwick
and Hatam 2007). It has shown the importance of including the viscous term in the Oseen
model even for high Reynolds number. The motivation of the study is to investigate the
viscous boundary layer in the content of this Oseen flow model (Olmstead 1965), in
particular to consider the formulations given by Bhattacharya (1975) and (Gautesen 1971).

Comparisons will be made to the Blasius boundary layer form (Blasius 1908), supported by

a Finite Difference numerical model.

1.2 The Aims and Objectives

The thesis is centred on the flow past a semi-infinite flat plate, in particular, Oseen’s and

Blasius’ approximation, and is itemized in the following steps.

i.  The critical study of the flow over a semi-infinite flat plate is performed by reviewing

various literature both on Oseen’s and Blasius’ approximation.
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ii.  The Oseen integral equation, which represents flow over a flat plate, is considered.

iii. The Wiener-Hopf technique is described and applied to solve the integral equation of
Oseen flow representation in the flat plate problem.

Iv. The Oseen solution is derived in an integral form and the strength function is obtained
from Noble (Noble & Peters, 1961) to achieve Gautesen solution (Gautesen 1971), also
given in Bhattacharya (1975) study.

v.  The Imai approximation (Imai, 1951) is applied to the drag Oseenlet in the Oseen
integral representation and shown to be the same as Burgers’ solution (Burgers, 1930),
and also Kusukawa’s solution (Kusukawa et al., 2014).

vi. The potential solution is derived by a thin-body theory applied to the Oseen integral
representation.

vii. The behaviour of Stokes flow near field on the boundary layer is considered and on
Oseen-Stokes matched boundary layer formulation is introduced.

viii. Numerical studies are carried out using boundary layer assumptions, Oseen’s and
Blasius’ approximation of Navier-Stokes equation for various Reynolds number by the
Finite Difference Method, then results are compared.

ix. The solutions are illustrated and plotted and these results discussed.

1.3 Thesis Outline

The remainder of this thesis is arranged as follows; Chapter 2 presents the literature review,
which contain two sections Oseen and Blasius over the flat plate. Chapter 3 reviews the
derivations of important equations related to our work such as the continuity equation,

Navier—Stokes, Oseen, boundary layer then Blasius and finally the Oseen-Blasius equation.

Chapter 4 describes the general solution of the integral equation via the Wiener-Hopf
technique containing some complex integral theorems, Fourier Transform and an application
of this method. In Chapter 5 the integral representation of Oseen flow over the semi-Infinite
flat plate is shown. The theory currently presented in literature is shored up by including

more details of analysis and proofs.

In Chapter 6, the Finite Difference Method (FDM) is used to obtain numerical solutions for
the problem of the two-dimensional steady flow over a flat plate for different approximations

and various Reynolds numbers. We start with Boundary Layer equations, then Oseen
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Boundary Layer equations, next the partial differential equation form of Blasius equation,
and finally the Oseen-Blasius equation. Different grid sizes and Reynolds numbers are

considered.

Chapter 7 focuses on the relationship between the Oseen and Blasius approximation in the
boundary layer. First, the general form of the Oseen solution is presented. Then, for the
solution of potential flow, a Thin Body Theory is presented and applied which is checked
by the Laplacian Green function first. In addition, Imai’s approximation for the drag
Oseenlet velocity is given. Moreover, the Oseen-Blasius equation is derived from the Oseen
integral representation, and then an analytic solution for this equation is obtained in two
ways by both ordinary and partial differential equation form. Lastly, the solution of the

Stokes Boundary Layer is obtained.

In Chapter 8 several comparisons have been performed. First, the comparison of the
Numerical solutions for all the approximations of Navier-Stokes equations on flow over the
flat plate; Boundary Layer equation, Oseen Boundary Layer, Blasius equation and Oseen-
Blasius equation. Then, the analytical solution is compared with the Numerical solution of
Oseen-Blasius. Next, the solution of Finite Difference Methods (FDM) of the partial
differential equation form of Blasius equation is compared with the classical solution, and
lastly, comparisons of the analytical solution of the Oseen—Blasius solution with Blasius

solution is shown.

In Chapter 9, the matching is discussed of Oseen-Stokes Boundary Layer equations. First, it
presents the Stokes Boundary Layer near field. Then, the matching with the far Boundary
Layer solution to get the Oseen—Blasius solution is considered. Finally, Chapter 10 presents

the Conclusion and Future Work.




Chapter 2 Literature Review

2.1 Oseen approximation for the flow past a semi-infinite flat plate

This section investigates and discusses several studies on the Oseen approximation of flow
past a semi-infinite flat plate. Before proceeding to examine these studies, it will be
necessary to start by formulating the problem. Thus the Oseen approximation of the Navier-
Stokes equation of the steady two-dimensional flow of a viscous incompressible fluid of

uniform velocity U in the x direction (Oseen, 1927, p.30-38) is analysed

ou 1dp 0%u  0%u\
Ua = - > ox +v<ﬁ+6_yz>
(2.1.1)
ov 10p 0%v  0%v
Ua = —;@ +V<W+a—yz> J
du OJv
54‘@ = 0. (2.1.2)

We consider the problem of flow past a semi-infinite flat plate in the half plane
y=0 0<x <o

where u = u(x,y) and v = v(x,y) denote the x-and y-components of the velocity

respectively, p = p(x,y) is the pressure, U a uniform stream velocity in the x direction, v

is kinematic viscosity. To satisfy the no-slip boundary condition on the flat plate we require

that

u(x,0) = v(x,0) =0, x>0, (2.1.3)
and the flow approaches uniform flow far from the flat plate,

u(x,y—>oo) - U, }

D(xy - 00) =0, (2.1.4)
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There are vector integral equations equivalent to the equations (2.1.1) and (2.1.2) which
satisfy the condition (2.1.3), (Olmstead 1965, p. 242, eq. 3.6), given by

o

u(x,y) =U +f ul (x,v; 5,0)0(s)ds,
0

N

> (2.1.5)

o

v(x,y) = f vP(x,y; 5,0)0(s)ds
o J

where

N N

X—S X—S
—2mu® (x, y; s,0)={ — —kek(’“"s)< " Kl(krs)‘l'KO(krs))}:

—ZﬂvD(x, Y S, 0) = {Z - kek(x_S) ZKI (k 7?5‘) }
rs rs

(Olmstead 1965, p. 242, eq. 3.7).

where r, = \/(x —s)2 + y2, k = U/2vand K,, K, are modified Bessel functions of the
second kind and u?, v? correspond to drag force, o(s) is the strength of the drag at (s, 0).
The function o (s) must be determined from the boundary conditions. Once this quantity is
known, then the solution to (2.1.1) is given in integral representation by (2.1.5). When
imposing the boundary conditions (Olmstead 1968) (2.1.4) into (2.1.5) the vector integral

equation can then be resolved into independent scalar equations as the following

oo

u(x,0) = f uP(x,0) o(s)ds, x> 0. (2.1.6)
0
Here
1 X
—2muP (x,0) = {— — (— K (k x) + Ky (k x)) kek(x)}.
X [x|

There are several studies (Lewis and Carrier 1949, Olmstead and Byrne 1966, Gautesen
1971, Gautesen 1972, Bhattacharya 1975, Olmstead and Gautesen 1976) carried out to
determine the solution to equations (2.1.1) and (2.1.2) with boundary conditions (2.1.3) and
(2.1.4) by using the Olmstead vector integral equations (2.1.5) and from these studies the
problem has been reduced to the solution of an integral representation for velocity and

pressure.
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The study Bhattacharya (1975) considered the equation

ou 10p %u  0%u\ 1 \
Uaz —;a +V<W+a—yz)+51“6(x,y;—b,0) L
(2.1.7)
Ua_”:_l"’_?’W(@Jr@) J
d0x pdy d0x? = dy?

with equation (2.1.2) and boundary conditions (2.1.3) and (2.1.4), where &(x, y) is the Dirac
delta function and the region D is the external to the semi-infinite plate: y=0, 0 < x < oo,
and I is horizontal force strength in (x, y) plane along the positive x-axis, b > 0. Following
from the analysis of (Olmstead 1965) the problem was considered by Bhattacharya (1975)
when I' = 0, so equation (2.1.7) became equation (2.1.1). The reason for using the Olmstead

vector integral equations (2.1.5) is to obtain the following integral equation
2nU = kf Qlk(x —s)] 0(s)ds,0 < x < (2.1.8)
0

(Bhattacharya 1975, p. 18, eq. 8), here

1
Q(kx) = ﬂu[’ (kx,0).

Similarly, Gautesen studied symmetric Oseen flow past a semi-infinite plate and two force
singularities at (s,t)and (s,—t) in the (x,y) plane, which are defined I; is the source
strength of the horizontal forces singularity, and I, is the source strengths of the vertical

force singularities for the particular case such that

ou 10p <62u 0%u \

1
ax = pox +v ﬁ+a—yz)+5ﬂ{6(x—s,y—t)+6(x—s,y+t)}

L(Z.l.g)
ov 10p 0%v 0%v\ 1
a——;@ +v<ﬁ+a—}]2>+gl}{5(x—s,y—t)+6(x—s,y+t)}J

(Gautesen 1971, p.144, eq.l)

In a similar way as Bhattacharya, Gautesen mentioned that when I; = I, = 0, the equations
(2.1.9), (2.1.2) and (2.1.3) satisfy the Olmstead vector integral equations (2.1.5) (Gautesen

1971); However Gautesen used the following boundary condition
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u->U,v>0 as x%+y% - oo, (2.1.10)

instead of the condition (2.1.4), which is inaccurate because u — 0 for x2 > o,y - 0.T0

make this valid consider angle 8 a constant and & = tan™! (%) withr = {/x2 + y2, then

u-U,v>0 as r?> 0,0 #0.

Integral representations (2.1.5) for velocity are equivalent to the integral equation (2.1.6).
The integral equation that (Gautesen 1971) obtains is similar to the integral equation (2.1.8)
of Bhattacharya (1975) where the unknown function ¢ is the drag distribution along the

plate, and both of them are represented by the integral equation

glx) = fooh(x —s)a(s)ds ,x >0, (2.1.11)
0

here
h(x) = uP(x,0), g(x) = 2nU.

According to Noble (1958) and Polyanin and Manzhirov (2012) the integral equation
(2.1.11) is a Wiener—Hopf equation of the first kind, where g and h are known functions and

o is an unknown function.

(Gautesen 1971) derived the inverse of these integral equations and obtained the general
solution (2.1.6) by using the technique developed in (Noble 1958) in chapter VI in the

manner similar to (Olmstead 1966) and determined the function o as

N[ =

o(x) = U(i) . (2.1.12)

kx

Also the solution in study of Bhattacharya (1975) is the same solution (2.1.12).

[The chapter four display the general solution of equation (2.1.11) at any kernel and next in
the Chapter Five we derive the solution and compare between equations (2.1.6) and (2.1.8)
with more details and derive in particular kernel which is drag Oseenlet; the drag distribution

acts on the plate; to obtain the solution (2.1.12)].
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Furthermore, (Olmstead 1968) considered several viscous flow problems and derived the
solutions of classical result of problem (2.1.1) - ( 2.1.3) for flow past a finite flat plate in the

half plane

y=0 0<=x<B B>0.

As above, Olmstead used the Olmstead vector integral equation (2.1.5) to express the
velocity to the problem (2.1.1) in a finite interval, with the following boundary condition

u(x,0) = v(x,0) =0, 0 < x<p.

He discussed this problem to achieve several viscous flows, one of them is uniform flow

when S tends oo and the solution was obtained as

1 V2a [© et
+r
0

o*(x,a) = =t S—_dt, x>0, (2.1.13)

The special case of (2.1.13) when a = 0, and he mentioned that this special case is the

problem of flow past a semi-infinite half-plane. The solution can be determined from this as

1 vk
o*(x) = N =57 o(x), x> 0. (2.1.14)

In addition, the study by Olmstead and Gautesen (1976) investigated useful general
properties and supplied some insights and method for integral representations which satisfy
Oseen equations. It concluded the integral equation on a semi-infinite interval as the integral
equation (2.1.6) and in symmetric Oseen flow past a semi-infinite plate the integral equation
(2.1.6) becomes

1 (o]
—j h(x —s)o(s)ds=1,x >0, (2.1.15)
4m J,

where the uniform flow velocity is u(x,y - o) = 2m and the force function o(x) was

determined as

1
2

o(xy) = (:_x) ,x > 0. (2.1.16)
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The differences between the solutions (2.1.16) and (2.1.14) are due to the uniform flow
velocity, the length and the pressure being normalized by U, L , pUv/L respectively in
equation (2.1.1) in (Olmstead and Gautesen 1976) whereas the length and the pressure have

been normalized by pU?/2,2v/U respectively in equation (2.1.1) in (Olmstead 1968) .

Finally, the study of Burgers (1930), developed an approximate velocity solution by
applying Oseen theory to the boundary layer problems to obtain a vorticity solution. Our
attention will be given on the part, which explains the first approximation of velocity

solution. The study starts with the integral equation

1 Ue )

u(x,y)+U = anUf{—— — (logr + e)}f(s)ds |
1 $ (2.1.17)

V() = 3o (- togr + &)} r(s)as, )'

where 0 <x <, r=/(x—s)2+y2, and & = ke¥*=9)K,(k r) . For determinate the
strength function £ (s), the boundary condition (u = —U, v = 0 at the line) has been applied,

in addition, the function between brackets has approximated by

{UE (l + )} U 2.1.18
» ogr +¢& Y —s)’ (2.1.18)
to get Abel’s integral equation which was solved to obtain
f(x) 2pVVl? (2.1.19)
xX) =— . 1.
Vrx

_uy?
e -9, x> gs. Thenthe

Furthermore, the function & has approximated as - (Z_S)

solution is given by

u(x,y)+U=-U [1 — erf(%\/%)], (2.1.20)
_ WUy (U
v(x,y) = \/_|y|< e 4vx |, (2.1.21)

(Burgers 1930, p.610, eq. 17-18), where erf(2 a:

> m) is the Error function.
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To summarize, the problem of flow over a flat plate via Oseen approximation has been

presented by two lines of study:

First, the solution in an integral equation form by Wiener-Hopf technique where the
equations (2.1.1) — (2.1.2) are equivalent to the vector integral equation the found in
Olmstead (1965) and then resolved into scalar integral equations by satisfying the boundary
condition (2.1.3) to obtain an integral equation of the Wiener-Hopf type in which the
unknown function is the strength drag Oseenlet. The method developed in Noble (1958) is
followed and proceeds in a manner similar to that of Olmstead (1966), where Gautesen

(1971) derived the inverse of this integral equation.

Second, the study of Burgers (1930) obtained an approximate solution of problem, where
the drag Oseenlet has been simplified to give the Abel’s integral equation, which was solved
to obtain the strength or force function then the solution was derived and given by the Error

function.

2.2 Blasius approximation for the flow past a semi-infinite flat plate

The purpose of this section is to review the literature on the solution of the well-known
Blasius equation for the steady two-dimensional viscous laminar flow over a semi-infinite
flat plate, which can be expressed as 2f"'(n) + f(n)f"' (n) = 0 for a function f where a
prime denotes differentiation with respect to the similarity variable n defined as n =
x, (U /v x,)? with boundary conditions f(0) =0,f'(0) =0,f'(n = o) = 1 (Blasius
1908). Over the past century a considerable amount of literature has been published on this
problem, and has been carried out by using numerical and analytical methods.

Various studies have been performed by many authors via numerical methods to obtain
approximate solutions to the steady Blasius flow of viscous incompressible fluid, the study
of Howarth is a pioneering work for the flat-plate flow, and solved the Blasius equation more
accurately by numerical methods giving the value f”(0) = 0.33206 (Howarth 1938). In
the same manner, Cortell presented a numerical study of the non-linear differential equation
af'"Mm)+f(m)f"(n) =0where 1 < a <2 with the same boundary conditions (Cortell

2005). It is clear that the case when a = 2 the problem returns to Blasius. Several numerical

10
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solutions were obtained using Runge-Kutta and the values of f, f'and f" were computed
when a = 2, agreeing with the numerical results of Howarth. However, the results are
obtained in region(0 <n < 10). Furthermore, the study by Xie deals with the same
problem numerically by converting the Blasius equation to a pair of initial value problems,
and then solving the initial value problem by Runge-Kutta method with Chebyshev
interpolating point (Ming-Liang, XIONG et al. 2006), and it obtained good agreement with
Howarth results.

In addition, the study by Lien-Tsai and Cha'o-Kuang used the Differential Transformation
method to solve the equation of Blasius equations numerically (Lien-Tsai and Cha'o-Kuang
1998). Also, the solution was compared with the Howarth solution; both results were in

agreement with each other.

On the other hand, there are several studies to obtain an analytic solution to the Blasius
equation with boundary conditions by using new kinds of analytic techniques for non-linear
differential equation such as (Liao 1997, He 1998, Liao 1998, Liao 1999, He 2004,
Kusukawa, Suwa et al. 2014), and we will illustrate the solutions from two different methods
of these studies. The study of Liao presented the analytic solution for the above mentioned
problem by using analytic technique in the whole region 0 < n < oo, this technique namely
the Homotopy Analysis Method (HAM) (Liao 1997).

Table 2.1: n,f, f', f" of Blasius solution (Shaughnessy, Katz et al. 2005)

n f f' f!

0 0 0 0.3320
05 0.0415 0.1659 0.3309
1 0.1656 0.3298 0.3230
1.5 0.3701 0.4868 0.3026
2 0.6500 0.6298 0.2668
2.5 0.9963 0.7513 0.2174
3 1.3968 0.8460 0.1614
3.5 1.8377 0.9130 0.1078
4 2.3057 0.9555 0.0642
4.5 2.7901 0.9795 0.0340
5 3.2833 0.9915 0.0159
55 3.7806 0.9969 0.0066
6 4.2796 0.9990 0.0024
6.5 4.7793 0.9997 0.0008
7 5.2792 0.9999 0.0002
7.5 5.7792 1.0000 0.0001
8 6.2792 1.0000 0.0000

11
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Figure 2.1 The Blasius Profile

This method is Runge-Kutta at Reynolds Number Re = 10°, x = 1 and the

ReU y 17 _
==, and f7(0) = 0.3320

obtained by Shooting-method (Puttkammer 2013, Sanders 2014)

Free stream Velocity U=1 with n(x,y) =

(a) Velocity u = f'(n) with n-axis.

(b) Velocity v = Y2 (nf"(n) — £ (1)) with 7 -axis.
(c) Boundary Layer Thickness 6, evaluated by u = 0.99U, §(x) = 3%.

(d) The comparison of £, f’, f'" with n-axis.
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The study conducted by Kusukawa (Kusukawa, Suwa et al. 2014), proves that there is an
analytical technique, namely an iteration method to solve the problem of the boundary layer
flow over a flat plate which initially assumes the Oseen approximation as well as the Blasius
approximation, and then iterates to find the full Blasius solution. This study deals with the

Blasius equation

U—+v—=v 6x2+6_yz

ou ou 0°u  0d%u
0x dy

with  boundary conditions u(x,0) = v(x,0) =0, u(x,y » o) =U. The iteration
method used in this study assumes the velocity components u; may be expanded into the &-

power series

u=U+eu; +c%u, + &3uz + -
and

v =&V + 20, + 3v5 + -

where the parameter ¢ is the ratio of the boundary layer thickness. Next, substitute the &-
power series with boundary conditions into Blasius equations and rearrange the terms of the

same order in &, the following equations are obtained

ou, 0%u; 0 297
ax ayz (22.7)
and
ou 0%u = ou 0%u
n n n—-k n—k
" _ = — — >2 2.2.8
v ax dy? ;(uk ox Yk dy? > Jorn 2 ( )
au"+av”—0 >1 2.2.9
I 3y =0, forn =1, (2.2.
with boundary conditions
U )
ul(x,0)=—;, v;(x,0) =0, |
& (2.2.10)
u,(x,0) =v,(x,0) =0, forn =2
Up(x,y = ) =0, forn=1. J

13
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The first approximation (2.2.7) has been called a modified Oseen’s equation. By using the

Laplace transform, the first approximation analytical solution of equation (2.2.7) are

obtained as
U
u(m =— lerf(n/2) — 1], (2.2.11)
1VWU -n*
vi(n) = < Ne=s [1—e 2 l (2.2.12)
(Kusukawa, Suwa et al. 2014, p. 37, eq. 3.4 & eq. 3.6) where
(o) =22 2L
nx,y A

Next, the second approximation is obtained by utilizing the continuity equation (2.2.9) for
n = 2 and defining a stream function y as u, = dy/dy andv, = —dyp/dx , and by

introducing the following stream function f£,(n ) which depends on n only such that

u, () =Uf'(n),

() =220 £, (1) - () 1

In general, the approximation of each order can be defined as,

we () = Ufi' (). (2.2.13)
The boundary conditions are

f0)=F£'(0)=0f'(n>0)=0, k=1.2,.. (2.2.14)

On the other hand, the velocity component u, of the original Blasius equations can be
expressed as u; = Uf'(n ), where f (n ) is a stream function of the Blasius flow. From the

g-power series we have

f=n+efi+te’fa+efs+-

Consequently, the derivation of u,;, with respect to x and y where k = 1,2, ..., are substituted
for each k individually into (2.2.8) applying the boundary conditions (2.2.14) to obtain
approximation functions f;'f,’, f5',..., and applying them into (2.2.13) to calculate u,, for

each k. Finally, substitute u,, u,, us, ..., into the e-power series to obtain the x-component of

14
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the velocity. By increasing the order of the approximation, the solution gradually tends to

the result of Howarth.

However, by comparing the equation (2.2.7) with Oseen equation and Blasius equation,
we observe that the equation (2.2.7) is the Navier-Stokes equation with both of Oseen’s and
Blasius approximation, so this equation may be called Oseen-Blasius equation, in Chapter 3
in section (3.4) we give the derivation. Therefore, the first approximation (2.2.11) and

(2.2.12) are analytical solutions of Oseen-Blasius equation past a flat plate.

u/U

alE
sl

Figure 2.2 Kusukawa (2014) Result

Moreover, for potential solution, the boundary layer profile for outer flow has been
considered by many authors via different methods to obtain potential solutions to the steady
flow past a semi-infinite flat plate of viscous incompressible fluid, the study of Kou (1953)
dealt with this problem and introduces the solution. Moreover, we will be focussing on the
solution mentioned by Sobey (2000), where the potential velocity is defined by u = V@; In
2-D the velocity potential ¢ and the stream—function ¥ combines in a complex potential

® = ¢ + iy to acquire the potential solution given by

15
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W2 1
b=z—-if—2z2,
Re
dd 1
—=1-1i b z 2,
dz V2Re
. . dd . V2
for a complex coordinate z = x + iy, — =u—ivcan be used, where § = = and the free

stream velocity U = 1.

2.3 Summary

To summarize what is discussed in this chapter, the problem of the flow over a semi-infinite
flat plate is considered under specific boundary conditions when the flow is steady, viscous
and incompressible. We consider the problem in the half planey = 0, 0 < x < oo and
flow has uniform stream velocity. This has been investigated via Oseen approximation and
Blasius approximation of Navier-Stokes equations and there are several studies dealing with
the Oseen approximation of this problem, the exact solution obtained by using a Wiener-
Hopf technique.

Also, there are various studies that deal with Blasius approximation over a semi-infinite flat

plate, some of them by analytical methods but most are numerical.

16



Chapter 3 Equations of Motion

In this chapter, we will derive some important equations of Motion, which are related to our
work. We will start with Oseen equation followed by boundary layer equations, Blasius and

Oseen-Blasius equations.
3.1 Oseen Equation

In this section we will derive Oseen equation from the Navier-Stokes equation by applying
the Oseen approximation. First consider the steady two-dimensional Navier-Stokes

equations for incompressible flow

ou  du op 0%u  0%u
“oxt Vs T Tax +V<ﬁ+a—yz>
(3.1.1)
ov  0v op 0%v  9%v
“x P T Ty +”<W+a_y2> )

where v is kinematic viscosity defined as v = u/p. (Batchelor 1967, Shankar 2007).

According to Lamb (1932) Oseen’s approximation to the fluid flow is that the velocity
perturbation u* is small compared to the uniform stream velocity U,
lu*| <« U, [v*| <« U. (3.1.2)

Let the uniform stream velocity U be parallel to the x-axis. Hence the velocity u, v is

given by

u =U+u’
v = v,

The terms u aa_x + vaa—y can be rewritten in the Navier- Stokes equations (3.1.1) as

17



Chapter 3 Equations of Motion

N a_U(a+u*a+v*a>
( u)ax (”)ay_ dx Uodx Uady

From Oseen approximation % « 1land 'v |« 1, we obtain

U+ L+ @y L=y
YWioaxTW dy  ox

By applying into the Navier-Stokes equations (3.1.1) yields

ou* ap azu* o0%u*
U— = — =],

0x Ox d0x? = 0y?
Uav* _ _0p 0%v* N 0%v*

dy  dy TV e dy? )’

For brevity, u* will be changed to u, the equation

ou op 62u 62

— = - — +v

dx 0x ax2

(3.1.3)

U(')v _Op N 0%v

ox oy  “\oxz ay2 '

is the Oseen equation when the flow is steady viscous, incompressible fluid (Oseen 1927,
Lamb 1932, Batchelor 1967, Shankar 2007).

3.2 Boundary Layer Equations

The boundary layer theory was introduced by Prandtl in 1904 to study the viscous fluid
flow behaviour over a solid boundary (Prandtl 1904). It describes the steady two-
dimensional boundary layer flow past a flat plate, which starts at x = 0 and extends parallel
to the x-axis having a length L. The x-momentum velocity u at flat plate is zero and at
infinity far away from the boundary layer will be constant U. To derive the equations, we
introduce some assumptions related to the boundary layer. The first one is that the boundary
layer thickness & is very small in comparison with the length in the x-direction L, let us

introduce the following dimensionless variables

18
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So
a 0 g 0
ox* ox = oy* oy
which means
izo(é)i
0x L/ oy
therefore
0 0
ﬂ«@

; 62 ; . 6 2 62
This has the consequence that the [W] will be much more dominant than the [(Z) ﬁ],

SO we can assume that

0" =0 3.2.1
92z = 0 (3.2.1)
By introducing the non-dimensional variable u* = u/U,v* = v/U and p* = p/ pU?, the

y-momentum equation of Navier-Stokes equations gives

Lo’ N Lou” (L)2 op* LY <L>2 (6)6217* +62v*
“oxr TV oy T T\6) oy TuL\s) \\L)ax? Tay7)

op”
ay*

From boundary layer assumptions % is very small, this gives is more dominant than

the other terms in the equation above.
Therefore of Navier-Stokes equations reduce within the boundary layer to become:

The x-momentum equation

ou  Ou op 0%u
ua+va = "3 +v<a—yz>. (3.2.2)
The y-momentum equation
—g—f] = 0. (3.2.3)
The boundary conditions
u(x,0)=0, v(x0)=0, u(x,y >o00)="0U. (3.2.4)
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The boundary bayer equation (3.2.2-4) are called Prandtl boundary layer equations.

The Free

Stream

Velocity

U% u=U —= The
Ty T / &  Boundary
— Layer
— > Thickness

Figure 3.1 Velocity Boundary layer development on Flat Plate

3.3 Blasius Equation

The Blasius equation includes the boundary layer assumptions of the steady two-

dimensional boundary layer flow, furthermore that the flow with zero pressure gradient is

(3.3.1)

Under boundary layer theory and assumption (3.3.1), the Navier-Stokes equations (3.1.1) are

assumed
dp
—=0.
0x
simplified to
ou N ou
u 0x v dy

with boundary conditions:

u(x,0) =0,

B 0%u

).

v(x,0) =0, u(x,y »o00)="0U.

(3.3.2)

(3.3.3)

The equation (3.3.2) is called the Blasius equation (Blasius 1908). Now we will derive the

Blasius equation in the scale analyses, let

y~ 0

] u1~

From the continuity equation oy Z—; =0

ax

U.
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we get
6U

vV = .
X

Applying this equation with boundary u(x,y — §) — U into equation (3.3.2) to define

56 ’XV
U

(3.3.4)

Assume that the velocity u may be expressed as a function of the variable %. We have

-0

Let us introduce non-dimensional variable

_Y_ U
=57 %
By (3.3.5), rewrite
u=Ugm.
A stream function y is defined as
o
u= ay an v = ax .
Now
Y = Judy.

(3.3.5)

(3.3.6)

(3.3.7)

Substituting the differentiation of the equation (3.5.5) with respect to x, and equation (3.5.6)

into (3.5.7) we obtain

Y = U\/x%vf g(mdn.

Let us define the non-dimensional function f(n) which is related to the stream

function ¢ (x4, x,) as

fm) =fg(n)dn,

Yy=U \/x%vf(n)-

then
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Therefore, we obtain

u=Uf'(n), (3.3.8)
ou u _,

F _an ™M), (3.3.9)
9 UVU

% =l @ (3.3.10)
0%u v

a7 - el ). (3.3.11)

and
1 |U
v=3 = (of @) - f@)). (33.12)

The governing the equations of (3.3.8), (3.3.9), (3.3.10), (3.3.11) and (3.3.12) can be
substituting into (3.3.2) give

1
fr@m) 45 f@)f ) =0, (3.5.13)
with boundary conditions:

f(0)=0,  f'(0)=0, ffln—=o0)=1. (3.5.14)

In some texts a different n is defined as

_ Y 3.5.15
=7 XV (3:5.15)

In this case the equivalent to the equation (3.5.13) is
f"m)+2f(m)f"(n)=0. (3.5.16)

The equation (3.5.13) or (3.5.16) is the well-known Blasius equation.
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3.4 Oseen-Blasius Equation

In this section, we derive the Oseen-Blasius equation using both Blasius approximations

(3.5.2), and Oseen approximation (3.3.1). The Navier-Stokes equations are simplified to

ou 0%u

a =V a—yz ) (341)

with the same boundary conditions mentioned in (3.5.3). Consider the ordinary differential

form of this equation. Let
y~ & and u~U. (3.4.2)

Thus, substituting (3.4.2) into (3.4.1), we have the equation

gl U
x 57
XV
5= F (343)

Because (3.4.3) is the same as (3.3.4), the derivation follows the same as previous steps of
the derivation of the Blasius equation. Therefore, substituting (3.3.9), and (3.3.11) into
(3.4.1) we have

U U II( ) — UZ III( )
anf n _vaf n).
Therefore

1
@) +onf"n) =0, (3.4.4)

with the boundary conditions that mentioned in (3.3.14). When defined n as in (3.3.15) it

can be rewritten instead as

f"m)+2nf"(m) =0. (3.4.5)

The equation (3.6. 5) will be considered further in chapter 7.

23



Chapter 4 The Wiener-Hopf Technique

The Wiener—Hopf technique is a mathematical method generally utilized in applied
mathematics, it was initially formulated to deal with and solve certain classes of integral
equations. Then, it has been widely used to solve partial differential equations with boundary
conditions. In general, the method works by utilizing complex analytical properties (Noble
1958, Ho 2007).

In this chapter, we shall introduce the Wiener-Hopf method, which is used to solve the
integral equation of Oseen flow over a semi-infinite flat plate. This method is based on
mainly Fourier transform and some complex integrals, and comprehensive description is

given for a complete understanding.
4.1 Gaussian integration

Gaussian integration is the integration of the exponential of a quadratic as
f e dx =T. (4.1.1)

To prove this integral it needs to square it using variables x and y for the two integrals

sequentially calculate the double integral via polar coordinates. Let

o)

I = j e *" dx

— 0
(o8]

<fe-x2dx><f -y dy) Zzexeyclxdy

= f f e~ (*+v%) dxdy. (4.1.2)

—00 —00

(?
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Let
r? =x2% +y?, dxdy = rdrd®,

—0<x<0-0<r<o; —o<y<o->0<60<?2m.

Substituting into (4.1.2)

00 [e%) 2T 0
(N? =f f e~ (*+v") dxdy =J J e "’ rdr do
—oo v —o0 0 0

2w q = 2m 4
T[] o = [ao=r
0 2 r=0 0o 2

From above we obtain

(0]

[ = f e dx = v,
and
r 1 r T
f e dx == f e’ dx=£. (4.1.3)
2 2
0 —00

For a real constant m > 0,

oo

f e ™ dx = \E (4.1.4)

— 00

4.2 Jordan lemma

Let f a complex, continuous function defined on a the semi-circle contour Hg, shown in

Figure (4.1), If the only singularities of F(z) are poles, then

lim | e™* f(z)dz=0 (4.2.1)

R—o0 HR

provided thatm > 0 and |f(z)| - 0asR — oo.If m = 0 then a faster convergence to

zero is required for f(z).
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Hp

Figure 4.1 Integral Contour

Proof: Let z = Re® = R(cosf + i sinf) , and dz = iRe'?d®.

Now
lim f eime(Z) dzl = lim ’f eimR(C059+isin9)f(Z) L-Reiedg
R—>o0 H R—>o0 H
R R
< lim |eich059||e—Rmsin6||f(Z)||i”R||ei9|d0_
R—o0 Hg
Since
le®| = \/cos2(8) + sin2(0) = 1, eimReosd| = 1, |i| = [e™/Di| =1,
So we obtain
Lim f e™f(z)dz| < lim f e~Rmsind|£()|Rd6. (4.2.2)
—00 Hg —00 Hg

On right hand side of (4.2.2) hence sin 8 > 0 (in the upper half plane) and m > 0, then

g ~Rmsin® g 7arg at R — oo, SO We obtain

lim | e™ f(z)dz = 0.
R—>o0 HR
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4.3 An application of Jordon lemma and Gaussian integral

From Jordon lemma and Gaussian integral, the following results may be derived:

Theorem 4.3.1

eZ
—dz = 2iVT.
J;, \Vz

where y = (1 — ioo, 1 + ic0).

Proof: Let z = re?, then f(2) = 71; =—e %2 _g<0<m,

iid“{f RISy }T

The integral counter C is shown figure (4.4).

A

» Re(z)

v

Figure 4.2 Integral Contour C

(4.3.1)

(4.3.2)

Since f(z) = —is analytic in the contour C, then apply Cauchy theorem on the left-hand

vz
side of (4.6.2) to obtain

(Brown, Churchill et al. 1996, Kodaira 2007)
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Now let r — oo, — 0, apply Jordan lemma f. —0,[. —0.

We have got fy =— le — sz Therefore

1 ° 1 i | Lim
—e?dz = —f —e'¢ e‘”dr—f —e"® " e dr
-fy Vz o Vre'm® o Vre™'®

“1 in N1/2 JOO 1 —im N—1/2
= —e" (e™ dr — —e'® e™ dr.
J, e Av=CR G

Since

e'™ = cos(m) + i sin(mw) = —1, e™'™ = cos(m) — isin(m) = —1,

and

e™/2 = cos(m/2) + isin(n/2) =i, e ™/2 = cos(n/2) —isin(n/2) = —i.
Then
j L e7d Jml‘r'd+jOO1‘r'd Z'fool-rd
—e?dz=| —e™" idr —eTidr =2i| —e r.
Bl N — . I
Let r=x2—>+r=x ;dr = 2xdx
1 Y G S N .
Zlf —e T dr = 21[ —e X" 2xdx = 41f e X" dx = 2iVr.
o VT o X 0

Then we obtain

J %ezdz=2i\/ﬁ. (4.3.3)
y vz

In the same way we can obtain

1+ico 1
—e?dz = 2V/m. (4.3.4)
-fl—ioo \/E
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Theorem 4.3.2
* e—imz 27iR e—imz 0
dz = { “TWRESz=-z20\ 7o - ) m >0, (4.3.5)
(z+ zy) 0
oo 0, m <0,

where z is a complex variable , m is a real number.
Proof:

(i) When m > 0, the function f(z) = e~™%/(z + z,) has pole at z = —z,, we could look
at a closed contour C , Figure (4.3), in the lower half plane, the integral runs along the real
x-axis from r to —r and then along the semicircle z = re®® from 6 = mto # = 0. There is

a singularity at z = —z, inside the contour C.

Figure 4.3 Integral Contour C
The integral (4.3.5) as can expressed as

e—imz ° —imz —imz
dz = ——dz +
c (z2+2) (z+ z,) c, (z + zp)

— 00

dz. (4.3.6)

By Jordan lemma, the second integral of right hand side of (4.3.6) is zero so it reduces to

. o .
—imz —imz
e e

——dz = —dz.
. (z+2z) (z + zp)

— 00

By the residue theorem (Brown, Churchill et al. 1996, p.235) we obtain
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pat e—imz e_imz
dz = 2miRes,—_, {———.
.f (z + zy) Z = amLReSz=—zo {(z + ZO)}

(i) If m < 0, in this case the integral runs from r to —r and then around a semicircle in the
upper half plane and the function f(z) has no poles in this closed curve so the integral is
automatically zero.

In the same manner

M= 2miRes,__ Eii , m >0,
(Z 2 )dZ = Z="Zo (Z — ZO) (437)
—Z

—o0 O, m < 0.

4.4 The Fourier Transform

The Wiener-Hopf technique is based mainly on Fourier transform in complex plane, and
there are several equivalent forms of Fourier integral, but all previous literature which has

dealt with this technique, it used the following formula of Fourier transform

F(a) = \/%_nf_o:of (x)e™** dx (4.4.1)
f(x) = \/T_T[ i::OF(a)e‘ix“ da (4.4.2)

where a is a complex variable, the next two theorems prove it could obtain the equation

(4.4.1) from equation (4.4.2) and vice versa with some conditions.

Theorem 4.4.1 (Noble 1958)

Let f(x) be a function of real variable x such that | f (x)| < Ae™as x = o and |f(x)| <

Be(™Xqs x » —cowhere @ = o + it, with7_ < T,!

Suppose that 7_ < 7, < 7. Then if we define Fourier transform as given by (4.4.1) for
F(a) is analytic function of a, regular in 7_ < t < 7, we can define the function f(x) as

givenby (44.2)foranyt_ <t < 1,4.
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Proof: Suppose that g(x) = f(x) e™™*, substitute (4.4.1) in the right-hand side of (4.4.2),

which becomes

1 iT+o0 1 o) .y
= —f —f x)el®* dx’)e‘ix“ da.

Substituting « = o + it , the integral becomes

1 iT+oo—itT

[ =—
2T

e—ix(o+i‘r) foof(x/)ei(aﬂr)x’ dx' do.

iT—00—IT
From Fourier transform, we can say
1 @ .
G(o =—f x') e'* dx'
@ =7=] 96"
where g(x') = f(x') e"™' is given. We obtain

X [0
e

[ =—
2t )_,

e"i’“’{\/ 21 G(a)} do.
Again, according to Fourier integral

()_LJOOG —ixcrd
gx—\/ﬁ_Oo (0)e 0.

Therefore

I'=e™g(x)=e™f(x) e™ = f(x).
(Noble 1958 eq. 1.39) , the proof is completed.
Theorem 4.4.2 (Noble 1958)

Suppose that F(a),a = o + it, is regular int_ < t < ., be a function of real variable x
such that |F(a)| - Ouniformly as|o| > o inT_+e<71,<7,—¢, Whereeis an

arbitrary positive number. If we defined a function as given by (4.4.2) for a given t,

T_<t<T,4

and for any given x then we can define F(a) as given by (4.4.1).
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Proof: Choose c,d suchthat7_ < ¢ <t <d < 1, , and substitute (4.4.2) in the right-
hand side of (4.7.1), which becomes

v—f (v— nn:o“ﬁ)e_ixﬁ a# ) dx

By divided the interval the integral becomes

1 0 ) id+oo ] o ic+oo ] ]
I = —U e”“"f F(B)e B dp dx + j e”‘“J F(B)e *Bdp e™** dx}.
—oo 0 ic—oo

2 id—oo

Interchanging the orders to give

I =%{ f ide(ﬁ) f_:e““—ﬂ)x dx dp + f lC+OOF(ﬁ) f e~tB-0x gy d,[i’}

id—oo
Since
J_(;ei(a—ﬁ)x dx = 1_ .
and
J:oe—i(ﬁ—a)x dx = i(ﬁ%cx)'
then
1 [l p(g) 1 ic+oo ()

[ =——

dp + dp.

27Ti iC—OO ﬁ - a

Add and remove Zim,fcd%dﬁ and take the limit as r — oo to obtain

1=lim{——jin(ﬁ)dﬁ+271ﬁjic+rF(ﬁ) dﬁ+f F(ﬁ)dﬁ jF(ﬁ) }

drﬁ_a ic—rﬁ_a

Then we have

1 (1 [T ER) FB) (4T RR) FB)
’=ﬁ55’5’o{ﬁjl-c_rﬁ—a b f el W =T f dﬁ}'
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The integral contour C is shown in Figure (4.6). Apply the residue theorem to contour C to

give

1 F(B)
I=lim—| ——dp =F(a).
rggzn'i C —a 'B (a)
—r+id r+id
A :Z Y
—T+ic C —r+ic

Figure 4.4 Integral Contour C

4.5 Fourier Transform of the modified Bessel function of the second
kind

In this section, we determine the Fourier transform of modified Bessel function second

kind, which is needed in this chapter and in the next one.

_ . 1[ Vm
Theorem 4.5.1 The Fourier transform of K, (|x[) is — [—m]

Proof: From the Fourier integral formula

F(a) = Ky (IxDe™* dx.

1 J°°
V2mJ
By splitting the Integral into two intervals, obtain

0 0o
F(a) =\/%<f_ Ky (—x)e*@ dx+f K, (x)e™« dx),

Swap the limits of the first integral with assuming x = —x to get
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o

F(a) = L(fool’(o (x)e ™% dx +f
0

K, (x)e™* dx
m 0 0() )

For simplifying we suppose

1 *® )
L(a) = \/T_nf K, (x)e™@® dx,
0

L(a) =L OOK (x)e @ dx

2 m 0 0 .
Since

Iz(“) = 11(_a)-

Therefore

F(a) =L(a) + L(a) =(a) + ,(—a). (4.5.1)

From Abramowitz and Stegun (1964, p.376, eq. 9.6.24)

K@ = |

0

oo

1 o9}
g—Zcosht g4 — Ef e~ Zcosht Js (4.5.2)

We now evaluate the integral I;, substitute (4.5.2) and interchange the order of integral to
get

L(a) = ! j ) j T e-tcosht-iax  gyar
2V27T -0 Y0

Integrate the inner yield
-1 (= 1
_ dt.
242w J_o i — cosht

I (a) =

t—(2mi+t)
—2mi

(@) = 1 JOO t ” JOO t+2m
1 _(4m/2n)i _ola—cosht _ola—cosht )

Let s = t + 2mi, substitute into the second one,

Multiply the integral by and split it into two parts,

1 o t 00+ 27Tl S
I = dt — ds |.
(@) (4nV2m)i <f_oo ia — cosht f—oo+27'[i ia — cosh(s — 2mi) S)

Since cosh(s — 2mi) = cosh s therefore
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1 o t 00+ 27Tl S
I = t— —_— )
(@) (4nV2m)i <f_oo i — cosht d f_oo+2m- i — coshs ds)

it

2 . .
Add and remove fo ”l, idt, we can write

a—coshit

1(@) = ——— i fr ‘ dt+f2n T
e  (4nv2m)i Mroe| ) Ga — cosht , ia—coshit

—r+27mi s 0 it .
+ P p— ds+ | ——— i dr ).
reomi 1@ —coshs oz i@ — coshit

By Cauchy Integral theorem yields

1 z
L(a) = ———Ilim f —dzy, 4.5.3
(@) (4mv2m)i 7 {C ia — cosh z } (4.53)

where the contour C is the closed rectangle shown from —r to r along the real axis then
going up to r + 2mi reaching —r + 2mi lastly returning down to — r. For integral path see

Figure (4.7) .To look for the poles inside C, when ia + coshz = 0, for z = o + ir,
cosh z = cosh(o + it) = cosh(o) cosh(it) + sinh(o) sinh(it)

= cosh(o) cos(t) + i sinh(o) sin(7).
Substituting into ia — coshz = 0 to obtain

costcosho + isintsinho = ia.
That leads to

costcosho =0

if cosho = 0theno = (nn + g)i,n € Z, but 0 = Re(z), so cosh(o) # 0 therefore
cost = 0then 7 = 2,37” , giving two poles.
Whent = g, i sin (g) sinh(o) = ia, o = sinh™1(a), so z = sinh™!(a) + ig.

When t = 3?”, i sin (3?”) sinh(o) = ia, 0 = —sinh™1(«), s0 z = —sinh™(a) + i%n.
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_ i Im(z
r+2m @ r+ 2mi

L 3m
—sinh™(a) + = °

T
sinh™(a) + i 7

Re(2)

\ 4

Figure 4.5 Integral Path

Therefore
2mi _z
Ii(a) = 47_[— P i Reszzsinh‘l a+i§ {m} + Resz:—sinh‘1 a+i37” {i(x — cosh Z}]

Since Res,—, {f(2)} = ZIQZ(Z — z,) f(2), then we have

z? — zsinh™(a) — i%z

lim R .TT -
2\21 zosinh™H(@)+i3 iad — coshz

Li(a) =

z? + zsinh™(a) — i37nz
+ lim

zo-sinh ™ (@) +i5) ia — coshz

The both of the limits is 0/0, therefore the L'Hopital Rule will be applied

. 2z —sinh™(a) — i%
Il(a) = Zm llmz—»sinh*(a)ﬂ% —sinhz
2z + sinh™(a) — i37n
+ lim _ (4.5.4)

z-— sinh‘l(a)+i37n —sinhz

To calculate sinh (sinh‘l(a) + zg) We use:

sinh(a + ib) = sinh(a) cos(b) + i sin(b) cosh(a)
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SO sinh (sinh_l(a) + lg) = icosh(sinh~! ), also we use
cosh? z —sinh?z =1 - coshz = +/sinh? z + 1.

Then

cosh(sinh™! &) = /(sinh[sinh~1(@)])2 + 1 = Va? + 1.

We obtain

—sinh (— sinh™(a) + lg) = —ifJaZ + 1.
Similarly
— sinh (— sinh™(a) + 137”) =ivaZ+1,
and
2 (sinh‘l(a) + lg) —sinh™1(a) — ig = sinh™(a) + ig.

Also

2 (— sinh™(a) + 137”) + sinh~1(a) — 37711' = —sinh™(a) + 37711'.

Substitute (4.5.5), (4.5.6), (4.5.7) and (4.5.8) into (4.5.4) to obtain

3w

sinh™(a) + i% —sinh™(a) + i 5~ 5

+
2v2nl —ivaz+1 iva?z +1

Ii(a) =

Then we obtain
2sinh™(a) + mi

2\/_[\/1

Li(a) =

Since I,(a) = I, (—a), therefore

L(a) = 2sinh~(a) + m’l.

2@[ ivaz + 1

Applying (4.5.9) and (4.5.10) into (4.5.1)
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2mi

o~ sl
e oImlivart1l VZlvaez il

(4.8.11)

By the same method we can find Fourier transform of K, (1|x|), where Re (1) > 0, by

assuming Ax =t and a = AfS. The equation (4.8.1) becomes

F(a) =F(Ap) =

K, (t)e'th dt+f

0

OOKO (x)e~Uh dt). (4.8.12)

(«/zl_n)z <fo

By the same technique the equation (4.8.11) becomes

F(AB) = %l \%} (4.8.13)
Return to original symbols
o sl -l
a1 ValVa 2
We have
F(a) = 717 l\/%l . (4.5.14)

This is the same result of Noble and Peters (1961), which it gives without proof. There is

another technique to find the Fourier transform of K, (1|x|) by the following. For

F(a) = Ko (Alx])e™™ dx,

1 Joo
V2T ) -0
since lim(e'@*~¢lxl) = el@x then

e-0

1 *© )
— : lax—g|x|
F(a) mél_r)rg f_ooKO (Alx)e dx.

Split the integral into two parts

o)

1 @ .
F(a) = ——=Iim <f Ky (Ax)e*(E+aO) gy 4 f
-0 0 0

K, (Ax)e *(e-ia) dx).
m 0 ( )

From(Abramowitz and Stegun 1964, eq. 9.6.4 & eq. 9.6.5)
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K, (x) = gi[jo(i/lx) 1Y, (i),

Substituting in the integral to get

1 *® ] o '
F(a) = E—lim if ]O(illx)e—x(sﬂa) dx _J Yo(i/lx)e_x(e"'la) dx
2 \ 21 -0 0 0

(0]

+i f Jo(idx)e *(Ei@) gy — f Y, (idx)e *(E—ia) dx>.
0 0

According to Erdélyi (1954, p. 181, eq.1 & p.44, eq. 44)

inh~(p/A
YO(Ax) e_xp dx — _ESIH—(I?/)

Jo(Ax)e™P dx =
-I;) ° 2 pZ + /12

1 [o.0]

which they are the Laplace transform of J,(Ax) , Y,(Ax) respectively. We get

1 [m i m sinh™((e + i) /(id))
Fla) == |=li =
@ =3 I% <\/(s +ia)? + (i1)2 "2 V(e +ia)? + (i1)2

N i N n sinh~1((e — ia)/(il)))
Je—i)?+ (D)2 2 Je—i)?+ (D2 /)

When £ — 0, we obtain

F@) = 1\/@( i N n sinh™(ia/il) N 1
C2N2\ [z + (D)2 2 (@) + (D)2 J(—ia)? + (id)?

LT sinh™1(— ia/il))
2 [(=ia)? + (i0?)

Since sinh™!(—x) = — sinh™1(x) therefore

F(a) = l\/ﬁ( 2i N m sinh™1(a/1) m sinh_l(a//l)>
= 2N 2 \/m 2 _(a2 +AZ) 2 _(az +/12)

=3\ (7 )
"2\ )

F()_L<L>
ENAW g

Then
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Theorem 4.5.2 The Fourier transforms of li—lKl Alx]) is (Ve /V22) (ia/Va? + 22).

Proof: First, we will start with Ii—lKl (|x]), from Fourier transform integral formula

F(a) = K; (Jx|) e'™* dx

1 J“” X
V27T —oolxl

1 @ . *© .
= \/T_n<_.f K (x)e ™' dx + f K; (kx)e'®* dx) =L+, (45.15)
0 0

with
_1 co

I, =—
! \/27’[ 0

K, (x)e™@* dx, I, K; (x)e'®* dx.

From Abramowitz and Stegun (1964, p. 376, eq. 9.6.24)

o)

K,(x) = f

- ht L= —x cosht
cosht e™*oshtdt = > cosht e dt. (4.5.16)
0 —co

Inserting equation (4.5.16) into first part of equation (4.5.15),

L j cosht e COShtdt) e %y,
—

-1 ©
- V2m 0 (2
Interchange the order of integral and integrate the inner to get
-1 “  cosht

I, =
1 242w J_ia + cosht
Multiply by %’L:l) , and split it into two integrals,
L 1 JOO tcosht p °°(t+27ti)coshtdt
Y7 amiv2a \J_ia + cosht _» la+cosht '

Let s = (t + 2mi), substitute into the second one, since cosh(s — 2mi) = cosh(s), then

L= 1 j°° tcosht dt+J‘"°°+2”i scoshs p
Y7 4rmivon \J_ ia + cosht wiogi L+ coshs )
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By Cauchy Integral theorem (Brown, Churchill et al. 1996) we can say

= 1 zcoshz p
' 4miN2r ). ia + coshz z

There are two poles at z = —sinh™1(a) + %i and z = sinh™!(a) + 37”1' inside C.

1 zcoshz
11 = . Z
Ami\2m J; ia —coshz

_ 21 R zcoshz zcoshz }]
- 47_”.@ [ eSz:—sinh_l(a)+%i {m} eSsinh_l(a)+37ni {m '
This gives
B , [z + sinh™(a) — (n/2)i]z coshz
h= 2\/2m i, sinh™(a) +5i ia + coshz
, [z — sinh™(a) — (3m/2)i]z cosh z
+ lim = 3. - .
221 z-sinh™H @)+ ia + coshz

Both of the limits are 0/0, therefore the L'Hépital Rule will be applied, give

(z — zy)zcoshz ] (z — zy) coshz + (z — zy)zsinh z + z cosh z
= lim,.,,, .

lim -
7% | ja 4 coshz

sinh z

Therefore when z - — sinh~1(a) + gi the first limits becomes

(— sinh™(a) + %i ) cosh (— sinh™!(a) + %i )
sinh (— sinh~1(a) + %i ) .

Since

cosh (— sinh™!(a) + %i ) = —ia , sinh (— sinh™!(a) +%i ) =iJaz+1

yield
(— sinh™!(a) + %i ) (—ia) _ (a sinh™(a) — %ia)
ivaz +1 Vaz +1 .

Whereas the second limits when z — sinh™*(a) + 3?"1' gives
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(smh Ha) L )cosh (smh Ha) 437 )

sinh (sinh‘l(a) + 5 i)

Also

3 3
cosh (sinh_l(a) + —i) = —ia, sinh (sinh_l(a) + 71) = —iya?+1,

2
we have

(sinh‘l(a) + 3771 i) cosh (sinh‘l(a) + 3771 i) (a sinh™(a) + = wz)'

3 2
inh (sinh-1 3, aZ +1
sinh (smh (a) + > l)
Then
1 z2dz 1 \asinh™(a) — ﬂzﬂ + asinh™(a) + 371210(
I = - =
' amivam ) ia—coshz  2y2x a? + 1
1 {Za sinh™(a) + m’a}
2V2m a?+1 '
which gives the first part. I, follows similarly as
o i o 3mia
- 1 zcoshzdz 1 —a sinh 1(a)—T—a51nh Ya) + >
2" 4miN2n ), i@ —coshz T 2\2r aZ+1
1 {—Za sinh™Y(a) + imx}
C2V2m a? + 1 ’
which gives the second part. Further,
1 2a sinh (@) + ira — 2a sinh™!(a) + ina Jr\ i«
11 + 12 == ( ) =\|\—= .
2\2m az+1 V2/Vaz +1
Substitute I; + I, into equation (4.5.15),
AN
F(a) = f —K (|x]) e'®* dx = <— . 45.17
V2 ' V2/Vaz +1 ( )
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In the same mothed we can evaluate Fourier transform of ;—l K; (A]x|) by assuming Ax = s

and a = A which the right hand side of the equation (4.8.15) becomes

1
(V2m)a

<— fool(l (s)e s ds + fooKl (s)eiPs ds).
0 0

Following the same technique, the right hand side of the equation (4.5.17) becomes

Vi iB
(V2m)A Bz +1

Lastly, returning to the origin variables,

Voo e/ Nmo i@/ Vr a
V2 fa/nz+1 (V2)A Va2 + 22 (V2)AVa? + k2

So we obtain
1 (® x . VT i
F(a =—J —K; (Ax]) et** dx = ) 4.5.18
@ =T ) e D iva e 0

There is a different way to get the same result of the equation (4.5.17) as following

(o]

0
&{KNXD} = j —li—l e~ Ixlcosh® cosh(t) dx.
0

But from the equation (4.5.17)

o)

Ky (x]) = f e~ 1¥10sh® cosh(t) dx.
0

Therefore

X

0
E{KOUXD} = —mfﬂ (IxD). (4.5.19)

Applying Fourier transform to both sides of (4.5.19)
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0(|x|>} iox gy = DKy (xD e ax. (4520

=G =L

Integration by parts method is performed to the left side hand to get

= {5 atiad] e as
= \/%_n{[_%emq{l (|x|)]x__OO f_o:oiaKO (1x]) et dx}.

From definition of modified Bessel function K; (|x]) > 0asx — o

— Ky |x|)} iax gy — K, (|x|) e@* dx. (45.21)

=G .

From equation (4.8.20) and (4.8.21) we obtain

\/_f —K1 (Jx]) e'** dx—\/_f K, (Jx]) e'** dx.
Finally, from the equation (4.8.11)
ﬁ) ia
—K; (|x]) e dx =|— .
Al e = (B)

The proof is complete.
4.6 Shift theorem

The Fourier transform with respect to x of f(x — y) is F(a)e'®.

Proof: Let F{f (x)} = F(a), F YF(a)} = f(x). Now
FU (= 1)) = J " - yeiesa 4.6.1
fx—»)}= N _oof(x y)e“dx. (4.6.1)

Multiplying the right-hand side of (4.6.1) by (e‘@.e~'® = 1)

Lay

1 (® o .
Fif(x = )} :Ef_ fx —y)el®* elay gmiaydy = f flx —y)el@&=y) gy,
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Substituting u = x — y and du = dx yields

. 1 *© .
F{f(x — = e”"y—f u)e'“™ du.
fx— )3 Nz _Oof (w)
By using of The Fourier transform definition we obtain

F{f(x =)} = e"F(a). (4.6.2)

4.7 Convolution theorem

o

fl(x— Nf) dy =f L(a)F (a)e™"** da. (4.7.1)
o —00

Where F, (a) = \/%—nfooof(y)ei“y dy.

Proof: Applying Fourier transformation of left hand side of (4.7.1) yield

1 (=(r .
— L(x — dv etex dx.
=] Of (x = 9f ) dy
Interchange the order of integration and by shift theorem (4.6.2) obtian
ol ([ v e )
\/E 0 - m 0

By Fourier transform definition, we obtain

oo

1 [ |
oz f f I(x— ) dy | e dx = L(a) F,.(a). (4.7.2)

0

Applying inverse Fourier transform to both sides of (4.7.2), the result follows. (Bracewell,
1978, p. 108; Brigham, 1988, p. 60).
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Chapter 4 The Wiener-Hopf Technique

4.8 The Wiener-Hopf Technique.
In this section we will show the general solution of integral equation by using Wiener-Hopf

technique. This method was developed by Noble (1958) to obtain the general solution to

f I = NFO) dy = g(x); 0 < x < oo (48.1)
0

for 1, g as known functions and f unknown function.

Define

L(a) = L jool(x)ei“x dx \I
‘/2_”1 —e & (4.8.2)
- iax |

Fu@) = 5= fo fei® dx, )

where @ = o + it, F,(a) is regular for t > q; L(a) is regular and non-zeroin —-p <t <p

and —p < q <p,

First we will apply convolution theorem (4.7.1) on the left-hand side of (4.8.1)

[ 1= wroay = @R @e " d@, (4.83)
o —00

We suppose that L can be decomposed in the form
L(a) = Ly(a)L_(a), (4.8.4)

where L, (a)L_(a) are regular and non-zero in T > —p, T < p respectively in upper

(lower) half regions of the complex a-plane.

By using (4.8.3) and (4.8.4), the equation (4.8.1) can be expressed as
f Ly(@)L_()F,(a)e™™* da = g(x); 0 < x < o0, (4.8.5)

Now we replace x by x + s with x > 0,s > 0
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f Ly(@)L_(a)F (a)e &+ dag = g(x +5s),x > 0.

Multiply both sides by n(s)

n(s) f Ly(@)L_()F,(a)e”@**)daq =n(s)g(x +5s),x > 0.

where
1 [ . ‘ ,
n(s) = %f N_(a)e'*da, N_(a) = f n(s)e '*ds. (4.8.6)
0 0

Integrate with respect to s from 0 to oo to achieve

co

f n(s) f Li(a)L_(a)F,(a)e *e~%*dq ds =f n(s)g(x +s)ds ,x > 0.
0 —00 0

oo

Interchange the orders of integration of left-hand side

f f n(s)e ™ ds | L (a)L_(a)F (a)e "*da =f n(s)g(x+s)ds ,x > 0
—00 0 0

Using (4.8.6) gives

oo [00]

f N_(a)L,(@)L_(@)F,(a)e " **da =f n(s)g(x +s)ds ,x > 0. (4.8.7)
oo 0
Choose
1
N_(a) = CETREL (4.8.8)

where u is arbitrary constant such that Im u > p, N_(«) is regular and non-zeroin 7 < p.

Insertion of (4.8.8) into (4.8.7) gives
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J. Li(a)F (a) (a—_la;f) da =f n(s)g(x + s)ds,x > 0.
o 0

Multiply this equation by e~

elux J. LAa)FJa)%da = ei“xf n(s)g(x + s)ds.
o 0

Differentiate with respect to x

oo

(u—a)ix oo
%(] L+(a)F+(a)e da) =% ei”"J n(s)g(x + s)ds |.

(@ —u)
0

— 00

We have

oo _ _ :(u—a)ix =
j L,(a@)F,(a) (a (auzlz) da =% ei”xf n(s)g(x + s)ds |,

—o0 0

then we obtain

— . dl . (
(—ie‘”x) f Ly(a)F (a)e " *da = e‘uxf n(s)g(x + s)ds |.
o 0

Multiply this equation by m gives

o

1 7 . je~iux .
i —lax = — | X ds |. 4.8.9
Nors f Ly(a)F,(a)e da o dx e fn(s)g(x+s) s ( )
o 0
Let
ie—iux ) 00
G(x) = NeT o e“‘x.f n(s)g(x +s)ds |,(x > 0,s > 0). (4.8.10)
T

0

Now, the equation (4.8.9) becomes
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‘/%_”_[o Li(o)F,()e **da = G(x), (x> 0). (4.8.11)

Applying inverse Fourier transform to equation (4.8.11)

o)

_foo L.fL()F()—iaxd iayd —
m_wm +a)rpla)e ajle Yy =

—00

— | G(y)e'*¥dy,
o f_m ) y

gives
1 0 . * .
Ly(@)F,(a) = NoT <f_oo(G(y)) el dy + JO (G() e“"ydy>. (4.8.12)

The first term of the right hand side of (4.8.12) is automatically zero when y < 0, so we

obtain

Fo(a) = ) J (G(y)) e ™ dy.

\/_L+(

Again applying the inverse transform of this integral equation, we obtain

10 . .
= ay —lxa
fx) = Zn L \/_L+ (a) G(y)e'™dy |e ¥ da ,

o)

2nf() = |

—ixa

L,(a) ]

G(y)e'*dyda.

Interchanging the order of integration and multiplying by (e“'”" e"”"), where v is

arbitrary constant in a lower half —plane,

—i(a—v)x
2nf (x) = e X f— GC(y)edyda,
f@) | (e “dy
—00 0
since
i M = e~ i(a-v)x
(a—v)
then
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e—i(a—v)x

F o, —lvx d [ ix
2nf(x) = ie a_fmo G(y)e'®dy da.

Now, we can express f as

2nf(x) = ie‘“’xie“’x flf G(y)e™dyda.
dx (a —v)L ()
—00 O

Interchange the order of integration gives

(0] [0e]

2nf(x) = ie‘“’xiei”xf G(y) j

dx
0

e—i(x—y)a
—— X dady. 4.8.13
CEDC Rt (4813)
From theorem 4.3.2 the inner integral of (4.11.13) is zero whenx —y < 0,s0x —y > 0.
The limits of integration of the outer one have to change. The equation (4.8.13) can be written

as

pe [0e]

l-e—ivx d . e—i(x—y)a
—_ (A —
fe) = 2m dx© oj GO) _L (a —v)L (a) dady,

(Noble and Peters 1961, p. 119-121). Simplifying,

ie—wx

f&) =

X
d .
e [ mGr - »6)dy,
0

here

co .
—las
e

k CEDIM ORI (819

m(s) =

The general solution of the Integral equation (4.8.1) is

o)

X
. . d .
e”’xfm(x—y)e‘”‘y Ee”‘yf n(t —y)g(t)dt |dy.(4.8.15)
0 y

—e WX 4

1= Ty @

(Noble and Peters 1961, p.121, eq. 9)
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4.9 An application of the Wiener-Hopf Technique

Consider the following integral equation

o

f Ko (lx = yDF) dy = g(x); 0 < x < oo (4.9.1)

0

where K, is the modified Bessel function of the second kind. To obtain the general solution

we need find the following L, (a), L_(a), n(x), m(x).
By the equation (4.5.14) the Fourier transform of K, (1|x|) is
drer)
VZ\Vaz +22)

To obtain (4.8.4) a suitable decomposition is given by

W
L*“‘)‘ﬁ(m)' L(@) ==

by choosing u = —v = i4, and applying (4.8.6 ) gives

iax
e

1 (o]
nx) = — da.
) Zﬂ_lo a—il

We know that when x < 0 the integral is zero, to evaluate this integral when x > 0, let

z dz
z=1i(a—il)x, (a—id)=—, da=—, iax =z — Ax
ix ix

1 [ el 1 [ z\V2 o d
n(x)=—f ¢ ‘ da=—J (i) ez_’u_—z
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The equation (4.3.1) has been used to evaluate the integral, it gives

=
nx .
Vi Jx
Since i = e™/2 therefore
eni/4 e—x/l
nx)= .
(x) —

Also applying —v = il in (4.8.14) gives

—wcx

m(x)—\/_j Va + i

In same method we can calculate this integral by letting z = i(a + i1)x to obtain

(@ +id) ==, da = 72 iax = Ax + z, Substituting gives

() £jo —lax E ico E e %
e _\/_Oo\/a+l \/E—ioo\/ge ix

\/E —xA pico 1
— —eZdz.

VT VA i V2

From (4.3.4) and % = e~ ™i/* e obtain

—xA

e
m(x) = 232 e /4 ——

X
In general if H(a) = %then

by 21
1 _. q-1 +lq1t/2 >0
h(x) = f — eTixa o — I'(q )(x) » X )
—o0 0 X < 0.

(Noble 1958, p. 88, ex. 2.4).
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Chapter 4 The Wiener-Hopf Technique

Substitute (4.9.2) and (4.9.3) into (4.8.15) giving

X

) —(x-y)2
0 = oot [ o aygemminE

J@m)3 dx : VX =Y

d

X
dy

Vi iy

< pTi/4 o= (=12
e"’lyf g(t)dt |dy.
T
y

Simplifying gives

e g x e~ o2y [ g 7 oAty
X =——e’”‘fely _ —e‘lyf (t)dt |dy,
f(x) T2 dx J m dy J r— g(®) y
e g x o2y [ 4 ¢ et
= — (t)dt |dy.
T2 dxf Jx—y dy)[ t_yg ) y

This agrees with Noble and Peters (1961).
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Chapter 5 The Oseen Solution in Integral
Form

The solution in integral form of Oseen flow over the semi-Infinite flat plate is derived. The
results in this chapter are well-known and we give them in more details than given in the
literature. The main difference between what will discuss here and with Gautesen (Gautesen
1971) is we will derive the Oseen solution in integral form by Wiener-Hopf Integral by
utilizing the general solution which is given in the previous chapter for any kernel. Then, in
this chapter we will insert the Fourier transform of the particular function which relates to
the Oseen problem. This is different from the study of Gautesen (Gautesen 1971) who

derived the solution when the kernel is drag Oseenlet directly.

Moreover, the Gautesen study did not mention how to calculate the Fourier transform of the
kernel which is an alternative form of the drag Oseenlet function. So in this chapter we will
prove this alternative function is equivalent to drag Oseenlet in the limit when epsilon tends

to zero. Then we will compute the Fourier transform.

5.1 Integral representation of Oseen flow past a flat plate

In this section we will derive the integral representation in Gautesen (1971) and in
Bhattacharya (1975).

First we will start with Bhattacharya:

The Oseen approximation of the steady two dimensional flow of a viscous incompressible

fluid of uniform velocity U in the x-direction is given in the equation (2.1.1) with the
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Chapter 5 The Oseen Solution in Integral form

continuity equation (2.1.2) with boundary conditions (2.1.3) and (2.1.4). According to
Olmstead (1965) the solution of (2.1.1) and (2.1.2) satisfying (2.1.3) is given by

oo

u(x,y) =U+ f uP (x, y; x0,0) o(xy)dxg, (5.1.1)

0

oo

v(x,y) = f v (x,y; x4,0) a(x)dx,, (5.1.2)

0

(Olmstead 1965, p. 242, eq. 3.6), where

X —X X — X
—2muP (%, y; xo,o>={ r2°—ke"<""‘°>< . °K1<krs>+1<o<krs)>},

S N

(5.1.3)
210 (x, 3 %0, 0) = {TX — ek LK, (o) }
S

N

(Olmstead 1965, p. 242, eq. 3.7), where 7, > = (x — x¢)* + y* and K, , K;are the modified

Bessel functions of the second kind in order zero, one respectively, and k = pU/2u =
U/2v.

By using the condition (2.1.3), the first equation of (5.1.3) becomes:

ul (x — x,,0) =

AL (X% k= xol) + Ky k x — xg]) | kel (5.1.4
21 [|x — x,] [x — x|

on y = 0 then the equation (5.1.1) reduces to

oo

U= qu(x, 0; xo,0)0(xg)dx,, (5.1.5)
0

Now substituting the equation (5.1.4) into (5.1.5) we obtain

oo

1 X — X k(x—xg)
2ml = [ o= (T o Gl = xl) + Ko Gk bx = xa) ) ke = (e

Let us say
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hx—xg) = —— [ 250 ke e = xg ) + Ky (k [ — xo]) | ke =0, (5.1.6)
° (x — xo) lx — xol ! ° ° °

The integral equation then becomes
2nlU = f h(x — xg) o(xg)dx,. (5.1.7)
0

The integral equation (5.1.7) is called the Wiener-Hopf Integral (Noble 1958, Noble and
Peters 1961, Polyanin and Manzhirov 2012). Now we will derive the integral equation that
established in Bhattacharya. We will start with the equation (5.1.5), inserting equation

(5.1.4) in this equation yields

2l = k j Qlk(x — xg)]o(xg)dxy, (5.1.8)
0

where

1
QUic(x = x0)] = 7 h(x = xo).

For convenience the following variables are introduce

——  0(xq)
= kx, t = kx,, t) = ,
s X Xo o(t) ol
gives
=) =—— (S5 K Us—th+ K, (s —t]) ] est
Q(s =51 51l 1 (s o (s e’ .

Substitute dx, = dt/k , a(t) = o(x,)/2nU and Q(s — t) into (5.1.7) to obtain

°° —dt
2rnU =k J (Q(s — v)) 2rUa(t) =
0
Finally, the integral equation becomes
1= f Q(s—1t) o(b)dt. (5.1.9)
0

The integral equation (5.1.8) is also called the Wiener-Hopf integral as well as the integral
equation (5.1.6).
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5.2 Oseen Solution of Integral Equation of the Basic Wiener-Hopf

Problem

In this section we will drive the solution of Oseen flow past semi-infinite flat plate of integral

equation (5.1.7) by using Wiener-Hopf technique.

Now, we resolve the integral equation (5.1.6) that was solved by Gautesen (Gautesen 1971)
but with more details. He treated (5.1.7) by using ideas of Olmstead (Olmstead and Byrne

1966) that use auxiliary integral equation which is introduced in the following way

2ml = fo =) 0u(s)ds , x>0 G.2.1)
where
I(x) = et-ox [Ko (klx]) +|’;—| K, (klxl)] - s[KO (elx]) +%K1 Clx]|,
and 0 < e <k.

Gautesen mentioned o.(x) = o(x) ase — 0. Thismeans I(x) - h(x)ase - 0.To

verify we just need to prove

X 1
lime | K, Celx]) + —Kl(slxl)] _Z
£-0 |x| X

According to Abramowitz and Stegun (1964, p. 375, eg. 9.6.8)
Ky(z) » —Inzasz — 0.

Let z = €|x], since x>0,|jz—I =1land z = &x, SO

éi_r)rol Ky(ex) = — In(ex)
then
éi_r)g eKy(ex) = 0.
Differentiate both sides of lgz_r)roz K,(ex) = — In(ex) with respect to x to get
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] d
Lim {c’)_x Ko (8’0} =5

li { 9 k )}—1
im =5 Ko(ex)j = —.

&-0

From the equations (4.5.2)

KO(SX) :f e—sxcosh(t) dt
0

o

—{K, - _ -
g {K,(x)} sf e~excosh(t) cosh(t) dt
ox 0

gives
d _
P [Ky(ex)] = €K, (ex).

Therefore

d d d 1
Lim{eK, () = lim {~ = [Ko(e0)]} = =5~ lim{Ko(e0)] = =5~ In(e0)} = -

0x x
So we have
1
lime[K, (ex) + K;(ex)] = limeK, (ex) + limeK; (ex) = —.
-0 -0 -0 X
We obtain
Li K X K = 1 0 5.2.2
lim e o(€|x|)+m 1(elx]) =2 x>0 (5.2.2)
Then
lirg I(x) - h(x). (5.2.3)
E—

We apply Wiener-Hopf technique on equation (5.2.1) instead of equation (5.1.7) and after

that o.(x) - o(x) as e — 0. To obtain the solution we just need find the following L, (a),
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L_(a), m(x) and n(x) (where n(x) and m(x) have defined in the equations (4.8.6), (4.8.14)

respectively ) as in the sections (4.8) and (4.9) from chapter four.

First, the Fourier Transform of [(x) is L(«) as the following

k o
La=—f K, (k|x|) ele—oxglax dx+—f Ky (k|x]) ek—oxelax gy
g (o]
—— | K, (g|x|) et* dx——] K, (glx]) e'** dx
=) o (elx) L CelxD)
=11+12+I3+I4.
With
I = Lfool(o (k|x|) eU=xeiax gy = L JmKo (k|x|) eilazik+io)r gy,
V2 J_ o V2 ) _ o
I, = K, (klxl) e(k e)x lax dy = f K, (klxl) el(a ik+ie)x dx.
=l =
L= —— [k, el e dx, I, =——u | X Tk Gelxl) e .
V2 J_ \/
From (4.5.14) and (4.5.18) we find
Nt =
Y \V2) Ja—ik+ i+ k2
_ (\/E) i(a— ik + ig)
V2) J(a—ik +ie)? + k? .
2~ (F)e=
2)Varr e
(7)==
V2 e
Then
Vi 2k +ia — —&—lia
L+l 41+, =— { . }
V2 (J(a—ik +ie)2 + k2 Va? + 2
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It could be simplified the denominator of the first term between brackets as the following

\/(a — ik +ig)> + k? = \/az + 2a(—ik + ie) + (—ik + ic)? + k?

=\ a? + 2aie — €2 — 2aik + 2¢k

=/ (a+ ie)? — 2ik(a + ie).

Inserting above to obtain

LA L+ L+ _\/E{ 2k +ia—¢ +—£—ia}
S/} J@+ie)? —2ik(a+ie) VaZ+e?)
Consider
2k +ia—¢ B i(—2ik + a + ic) _i\/(a+is—2ik)
\/(a+is)2—2ik(a+i£) \/(a+i£)(a+i6—2ik) V (a+ i) '
also

—&—la —i(—ie+ a) _—iw/(a—ie)
\/a2+82_\/(a+is)(a—is)_ Ja+ie)

That leads to

— _(J@rie-z-a-o}

e
(a + ig)

11+12+I3+I4:<_
V2

Multiplying by [Va — 2ik + ic + Va — ic | /[Va — 2ik + ie + Va — ic | to give

B ﬂ i —2i(k — ¢) }
L+L+L+1,= <\/§>\/(a+i5){\/(a—2ik+i£)+\/(0!—i€)

LT {J 1 }

\/(a+ie) (a—Zik+is)+\/(a—is)

Then,

1 1 1711
L(@) = VZr(k — &)(a + ie) "2 [(a _2ik +ig)Z + (a — ie)z] .
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This agrees with Gautesen (1971, p.147).

The Wiener-Hopf procedure depend on finding a product factorisation for the Fourier-

transformed kernel, in the form
L(a) = Li(a)L_(a).
Suitable choices for L, (a) and L_(«) are
Li(a) = (@ +ie)™V/?,
L_(a) = (k — e)V2nr[(a — 2ik + ie)V/? + (a — is)l/z]_l.

Insert L, (@) into (4.8.14) by choosing —v = ie to compute m(s) as

o (o)

e—ias e—ias
m(s) = f Tda = f — da.
“o (@t ie)(a+ie) 2 “w (@ +ig)2

By equation (4.12.3) we have

1/2

m(s) = 2/ e Ti/* (1) e e,

X

Also, by choosing u = 2ik — ie, and applying u and L_(«) in (4.11.7) to give

1

— 1 f — el da.
22w (k — €) J(a—2ik + ie)[Va — 2ik + ie + Va — ig]

n(x)

Since

1 1 va — i€

— —t
(a — 2ik + ie)[Va — 2ik + ie + Va — ig] Va —2ik +ie @~ ik t+ie

Also
va—ie (a —2ik + ig) N 2i(k —¢)
a—2ik+ie  (a-—2ik+ie)a—ie (a—2ik+ie)a—ic
Therefore
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eiaxda

1 1 . 1
n(x) = e'*da + f
2 2nv27r(k—e){_.£\/a—2ik+i£ . va —ie

2i(k —¢) .
+ f e'“day.
o (a — 2ik + ie)Va —ic

Applying equation (4.12.2) into the first and second integrals gives

1 \/_ y —2(k &)x \/_ "y e &x
n(x) = ovme/r S o rein/t
(x) Zn\/E(k—e){ Vx Vx
+ jo 2i(k ~ ©) eiax g (5.2.4)
(a — 2ik + ie)Va — ic ' o

It remains to calculate the third integral, consider the following integral

ixa
e

da
¢ (a—=2ik+ie)Va—ic

where C is the contour as shown, Figure (5.1), as the following

(a —2ik :Z)«/aT da = J LR JLl ch fL {(a — 2ik +w:)\/r }

§€(a)

Figure 5.1 Integral Contour C
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where

2ik—i(e+6) 2ik—i(e-6) i(e+68)
fla)da = —f —f —J {f(a)da},
Ly 2 2

iR ik—i(e+6) ik—i(s+68)

2ik—i(e-6) 2ik—i(+8) iR
<
2

da = dal.
f(a)da f 4 fz @

Lo i(s+6) ik—i(e-6)

Let R tends to co and 6 tends to O

f(a)daz—f f(a)dazf f(a)da, f(a)daz.[ f(a)da.

Applying Jordan Iemma,fcR -0, fc‘s — 0, the counter C has a pole at a = 2ik —

Thus

an

o (@ — 2ik + ie)Va —

an Zelxa
da —J da. 5.2.5
jg (a — 2ik + ie)Va —ic (a —2ik + ie)Va — ic ( )

ixa

Because of ie¢C, therefore PR TR RN s has one a pole in C which is (2ik — i€), then

ixa
e

exla
da = 2mwiReS —i_i
c (a—2ik +is)Va —is a=zil-te {(a —2ik +ie)Va — ie}

{ (a — 2ik + ie)e*® }
(a —2ik + ie)Va —

= 2mi lim
a—-2ik—ie

Znﬁe—(zk—s)x

V2(k —¢)

The second integral of (5.2.6) would be calculated, multiplying by(e~*¢. e*¥) gives

(5.2.6)

xal ico exi(a—ei)
= 2e ¢ f da.
ie [

(a—21k+l£)\/a—l€ (a —ei) = 2i(k — &)][Va — ie
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Setting iz = —i(a — i), and multiplying the integral by v/i/+/i gives

1o —XE . e_xz
2Vie fo 2+ 20— k)]\/EdZ'
According to Abramowitz and Stegun (1964)
\/_. ~ o0 e X7 \/_ ~ n.e—Zx(k—e)
2Vie fo [z+2(e—k)]\/_de= 2Vie {\/ﬁerfc(\/—bf(l{—@)},
_Znﬁe—(zk—s)x .
_ { s (1 - erf(iy2xk = e)))} . (5.2.7)

The Error function and the complementary Error function are defined as (Abramowitz and
Stegun 1964, egs. 7.1.1 &7.1.2).

2 (* 2 (%
erf(z) = — | e ’dt, erfc(z) = — [ e tdt =1 —erf(2),
Vi Jg Vi,

Applying (5.2.7) and (5.2.6) into (5.2.5) gives

an Zn\/fe—(Zk—s)x
w (@ —2ik + ie)Va —ic J2(k —¢)

(erf (it — ).

Also
2 (% ,
erfi(z) = —J et"dt,
Vi Jy

(Ng and Geller 1969,p. 3, eg. 3), we obtain

[es) eixa Zn\/fe—(Zk—s)x 2i J2(k—&)x
f da = — L dt
—ow (@ = 2ik + ie)Va — ic V2(k —¢)

_ 4i\/ﬁﬁe—(2k—£)x fwlz(k—s)xet
V2(k —¢)

Lett? = 2(k — &)s,t = J2(k — &)s, dt = 2(k — €)/2+/2(k — €)s ds,
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Chapter 5 The Oseen Solution in Integral form

whent=0->s = 0and

(\/Z(k—g)x)z 2(k — &)x
t=+y2k—¢&)x > s= 2k —0) = 2k —9) =X,

also
v 2(k— k—
f ’ g)xefzdt=fxe2<€"‘)s—2(k_g) as = Y2 =0 (TR
0 0 24/2(k —¢)s 2 o Vs
Then we find

f‘” 2i(k — £)e*@ p
a
—ow (@ — 2ik + ie)Va — ic
8VmVi(k — )e~(2k—e)x <\/2(k — &) [Xe2lk-8)s p )
- s

- V2(k—¢) 2 o Vs
' x ,2(e—k)s
— _4\/%(]( _ g)em/él»e—(Zk—s)xj ds.
o Vs
4i\/ﬁ\/fe—(2k—s)x J-,/Z(k—s)x tzdt
= e .
V2(k—¢) 0
Thus,
1 y e—(Zk—s)x y e ~EX
nx) = Zﬁei” 4—+ Zﬁein 4 -
*x) 2n\2m(k — s){ Vx Vx
' xez(k—s)s
—4\/E(k _ E)em/zl»e—(Zk—e)xf dS},
o Vs
\/iein/zl e—(Zk—s)x e EX xez(k—s)s
= + —2(k—¢ e‘(z"‘s)xj ds}. 5.2.8
Zn(k—e){ 7 & 2k-9 S (5.2.8)

Finally, to obtain the solution, insert the u, v, g(t), m(s) and n(s) into (4.11.15) gives

_emiciox g .
_el(—ls)xfe—l(ZLk—le)y 2\/;9—111/4
0

oe(x) = m dx
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X

—(x-y) iTT/4 —(2k-&)(t-y)
e e d l(Zlk Ls)yf E em/ {6’ i Y
Jx—y dy 2n (k —¢) (t—v)

Gy (t=y) g2(k=e)s
4+ — —2(k - s)e‘(z"‘g)(f‘”f dS} 2nUdt |dy
t—y) 0 Vs
) ) X
= —4\2nnUe ™ lg)xiei(—ie)xfe‘i(Zik—ie)y e U7 d el (2ik—ie)y
3(L — dx {x d
21 (2m)3(k — ¢€) 5 y

j” {e—(Zk—e)(t—y) o—et=y) kertmyy [ €2ES
X + —2(k — g)e(ek—8)l—y J ds} dt dy
) UJa-»  Ji-y 0 Vs

j —-(2k-g)y e(Zk—s)y

—sx d
w(k — s)dxf \/dey

{e—(Zk—s)t e—ste—z(k—s)y 2ks)t (t-y) e,Z(k—e)s
X + —2(k —g)e™ o ¢ f ds} dtdy
VE=y) ViE—=y) 0 s
—Ue % ( f eZky d foo .
e —_ e_g
n(k—e)dxo [x —ydy ],
e—2(k—s)t e—Z(k—s)y (t-y) ez(k—s)s
X { + —2(k — g)e~2k-a)t f ds} dtdy
JE—y)  JE-y) 0 s
_ U™ df f°° et
_n(k—e)dx [x —ydy
e—z(k—e)t e—Z(k—s)y (t-y) eZ(k—s)s
X { + —2(k — e)e‘z(k‘g)tf ds} dtdy.
-y JiEt-» 0 Vs
Now, since
d &) g2(k=e)s e2lk=e)(t-y)
— ds = ,
dt f Vs Jt—y

then, the product rule is applied to give
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d ( _— (t=y) p2(k—&)s ) e~ 2(k=¢g)y N (t=y) g2(k—-&)s
— | e7aTE f ds | = ——2(k —g)e =\ ¢ f —ds.
dt 0 \/E A/ t — y 0 \/E

Substituting to obtain

e—ax d Zky d .
— e ¢
0(x) = —¢) dxf Jx—vy dyf

e—Z(k—s)t d (t-y) ez(k—e)s
A o [T )
(t—y) dt 0 Vs

When ¢ tends to zero, we get g, - o
-Ud X eZky d © e—2kt d - (t-y) eZIcs

o(x) =—— [——j {—+— (e‘ j ds)} dtld :
mkdx o |fx—ydy), [Jit—y) dt o Vs Y

Since

5l om0, L[ L ([ roas)ae -
y

therefore

~U d ky g (o g2kt
o(x) = — — H ]dy,

— | ——=dt
k dx [x — dyy (t—

also, it can be rewritten

e—Zkt d (t-y) e—2ks
(g [T
(t—y) dt 0 Vs

This gives

_v df —2kyf00d f(t_y)"_md dt)d
Twkdx)y, =y dy Ldt )y s )

The product rule can be applied to the term between brackets gives

U d X eZky - © J (t y)e—st
o(x) =—— —2ke™ yf —f ds dt
( ) k dxf /x—y( y dt 0 \/E

d © (t-y) ,—2ks
+ e‘z"y—f — f ds dt) dy.
dy y dt J, Vs
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Chapter 5 The Oseen Solution in Integral form

Also,

© g (t- y)e—zks
<f — f ds dt) =0,
y dt 0 s

_—U d fx' ezky - _Zky.l-oo d J«(t—y)e—zksd i\l
G(X)_nkdxo_x_y el w© 4

2U d x T eZky o0 e—Zk(t—y)
_ 24 <e-2ky f —dt)l dy.
t—y)

then

2U d 1 [®e0D
o(x) =—— dtdy. (5.2.9)
ndxo Vx=yJy Jt-y)

Let x2 = 2k(t —y) and xdx = kdt, the equation (5.2.9) can be expressed as

J ijr;_x kxdy

a(x) = Ei

- 7

By using Gaussian integral (4.1.4)

-] ()

e‘xzdxdy.

Finally, the integration gives(Z\/E), then differentiate it with respect to x gives the strength

function of the drag Oseenlet

1

o(x) = ( 2 )2 (5.2.10)

nixk
This solution agrees with Lewis and Carrier (1949), Gautesen (1971), Bhattacharya

(1975), Olmstead and Gautesen (1976).
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Chapter 6 Numerical Study

The main objective of this chapter is to present numerical solutions for the problem of the
2D steady flow past a flat plate with various Reynolds numbers. To achieve this aim,
Boundary Layer Theory is applied to different approximations of the dimensionless Navier-
Stokes equations, Finite Difference Method (FDM) has been used with uniform grid to solve
these conservation equations with boundary conditions that the velocity is zero on the flat
plate and the free stream velocity outside boundary layer. We start with Boundary Layer
equations then Oseen Boundary Layer equations, Blasius equation and Oseen-Blasius

equation for different grid size and Reynolds numbers is determined.

6.1 Navier-Stokes equations in dimensionless form

The two dimensional steady Navier-Stokes equations with the continuity equation are

< L ou* oy au*) _op N o%u* N o%u*
P\ 0TV By) T Tox T\ ox2 T oy2)
( A N *av*) _ 0p° N 0%v* N 9%v*
au*+av* — 0
dx*  dy*

(Batchelor 1967, Shankar 2007)

Let us make the variables in the equation above dimensionless. Introduce the non-

dimensional variables as follows

x* = Lx, y* =Ly, u* = Uu, v* = Uy, p*=pU?p (6.1.1)
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Chapter 6 Numerical Study

where L is the length of the flat plate and p and U are the density and the free stream

velocity of the fluid respectively. Substituting these parameters in the x-momentum and y-

momentum Navier-Stokes equations to obtain

pU?( Ou  du\  pU?dp uU(0*u 0%u
—(u—tv—) = ——— |5+,
L 0x dy L dx L2 \dx? 0y?
2 2 2 2
pU dav dav pU“0dp uU (0°v 0°v
—(u—tv=—) = ——— + >[5+ ).
L 0x ady L dy L?\dx? dJy?

Divide both sides by (pU?/L) to obtain

ou  du op u [(90*u 0%u
U—tV— = ——7— + )
0x ady dx pUL\0ox? 0dy?
ov  dv op u (9%v 9%v

U—+ V- = —7— +
ox dy dy  pUL\0dx? 0y?

The non-dimensional parameter Reynolds number is defined by

_pUL
o

Re

The Navier-Stokes equations can be rewritten as

x-momentum,
6u+ ou  dp 1 62u+62u
“ox v(’)y ~ 0x  Re\dx?  0y2)
y-momentum,
6v+ v dp N 1 62v+62v
“ox ”ay ~ dy Rel\ox?  oay2)

Similarly, the dimensionless continuity equation becomes

6u+6v _ o
ox dy

1
} (6.1.2)
I
)

(6.1.3)

(6.1.4)

(6.1.5)

(6.1.6)
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Chapter 6 Numerical Study

6.2 The Finite Difference Method (FDM)

The explicit finite difference method (FDM) will be applied for the numerical solution. The
derivatives are approached by finite differences approximated using the Taylor series

expansion of functions as

ffx) ")

fa+h)=fe)+——h+— [ (x)

" +75

(h)3 + .-t

Dividing across by h gives

fx+h) - fx)
- :

f(x) =

This is an approximation for the first derivative of the function f.

The discretization approximates the derivative, Ax and Ay denote the mesh spacing in the
directions of increasing x and y respectively, the grid that will be used is illustrates in figure
6.1.

Ax

jt+1

I i—1 i i+1
—

Figure 6.1 Graphic view of grid where i runs along x-axis and j runs along y-axis
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Chapter 6 Numerical Study

The centred space difference expressions will be used to approximate the first and second

derivatives for u with respect to y in the equations

au) Ujje1 — Upj-1
—) aowL il (6.2.1)
(ay iLj 2Ay

(6.2.2)

2
<6 u) N ui’j+1 — Zui’j + ui’j_l
~ > .
L) Ay

However, the forward difference method will be applied to approximate the derivative u

with respect to x in the equations

Jou Uit1,j — Ui j
— r ——, 6.2.3
<6x)l-,j Ax ( )

Similarly, the forward difference will be adopted for the derivative p with respect to x and

y in the equations

op Di+1,j — Dij

— ~—— 6.2.4
<6x)i,j Ax ( )
ap Dij+1 — Dij

— ~ 6.2.5
(ay) Ay ( )

ij

It remains the derivative v with respect to y where the backward difference is applied

(617) _Vit1j T Vit1,j1

— (6.2.6)
0¥/ 41 Ay

6.3 Boundary Layer equation in Cartesian coordinates

The Navier—Stokes equations have been simplified significantly by the Boundary Layer
approximations. In the present chapter the numerical study will be implemented for

Boundary Layer equation by Finite Difference Method (FDM).

The dimensionless Boundary Layer equation in Cartesian coordinate is written as
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Chapter 6 Numerical Study

— The x-momentum

6u+ ou 6p+1 0%u 631
Yox TVay T “ox TRe\ayz) (63.1)
— The y-momentum
dp
a3y = 0 p=p0. (6.3.2)
— Boundary Conditions
u(x,0)=0
u(x,y—-o0)=U (6.3.3)
v(x,0) =0.

The numerical study will be performed to solve the two-dimensional Boundary Layer
equation (6-3.1) - (6.3.3) with the continuity equation (6.1.6) in the rectangle domain D =
[a,b] X [c,d] .

In some references the boundary layer equations (6-3.1) - (6.3.3) are called Prandtl’s

Boundary Layer equation.

6.4 Boundary conditions of Boundary Layer

Set up the boundary conditions as shown in equation (6.3.3). The figure 6.1 shows the
specification of different sides of boundaries. ABCD is the domain of the problem where
the flow is from left to right side from AD to BC. Furthermore, AB represents the flat plate
with velocity zero, and reaches the free stream velocity U at the surface DC which it located
as far-field boundary. Thus if § is the thickness of boundary layer and L is the length of flat
plate then §/L « 1 so the distance between the surface DC and flat plate AB is sufficiently
larger than §. For the boundary of the pressure p, on the flat plate AB the equations (6.3.1)
and the boundary condition equation (6.3.3) could be used, whereas the equation (6.3.2)
could be applied in the sides DA and CB.
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Chapter 6 Numerical Study

Inflow I‘
D <

Outflow

Figure 6.2 lllustration of different sides of boundaries in the rectangle domain ABCD

The following give boundary conditions

1) Boundary on The flat plate (A < x < B)

op 1 (0%u
dx  Re\dy2) )

2) Boundaryintheupside (D <x < C)

<
I
<

3) Boundary in the left side (A <y < D)

u=1~=U, \
v=20, g
d
P _o. |
dy
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Chapter 6 Numerical Study

6.5 The implementation process steps

The implementation of the explicit finite difference method of the Boundary Layer equations
(6.3.1)-(6.3.3) with the continuity equation (6.1.6) and boundary conditions (6.4.1)-(6.4.4)
on a rectangular grid point M X N (where the domain divided into M points in x-axis and

N in y-axis) could be accomplished by the following:
Step 1. Pressure calculation

e Assume p;; = 0, then calculate the pressure at point (i + 1,1) in the grid on flat

plate AB from the pressure boundary condition (6.4.1) using equations (6.2.2) and

(6.2.4):
1 uijl — Zui,z + ul-,3
Pi+11 = Dix t R_e[ y)? ] (6.5.1)
e The y-momentum equation (6.3.2) via the equation (6.2.5) will be applied to
compute pressure at point (i + 1, j)
Di+1,j = Pi+1j-1 -J = 2,...,N. (6.5.2)

Step 2. Velocity calculation

e The velocity u;,,; has calculated by substituting (6.2.1), (6.2.2), (6.2.3) and (6.2.4)

into x-momentum equation (6.3.1)

ey Ax [vij(wijss = Wijo1) 4 Ax w1 — 22U + Uy i
LT TW 2Ny iy (Ay)2Re iy

_ (Pi+1,j - pi,j)

j=2.,N. (6.5.3)
ui,j

e The continuity equation (6.1.6) and the equations (6.2.6) and (6.2.3) will be used for

y-momentum velocity v;, 4

vl'+1,j = vi+1,j—1 - E (ui_,_l,j - ui‘]’). ] = 2, ,N (654)

This procedure must be repeated for all grid point, M x N times.
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6.6 Oseen Boundary Layer Equations

According to equation (3.1.3) the two dimensional of Oseen equation is

Uau _0p N 62u+62u
ox _ ox ' V\oxz 0y?)’

Uav _0p N 82v+82v
ox  dy V\oxz ay?)’

The dimensionless Oseen equation in Cartesian coordinates is given as follows:

Uau op N 1 62u+62u
ox dx Rel\ox% 0y2)’

Uav op N 1 62v+62v
dx dy Rel\odx? 0y?)’

Applying the boundary layer assumptions, the Oseen Boundary Layer equations satisfy

U(')u _ 0p N 1 (0%u 661
dx  0x Re\dy?)’ (66.1)
dp

—=0, 6.6.2
dy (6.6.2)

with boundary conditions defined in the equation (6.3.3).

For implementation process steps, use the previous procedure in section 6.5 to perform the
computation of Oseen Boundary Layer equation (6.6.1), (6.6.2) with the continuity equation
(6.1.6) on a rectangular domain (Figure 7.2) via the Finite Difference Method (FDM). The

only change required is to replace the equation (6.5.3) by the following equation

Ax (ui_j_l - Zui_j + ui'j+1>. (663)

1
Uity = Uij — 5 (Pivsj = pig) + URe (Ay)?
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6.7 Blasius equation

The partial differential equation form of two-dimensional Blasius equation has been
discussed in section 3.3 chapter 3, and it stated as

6u+ ou  (0%u
”ax ”ay =V ay

The dimensionless Blasius equation in Cartesian coordinates has been defined in the x-

direction as

6u+ 6u_ 1 [(9%u 67.1)
“ox dy  Re \oy?) o

The numerical solution of Blasius equation (6.7.1) with finite difference methods (FDM)
uses the procedures mentioned in section (6.5). The implementation is summarized in two
steps; first the Blasius equation (6.7.1) for computing the x-momentum velocity u; then the
continuity equation (6.1.6) for calculating the y-momentum velocity v where the Boundary
conditions (6.4.1)-(6.4.4) has been applied on the domain D.

e The x-momentum velocity u calculation:

The velocity u;,,; has to calculate by substituting (6.2.1), (6.2.2) and (6.2.3) into
equation (6.7.1)

luu—1 = 2u;; + Ujjia
(A}’)ZRQ Uy j

(6.7.2)

_ Ax vl](u'l]+1 Ui j— 1)
Uivr,j = Uij — 2Ay

where j = 2, ..., N.

e The y-momentum velocity v calculation:

The continuity equation (6.1.6) and the equations (6.2.6) and (6.2.3) will be used for

y-momentum velocity v; 4 ;

Ay :
Vit1,j = Vit1r,j-1— (ul+1] ui’j). ] = 2,...,N. (673)
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6.8 Oseen-Blasius equation
The two-dimensional of Oseen-Blasius equation is given as

l}au _ (0%u
ox oy? )’

This equation includes both Oseen and Blasius approximations. The numerical solution by
Finite Difference Method (FDM) is illustrated as follows. According to section 6.1, the

dimensionless Oseen-Blasius equation in Cartesian coordinates is

ou 1 [0%u

with boundary conditions defined in the equation (6.2.3).
So the scheme 6.5 is used with the Oseen-Blasius equation (6.8.1). This gives

e The x-momentum velocity u calculated from Oseen-Blasius equation (6.8.1) at

the pint (i + 1,)) as

Ax (ujjq —2u;; +u;;
( bl — ”“). j=2..,N. (6.8.2)

Y1) = U T Y Re 4y)?

e The y-momentum velocity v obtained from the continuity equation at the pint
(i+1,))as

Ay :
Vit1,j = Vig1,j-1 — E(ul"*l:]‘ - ui’j). ] = 2,...,N. (683)
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6.9 Numerical Result

The Numerical study has been implemented for the case the free stream velocity U is 1 ms ™!
with the different Re. The step sizes Ax, Ay are chosen according to following equation

2Ax
) < URe (6.9.1)

to obtain stability criterion for this procedure (Courant, Friedrichs et al. 1967). The
numerical study has been carried out for various values of Reynolds numbers with different
sizes of grids. For Re=10° the grid size is 2000 x 2000 to give Ax = Ay = 0.001 and
Re=10*, grid size 500 x 500 (Ax = Ay = 0.002) has been chosen. Moreover the grid size
100 x 100 is selected for Re=103 where Ax = Ay = 0.01, where the length (L) of the flat

plate is 1m, which the computational domain D is (0,1) x (0,1).

The computational results by MATLAB programme are obtained for the flow over flat plate
problem using Boundary Layer equations (6.3.1), (6.3.2), Oseen Boundary Layer equations
(6.6.1), (6.6.2), the partial differential form of Blasius equation (6.7.1) and Oseen-Blasius
equation (6.8.1).

Figures (6.3)-(6.5), (6.9)-(6.11), (6.15)-(6.17) and (6.21)-(6.23) describe the dimensionless
velocities (x-momentum u/U and y-momentum /U ) profiles with y-axis in centre and end

in x interval. Furthermore, the velocity u surface in xy plane are presented in Figures (6.6),
(6.12), (6.18) and (6.24).

The Boundary Layer with x-axis is given in figures (6.7), (6.13), (6.19) and (6.25), with
thickness, rising from zero to merge or reach the outer stream. The figures (6.8), (6.14),
(6.20) and (6.26) compare the thickness for various Reynolds Numbers Re =10%,10*and
103, the main characteristic that can be observed is that the Boundary Layer thickness & is

inversely proportional to Reynolds Number.

All velocities u, v, surface of velocity u and Boundary thickness ¢ are plotted for each

equation.
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0 0.2 0.4 0.6 0.8 1 0 0.5 1 1.5 2 2.5 3
u/U ViU x10°
@ (b)
0.025 0.025
0.02 0.02 -
0.015 [ 0.015
> >
0.01 0.01 r
0.005 [ 0.005 +
O 1 L 1 L 1 0 L 1 1 L
0 0.2 0.4 0.6 0.8 1 0 0.5 1 1.5 2
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Figure 6.3 Numerical solution of the Boundary Layer equation at Re = 10°.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
size 2000 x 2000, Ax = Ay = 0.0005 in the rectangle domain D = (0,1) X

(0,1).

(a) Velocity u with y-axis, x = 0.5.
(b) Velocity v with y-axis, x = 0.5.
(c) Velocity u with y-axis, x = 1.
(d) Velocity v with y-axis, x = 1.
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Figure 6.4 Numerical solution of the Boundary Layer equation at Re = 10%.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
in the rectangle domain D = (0,1) x (0,1).

size 500 x 500,Ax = Ay = 0.002

(a) Velocity u with y-axis, x = 0.5.
(b) Velocity v with y-axis, x = 0.5.
(c) Velocity u with y-axis, x = 1.
(d) Velocity v with y-axis, x = 1.
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0.3 0.3
0.25 025
02F 0.2
>0.15F >0.15
0.1r | 0.1k
/
0.05 - 0.05
o0l | I 0 | L | L | L
0 0.2 0.4 0.6 0.8 1.2 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
uw/U v/U
@ (b)
03 03
025 0.25 -
02+ 0.2
»0.15F >0.15 F
0.1 0.1 F
0.05 0.05 -
0 . . . . 0 i | | |
0 0.2 0.4 0.6 0.8 1.2 0 0.005 0.01 0.015 0.02 0.025
WU v/U
(c) (d)

Figure 6.5 Numerical solution of the Boundary Layer equation at Re = 103.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
size 100 x 100, Ax = Ay = 0.01 in the rectangle domain D = (0,1) x (0,1).

(a) Velocity u with y-axis, x = 0.5.
(b) Velocity v with y-axis, x = 0.5.
(c) Velocity u with y-axis, x = 1.
(d) Velocity v with y-axis, x = 1.
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(a) (b)

I
A

(©)

Figure 6.6 Velocity u Surface with yx-plane of the Boundary Layer equation.

The free stream velocity U = 1 by Finite Difference Method (FDM) in the
rectangle domain D = (0,1) x (0,1).

(@) Re = 10°, grid size 2000 x 2000, Ax = Ay = 0.0005 .
b) Re = 10*, grid size 500 x 500, Ax = Ay = 0.002 .

y
¢) Re = 103, grid size 100 x 100, Ax = Ay = 0.01.

y
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Figure 6.7 Boundary Layer Thickness § with x-axis of the Boundary Layer equation.

It is evaluated by u = 0.99U in the rectangle domain D = (0,1) x (0,1) by
Finite Difference Method (FDM) with the free stream velocity U = 1.

(@) Re = 10°, grid size 2000 x 2000, Ax = Ay = 0.0005 .
(b) Re = 10*, grid size 500 x 500, Ax = Ay = 0.002 .
¢) Re = 103, grid size 100 x 100, Ax = Ay = 0.01.
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Figure 6.8 Thickness § of Boundary Layer equation in different Re.

Thickness § with x-axis, the free stream velocity U = 1 evaluated by u = 0.99U
by Finite Difference Method (FDM)

(@) Re = 10* and Re = 10°.
(b) Re = 103, Re = 10* and Re = 10°.
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Figure 6.9 Numerical solution of the Oseen Boundary Layer equation at Re = 10°.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
size 2000 x 2000, Ax = Ay = 0.0005 in the rectangle domain D = (0,1) X

(0,1).

(a) Velocity u with y-axis, x = 0.5.
(b) Velocity v with y-axis, x = 0.5.
(c) Velocity u with y-axis, x = 1.
(d) Velocity v with y-axis, x = 1.
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Figure 6.10 Numerical solution of the Oseen Boundary Layer equation at Re = 10%.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
size 500 x 500, Ax = Ay = 0.002 in the rectangle domain D = (0,1) %
(0,1).

(a) Velocity u with y-axis, x = 0.5.
(b) Velocity v with y-axis, x = 0.5.
(c) Velocity u with y-axis, x = 1.
(d) Velocity v with y-axis, x = 1.
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Figure 6.11 Numerical solution of the Oseen Boundary Layer equation at Re = 103.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
size 100 x 100, Ax = Ay = 0.01 in the rectangle domain D = (0,1) x (0,1).

(a) Velocity u with y-axis, x = 0.5.
(b) Velocity v with y-axis, x = 0.5.
(c) Velocity u with y-axis, x = 1.
(d) Velocity v with y-axis, x = 1.
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() (b)

Figure 6.12 Velocity u Surface with yx-plane of the Oseen Boundary Layer equation.

The free stream velocity U = 1 by Finite Difference Method (FDM) in the
rectangle domain D = (0,1) x (0,1).

(a) Re = 105, grid size 2000 x 2000, Ax = Ay = 0.0005.
(b) Re = 10%, grid size 500 x 500, Ax = Ay = 0.002.
(c) Re = 103, grid size 100 x 100, Ax = Ay = 0.01.

89



Chapter 6 Numerical Study

0.015 ‘ ; : ; 0.045
0.04
0.035 F
0.01F 1 0.03
_ 0025
o) o)
< = 002}
0.005 F 1 0.015
0.01F
0.005
0 | | | ‘ 0 | | ‘ ‘
0 02 04 0.6 0.8 1 0 02 04 0.6 08 1
x/L x/L
(@) (b)
0.1
0.1F
=
=
0.05F
0 .
0 02 04 0.6 0.8 1
x/L
(©)

Figure 6.13 Boundary Layer Thickness & of the Oseen Boundary Layer equation.

Thickness § with x-axis is evaluated by u = 0.99U in the rectangle domain D =
(0,1) x (0,1) by Finite Difference Method (FDM) with free stream velocity
U=1.

(@) Re = 105, grid size 2000 x 2000, Ax = Ay = 0.0005.
(b) Re = 10, grid size 500 x 500, Ax = Ay = 0.002.
(c) Re = 103, grid size 100 x 100, Ax = Ay = 0.01.
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Figure 6.14 Thickness & of The Oseen Boundary Layer equation in different Re.

Thickness & with x-axis, the free stream velocity U = 1 is evaluated by u =
0.99U by Finite Difference Method (FDM).

(@) Re = 10* and Re = 10°.
(b) Re = 103, Re = 10% and Re = 10°.
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Figure 6.15 Numerical solution of Blasius equation at Re = 10°.

The free stream velocity U = 1 Finite Difference Method (FDM) with grid
size 2000 x 2000, Ax = Ay = 0.0005 in the rectangle domain D = (0,1) X
(0,1).

(@) Velocity u with y-axis, x = 0.5.
(b) Velocity v with y-axis, x = 0.5.
(c) Velocity u with y-axis, x = 1.
(d) Velocity v with y-axis, x = 1.
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Figure 6.16 Numerical solution of Blasius equation at Re = 10*.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
size 500 x 500, Ax = Ay = 0.002 in the rectangle domain D = (0,1) X

(0,1).

(a) Velocity u/U with y-axis, x = 0.5.
(b) Velocity v/U with y-axis, x = 0.5.
(c) Velocity u/U with y-axis, x = 1.
(d) Velocity v/U with y-axis, x = 1.
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Figure 6.17 Numerical solution of Blasius equation at Re = 103.

The free stream velocity U = 1 by Finite Difference Method (FDM) with grid
size 100 x 100, Ax = Ay = 0.01 in the rectangle domain D = (0,1) x (0,1).

(a) Velocity u/U with y-axis, x = 0.5.
(b) Velocity v/U with y-axis, x = 0.5.
(c) Velocity u/U with y-axis, x = 1.
(d) Velocity v/U with y-axis, x = 1.
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Figure 6.18 Velocity u/U Surface with yx-plane Blasius equation.

The free stream velocity U = 1 by Finite Difference Method (FDM) in the
rectangle domain D = (0,1) x (0,1).

(a) Re = 10°, grid size 2000 x 2000, Ax = Ay = 0.0005.
(b) Re = 10%, grid size 500 x 500, Ax = Ay = 0.002.
(C) Re = 103, grid size 100 X 100, Ax = Ay = 0.01.
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Figure 6.19 Boundary Layer Thickness § with x-axis of Blasius equation.

The Thickness & is evaluated by u = 0.99U in the rectangle domain D =
(0,1) x (0,1) by Finite Difference Method (FDM) with the free stream velocity
U=1.

a) Re = 10°, grid size 2000 x 2000, Ax = Ay = 0.0005.
y

(b) Re = 10%, grid size 500 x 500, Ax = Ay = 0.002.

(c) Re = 103, grid size 100 x 100, Ax = Ay = 0.01.
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Figure 6.20 Boundary Layer thickness of Blasius equation in different Re.

Thickness § with x-axis with the free stream velocity U = 1 is evaluated by
u = 0.99U by Finite Difference Method (FDM).

(@) Re = 10* and Re = 10°.
(b) Re = 103, Re = 10* and Re = 10°.
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Figure 6.21 Numerical solution of Oseen-Blasius equation at Re = 10°.

The free stream velocity U = 1 by Finite Difference Method (FDM) with the
grid size 2000 x 2000, Ax = Ay = 0.0005 in the rectangle domain
D = (0,1) x (0,1).

(a) Velocity u/U with y-axis, x = 0.5.
(b) Velocity v/U with y-axis, x = 0.5.
(c) Velocity u/U with y-axis, x = 1.
(d) Velocity v/U with y-axis, x = 1.
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Figure 6.22 Numerical solution of Oseen-Blasius equation at Re = 10*.

The free stream velocity U = 1 by Finite Difference Method (FDM) with the
grid size 500 x 500, Ax =Ay = 0.002 in the rectangle domain

D = (0,1) x (0,1).

(a) Velocity u/U with y-axis, x = 0.5.

(b) Velocity v/Uwith y-axis, x = 0.5.
(c) Velocity u/U with y-axis, x = 1.
(d) Velocity v/U with y-axis, x = 1.
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Figure 6.23 Numerical solution of Oseen-Blasius equation at Re = 103.

The free stream velocity U = 1 by Finite Difference Method (FDM) with the
grid size 100 x 100, Ax =Ay = 0.01 in the rectangle domain
D = (0,1) x (0,1).

(a) Velocity u/U with y-axis, x = 0.5.
(b) Velocity v/U with y-axis, x = 0.5.
(c) Velocity u/U with y-axis, x = 1.
(d) Velocity v/U with y-axis, x = 1.
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() (b)

Figure 6.24 Velocity u Surface with yx-plane of Oseen-Blasius equation.

The free stream velocity U = 1 by Finite Difference Method (FDM) in the
rectangle domain D = (0,1) x (0,1).

() Re = 105, grid size 2000 X 2000, Ax = Ay = 0.0005.
b) Re = 10*, grid size 500 x 500, Ax = Ay = 0.002.

y
(c) Re = 103, grid size 100 x 100, Ax = Ay = 0.01.
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Figure 6.25 Boundary Layer Thickness of the Oseen-Blasius equation.

The Thickness § with x-axis is evaluated by u = 0.99U in the rectangle domain
D = (0,1) x (0,1) by Finite Difference Method (FDM) with the free stream
velocity U = 1.

(@) Re = 10°, grid size 2000 x 2000, Ax = Ay = 0.0005.
e = , grid size X , Ax = Ay = 0.002.

b) R 10%, grid size 500 x 500, A A 0.002

(c) Re = 103, grid size 100 x 100, Ax = Ay = 0.01.
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Figure 6.26 Boundary Layer thickness of the Oseen-Blasius equation in different Re.

The thickness § with x-axis is evaluated by u = 0.99U by Finite Difference
Method (FDM) with the free stream velocity U = 1.

(@) Re = 10* and Re = 10°.
(b) Re = 10%, Re = 10 and Re = 105.
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Chapter 7 Analytical Study

7.1 Introduction

The analytic study focused on Oseen and Blasius approximation in the Boundary layer.
the Oseen strength function obtained in chapter 5 is used in the Oseen integral
representation, with the Imia’s approximation of the drag Oseenlet. Moreover, for the
solution of potential flow, a Thin Body Theory is applied which is checked by Laplacian
Green function first. In addition, the analytic solution of Oseen-Blasius equation is
discussed in two ways, ordinary differential equation and partial differential equation

form. Finally, the behaviour of Stokes flow near field on the boundary layer is considered.

7.2 General form of Oseen solution

The general solutions of equations of the steady Oseen flow of an incompressible fluid
are derived by decomposing the velocity of fluid into a potential velocity and a viscous
velocity (Oseen 1927, Goldstein 1929, Goldstein 1931, Lamb 1932) such that

9]
u(x»)’) = &‘P(X:J’) + w1(x'}’),
(7.2.1)

0
v(x,y) = @qb(x. y) + wy(x,y).

The wake velocity w is obtained from the boundary velocity potential y. The functions

¢, x satisfied the following

oLy =0 (7.2.2)
ax)X =7 -

VZ¢p =0, (7.2.3)
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, 22 | 92
2__ Y ., Y
respectively where V== —— + 377"

The velocity is

ulx,y) =1+ f ul (x — s,y)a(s)ds, (7.2.4)

0

v(x,y) = f vP(x — s5,9)a(s)ds, (7.2.5)
0

where u?, vPis the drag Oseenlet velocity is given as

uP (x,y) = %{% [Inr + ek K, (kr)] — zkekaO(kr)}, (7.2.6)
1 (0
vP(x,y) = ﬁ{@ [Inr + ekao(kr)]}, (7.2.7)

where r =,/x? + y?2, (Oseen 1927, Lagerstrom 1964).

The potential velocity ¢ of the drag Oseenlet is

P (x,y) = L, (7.2.8)
21

The wake (boundary) velocities w4, w, satisfies

oY 0y
l_ay' @2 = J0x

(7.2.9)

where Y (x, y) is the stream function (Oseen 1927, Goldstein 1929, Goldstein 1931,
Lamb 1932).

Also, from equation (5.2.10), Chapter 5, the strength Oseen function has been derived
via Wiener-Hopf technique, it can be rewritten as
2 1

o(x) = VmRe ﬁ

(7.2.10)
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7.3 The Green’s function of the Laplacian on 2-D domain

In the section, we derive the fundamental solution for the Green’s function of the

Laplacian operator on 2-D domain, which satisfies

Vip = 6 (7). (7.3.1)
Here r = /(x — )% + y2 and 6 (r) is Dirac delta function defined by:

o, x=0,
6(x)—{0, x %0,

and satisfy the identity ffooo6 (x)dx = 1 (Nikodym 1966, p. 724, eq. 1 & p. 725, eq. 2).
The equation (7.3.1) is also called the Poisson equation (Polyanin and Nazaikinskii 2015).
First, the general solution is considered for the 2-D Laplace equation, and then divergence
theorem will applied on equation (7.3.1) to determine the particular solution. The Laplace

equation in the Cartesian coordinate system is given by:

V2 p(x,y) = 0.

Suppose that ¢ (x, y) is symmetric, such that is ¢ = ¢@(r), the Laplace equation can be

represented by the polar coordinate system as follows

0p _ x—¢ % (£ —x)? r?—(x—¢)?
Ty o O T
1) 2%¢
where Oy = and ¢, = Py , also
d¢ y 2%¢ y? r?—y?
3y ¢y anda—yz= Prr g T Or —3
Therefore
¢ -x?% r-x-&) y:  ri-y?
qu) = Qrr r2 + ¢ r3 + (prrr_z'l' q)rT-

Rearranging and substituting into original equation gives

1
(prr+;(pr = 0.
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This is second order linear homogeneous differential equations of non-constant
coefficients.

Lets w = ¢, leads to w,, = ¢, substitute them into the equation to get
w, + ;w = 0.

It can be solved using the integrating factor method, the general solution define as

_ A
w(r) = —
Integrating again gives

p(r)=Alnr + B,

where A, B are constants. To obtain potential velocity of the drag Oseenlet let assume
B = 0. We will find A, let origin be the center of a disc X with radius ¢, then integrating

over disc X gives

JL V2g0d2=UZ 5 (r)dz = 1.

The Divergence Theorem will be used, let 9% be the boundary of X , we have

1=ff V2<pd2=f ¢.ndox.
> oz

Now

Vop.n = V. Ve (él> . <A—/Tl> = é

Vol — \r )"\ J(a/r)?
With circumference of a circle 9% is 2me gives V. n|¢, = é , thus

A
1=f —dC, = A2n
C &

&

Hence
_ 2 1 7.3.1
<p(r)—ﬁ nr. (7.3.1)
This is called the fundamental solution for the Green’s function of the Laplacian on 2-D

domains(Guenther and Lee 1996, Myint-U and Debnath 2007), and this also the
potential velocity of the drag Oseenlet (7.2.8)
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7.4 A Thin-Body Theory for the Green function of 2-D Laplacian

operator

In this section a Thin Body Theory is applied for the Green’s function of 2-D Laplace
operator (7.3.1) which is equivalent to the drag Oseenlet function (7.2.8) for potential

flow ¢ to obtain the solution of the Oseen integral representation.
Consider the integral equation

lnrsd 7.4.1
o s, (74.1)

0(x,y) = f h(s)

where 1, = /()2 +y? and z; = xg + iywhere xy, =x —sand z = x + iy .

Now, observe that

d 0 0z;) 0z

Gyl zs =2 = zo{ginzf + Iz {72 -
1

=z (—) +Ilnz;—1 =Ingz. (7.4.2)
ZS
From exponential form of complex numbers
. . 1y
z;=r1e'?, § =tan! 4 T rse‘(ta“ ).

X —S

Therefore

. A
Inzg =In[x; + iy] = In rsel(tan %) = Inrg + itan‘lxl . (74.3)

From (7.4.2) and (7.4.3), notice that

9]
Real {a {zsInz, — ZS}} = Real {In z,}

= Real {ln T, + itan™! l} =Inr; . (7.4.4)

xS
Applying (7.4.3) into the integral equation (7.4.1) gives
“ h(s) 0
@(x,y) = Real f ——{z;Inz;, — z,}ds .

—w 2T Ox
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Since —{h(x — 5)} = ——h(x — s) yields

@(x,y) = Real {— foo @i{zs Inzg — zs}ds}.

—w 2 0S

The integration by parts will be required to evaluate @

—h §=00 ° h'
@(x,y) = Real {l 27(:) (zgInz, — Zs)l + f 2(;) {z;Inz, — Zs}ds}. (7.4.5)

S=—00

Now, the real part of the integral equation (7.4.5) is determined, we have two cases.
First when x > 0 yields

zslnzg — z, = (xs + iy) In(xg + iy) — (x5 + iy)
= (xs+iy)In {xs (1 + l%)} — (xg +iy)

N

= (xs +1y) {ln Xs + In (1 + l%)} — (xg +iy).

N

To simplify, the power series representation for In(1 + x) is

m(H;_Y):iLMm((LYf)

X 2 X
y y?
zi—+0<—>, yKLx.
X Xs
This gives
zgInzg — zg = (x5 + iy) {lnxs + lxl} — (x5 + iy)
S
.y . .Y .
= (xg)jInxs +i—¢t + (iy){lnxg + i —¢ — (x5 + iy)
xS xS
yZ
= X, In xg —x—+ iy +iylnx, — (x5 + iy).
N
Thus,
2
Real{z;Inz; — z;} = xsInxg, —x,+ 0 <x_> (7.4.6)
S
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Second, for x; < 0, since

+im

(—x; —iy)et™™ = (—x;, —iy)(cosm + isinm) = (—x; — iy)(—1) = (x5 + iy),

then

zslnzs — zg = (xg + iy) In{(—xs — iy)e*™} — (x5 + iy)

= (xs +iy)In {—xs (1 + l%) eii”} — (xg + iy)

N

= (x; + iy) {ln(—xs) +imr+In (1 + Lxl)} — (x5 + iy).

N

y 2
L
The series expansion of In (1 + le) is (il + % + ) will be used as

s Xs

zdn zg — z; = (x5, + iy) {ln(—xs) +im + Lxl} — (x5 +iy)

N

2

= {xs In(—x;) + Ty — i—} + i{yIn(—x,) + mx + y} — (xs + iy).
S

Then, it gives

2
Real {z;Inz; — z;} = x;In(—xg) —xs + Ty + 0 <y_> (7.4.7)

Xs
Applying (7.4.7) and (7.4.6) into integral equation (7.4.5) we obtain

—h(s) s=c0
e G InGe) —x = 0y)|

oy = |

[H(s)
+f o {xsInx, — x,}ds
X

X
h'(s
+ f 2(7r) {x;In(—x5) — x; ¥ myl}ds .

oo

_ s=
Setting [% (xs In(xs) — x5 — Hy)]sz =0, and

— 00

flx) = j hlz(;) {x;Inx, — x}ds + f hlz(;)

X —00

{x; In(—x,) — xs}ds.

This gives
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y

F Zh(x)+ f(x),y >0
0t = [ S 2mylas + 70 =1 3,
e —Eh(x)+f(x)'3’<0
So
O(x,y) = %h(x) + f(x). (7.4.8)

Setting h(x) = 1 then f(x) = 0 therefore 1-D source is obtained

B(x,y) = % (7.4.9)
Letting X be a region in the plane with boundary dZ, then the divergence theorem is

written in the form

ffz (.0 ds= | (@mass

So, by choosing suitable X, it could be written

=1.
y>0

@.n dos = (—%) (=1)

e (%) )

9z
So, it could be written

Q).nd62=ﬂ): 8 (r)ds,

az
where § is the Dirac delta function.

It can be verified that @(x, y) = % by applying the fundamental solution for the Green’s

function of the Laplacian on 1-D from the equation (7.3.1) and assuming s(x) = 1, so the

equation (7.4.1) becomes

oo

1
I:FPI{fElnrsds},

— 00

where FPI is known as the Finite-Part Integral. Since r, = /(x5)? + y? then

o)

1
I = FPI {E f Iny(x5)? + y? ds}. (7.4.10)

—00
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Differentiating the equation (7.4.10) with respect to y gives

(0]

al—lf Y 4 7.411
gy 2w ) ()2 4y2 (7:4.11)

2
where —(Iny/(x,)2 +y2) =

Xs

Simplifying the problem, the equation (7.3.11) is solved instead. Assumingt =7

consequently

8

al 1 1
— =+
ay 2w ) 1+t2

dt.

8

Let t = tanf, dt = sec? 6, 9—>—§ ast - —oo, 0—>§ast — 00, We have

sec? 0

al 1
1+ tanZ 8

— =+
dy 21

N =

1
dd =+—(m) =+
2T

|
N R INTE]

The integral (7.3.11) also could be evaluated in complex plane by applying residues

1
z2+1

theorem, since has a pole at z = i, therefore

— =+
dy ~ 2m

o Zni{R 1 }—+' " (z—-1) _+1
ey Bkl e vonnry Al bl

Since o _ il then
dy 2

I =FPI Jilnrdf —m
a 2r ST 2

|y

Here Y is 1-D Source.
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7.5 A Thin-Body potential velocity for outer flow

Consider the steady flow generated by a uniform free velocity field past a thin body flat
plate, whose major axis is aligned nearly to the uniform stream direction. Let us suppose
Oseen flow in the boundary layer. A Thin Body Theory in Oseen flow is presented and
applied for the drag Oseenlet function for potential flow @, and the strength function o
of the drag Oseenlet to obtain the functions @ and i for the solution of outer flow of the
Boundary Layer. In particular the drag Oseenlet in far-fields (7.2.8) and the strength
Oseen function (7.2.10) are applied to the finite-part integral (FPI) of Oseen integral
representation (7.2.4) to give the velocity profile outer flow on a semi-infinite flat plate

by applying complex variable theory ® = ¢ + iy. Consider

d(x,y) = L (o Ly (7.5.1)
X,y 5.
e V5 ¢
where 1, = /(x —s)? + y2.
For complex potential let z = x + iy and z; = (x —s) + iy then
. 1 ‘ In z ln(z —5)
P(x,y) = ¢p(x,y) +ipp(x,y) = s.

ieRe 5 n\/_f

Consider p(s, q) a complex function defined as p? = s + ig . On the x-axis in the

complex plane p(s, g = 0) yields p? = s then ds = 2pdp substituting gives

® = J ln(z P i = 2) d
n\/_ pap = p-)ap.
Since (z — p?) = (Vz — p)(Vz + p) then
2
D = l dp + f l +p)d 7.5.2
- ﬁ{f n(Vz—p)dp+ | In(Vz+p) p} (7.5.2)
Assume p = —p*applying in the second term of right hand side to get
0 —00 0
f In(Nz+p)dp = f In(Vz —p*) (—dp*) = f In(Nz—p*)dp*.
0 0 — 00
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Substituting into (7.5.2) obtain

o = In(Nz —p) dp. (7.5.3)

2
n\/nRe_oo
Consider Im(+v/z) > 0 the line of integration will be raised from 0 to Im(v/z) (Figure
7.1) so the integration contour consists of three segments; from (—oo + Im(/2) ) to vz

and on the arc ¢, around the branch cut v/z then from v/z to oo + Im(~/2) ; the equation
(7.5.3) becomes

Im(p)
A
Im(z) » oﬁ >
p<+z A p>+z
CZ
+ 5 » Re(p)
v

Figure 7.1 Integration Path
o+,[iy
j In(V7 —p) dp = j +f + J {In(VZ - p) dp}

—co+ w
The integral 560 ln(\/E — p) dp will be vanish when the radius of C, reaches zero by

representing p as vz —re'? then [ In(vz—p) = [Inre?® - 0asr - 0.
Since p — vz < 0 when R(p) € [R(Vz), 0] then we have

’ v w+JE i
n\/_{J o in(Vz—p)dp + J\/E In[e™(p — Vz)] dp}. (7.5.4)

Since In[e™(p —vz)| = in + In(p — Vz) then

b =

2 . Vz oo+\/5
o = T {—m\/E + f-oo+\/5 In(Nz—p)dp + f\/E In(p —Vz) d'p}.
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Putting p* = vz —p, gives

—imVz n n(— .
nvnRe 0 pap — P P

Integration by parts and Finite-Part Integrals (FPI) will be applied gives

d =

2
®=¢+ip = ——={—inVz}. 7.5.5
p+ip=——nf } (7.5.5)
using exponential form of complex number with Euler formula

0 0
—ivz = \/?(—i cos =+ sin—).
2 2
For small 6, it can deduce (Figure 7.2)

: 6 1. ly
sin(6/2) zzz—sme =57 cos(6/2) = 1, reX.

2
s
y
9/‘

X

Figure 7.2 Relation between x, y, r and 6

Hence —ivz ~ \/E(—i + %%) =Y — i\/x. Substituting in equation (7.5.5) to obtain

2Vx
o)~ et (7.5.6)
d) xX,y)= m\/} o
nRe

This solution agrees with the Sobey outer flow solution (Sobey 2000, eq. 2.54). The
potential solutions (7.5.6) - (7.5.7) could also be verified via the result of the thin theory

for Laplacian operator (7.4 ) by applying the strength Oseen function a(s) into (7.4.8) to

give
y 1 vy
P(x,y) ==0(x) = =
9 =500 = e =
since @z—a—w,therefore
dy ox
Y(x,y) 2 V
X, = — X.
Y VntRe
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7.6 Imai approximation for Drag Oseenlet Velocity

The aim of this section is to derive new representations more convenient to our work by
defining of new stream function ; and potential @ with variable n by using error function

are defined by

6
PCey) = (7.6.1)

1
Y y) = —erf(n), (7.6.2)

respectively, where

n
erf(n) = 2 je‘”’zdr}’
Vi '

0

VRe y
X,y)=—-"—. 7.6.3
nty) =— N (7.6.3)
The equations (7.6.1) - (7.6.2) are called Imai stream function (Imai 1951). The stream
function related to potential flow is @, and viscous flow is 1, so the total stream function
IS

Y=9¢+1,

by applying the equations (7.2.9); differentiate the stream function  with respect to y
and to x to get velocity w;and w, respectively. Furthermore, for the function of
potential ¢; into these equations (7.6.1) - (7.6.2), the following equations are required to

proof to reach to our aim.

For potential flow

21~ g )

For boundary layer (wake) flow
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ai [— - (erf(n))] { e%cl(o (% r) - Ree%xl(o (% r)}, (7.6.6)
[ (erf(n))] { eRze K, (%r)]} (7.6.7)
From exponential form of complex number and Euler formula yields
a0 y 0 «x
y=rsinf - a=_r_2' X =rcosf — @=T_2'
where
ro @iy, XX oy
dx r dy r
So we have
0 ( 0 ) 1 x
0y \2m 2nr?

Also, it is easy to see that

d (lnr)_ 1 x

0x \ 21 2mr?’
d (lnr) 1y
ay\2n)  2mr?

This completes the proof of the equations (7.6.4) - (7.6.5). Now the left-hand side of
equations (7.6.6) and (7.6.7) will be treated first, from the Error function and n function

(7.6.3) it may to be concluded that

d 1 VvRe 1
0 /1 V 2
- ( erf(n)) —— f—xy_ e’ (7.6.9)

In order to complete the proof the simplifying of the term (e"xl{o(kr)) is needed, the

behaviour of the Bessel functions for large arguments is required. So the following

formula is applied (Abramowitz and Stegun 1964).
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’TL’
Kv(x) ~ Ze_xr

Re
where x is large, setting v = 0 yields K, (%r) ~ /% e~z ", now for small y and

large x it can be written as following

Re Re T Re
e2 K, (—r) ~ /—e_T(r_x).
o\ 2 Rer

Since
1
y*)? y?
r—x=\/x2+y2—x=x{1+ﬁ} —x=x{1+2—2+ }—x
2
(x4l 4. )=
—<x+2x+ ) x
2
zy— for x > 0.
x

Therefore it can be written in the form

Ko (kr) /—ﬂ -E% /—n - (7.6.10)
~ X = . U,
¢ olir Rexe Rexe

Now employing (7.6.10) into the left hand side of (7.6.6) leads us to

1 (0 T2 R 7'[_172_1(12 1R)7r_172
21 |ax \NRex © *JRex® ~ 2 |\x 2x ")\ Rex®
1vRe 1
~ ——E—e—ﬂz. (7.6.11)
2 \m x
Since the right hand side of (7.6.11) is same as the right hand side of (7.6.8) therefore
(7.6.6) is proved. In a similar fashion we can prove the right hand side of equation (7.6.7)

as

1 (0T Re R 1 (0 VR
—{—[eTxKO(—er)]}z— Tl el o Y Y o (7612)
2w (dy 2 2m 0y N Rex 4N x\x

By comparing the right hand side of (7.6.12) with the right hand side of (7.6.9) then
(7.6.7) is proved.
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7.7 The Boundary Layer (wake) velocity from Oseen integral

equation and Imai’s approximation

In this section, boundary layer (wake) velocity would be derived from Oseen integral
representation (7.2.4) - (7.2.4) and the strength Oseen function (7.2.10) utilizing Imai's

approximation of Drag Oseen let

o)

01(x,y) = f U (x — 5, y)o(s)ds
0

\

! (7.7.1)

w0, (x,y) = f 19 (x — 5,)a(s)ds,
. )

where u®,v®are the velocity representations of the viscous part of a drag Oseenlet.
According to section (7.6), the drag Oseenlet for boundary layer (wake) viscous velocity

can be approximated as

u®(x,y) ® ————=e 4x ,
Cx, y) NN
S (7.7.2)
1 VRe Re y?
PO(x,y) x —— e A
AT\ x\x J
First, the limitation of the integral representation (7.7.1) may be reduced, let x € (0, o),
then
X co 3\
0y) = [ w06 =5, 0)0@ds + [ w4k - s, yo()ds
- * L (7.7.3)
w,(x,y) = fv“’(x —s,y)o(s)ds + f v?(x —s,y)a(s)ds.
0 x %

The contribution of the second term of w; and w, in (7.7.3) are negligible because it lies
outside the boundary layer (wake) of drag Oseenlet, and so exponentially small (see
Figure 7.3).
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yI ) I )

(a) (b)

v

Figure 7.3 Limitation of Integral

So equation (7.7.3) becomes

p \
w,(x,y) = fu‘*’(x —s5,y)a(s)ds ,

% s (7.7.4)
w,(x,y) = jv“’(x —s,y)a(s)ds.

0 J

Inserting o (x) from equation (7.2.10) and substituting (7.7.2) into (7.7.4) gives

Re y?

wq(x,y) = ——f e 4(-9)(s, (7.7.5)
Js(x —s)
17 _ Rey?
e 4(x-s)(s. (7.7.6)

L S
w,(x,y) = Znojm

It has been observed that

0|1 1 _Rey Re [ y _Rey
—_ _j—e 4(x—s)ds — __J—e 4(X—S)d5,
dy TS \s(x—s) 2”0 Js(x —s)3

SO it can be rewritten

dw,(x,y)

3y = —Rew,(x,y). (7.7.7)

w,, can be evaluated first, then the relationship (7.7.7) may be used to find w;. Using the
transformation

xr
r2+1

(7.7.8)

Therefore,
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(x=s) = (ij_ 1)' \

2
Js(x —s)3 = ﬁ , (7.7.9)

ds _ 2xr
dr  (r2+ 1% J

~~

When s = 0 gives r — 0 and when s = x gives r — oco. Substituting into w, to obtain

o)

Rey
fe

0

wy(x,y) = ——e

Since ( ™ ) > 0 then the Gaussian integral equation(4.1.4) Chapter 4 may be applied,

so we have

1 1 _Rey?
wz(x,y)z—\/mﬁe @, (7.7.10)

It remains to evaluate the velocity w,, so the relationship (7.7.7) can be used by

integrating with respect to y’ from y to oo, applying boundary condition w;(x, ©) = 0,

yields
Rey
ity = [ e ay
' VI Vx Jo
Letting t = Y thendy’ = NrT dt , and the integration is split into two intervals

with exchanging the limits of the first one
\/ﬁ

y
2 RN
wl(x,y)=—ﬁ  dt +—f ‘/E e~ t°d

t.

From the Gaussian integral equation(4.1.4) Chapter 4 and Error function (7.6.3), it

could be obtained

VRe
2

wi(x,y)=-1+ erf( > (7.7.11)

Bl

121



Chapter 7 Analytical Study

7.8 The total solution (Boundary and Potential) Velocity

In this section the total solution will be found by combine the boundary layer (wake)
velocity solution to the potential velocity solution for outer flow which is obtained by the
Thin Body Theory.

First, the x-momentum velocity u(x, y), for potential velocity ¢, from (7.2.1) and (7.5.6)

gives
d 0 1 vy -1 vy
_Cb(x:Y):_{ _}: =
0x 0x WmRe \x 2vTRe x\x

the potential velocity ¢ very small when x very large with compare with w, then there
is no significant contribution of the potential velocity inside boundary layer region,
therefore it is may be neglected, in this way, the boundary layer velocity solution
w4 equation (7.7.11) would be substituted into the integral representation of Oseen

solution (7.2.4), the total x -momentum velocity u(x, y) becomes

VRe y. ) (7.8.1)

u(x,y) =erf< 2 Vx

Next, to evaluate v(x,y), the total y-momentum velocity, w,(x,y) and ¢(x,y) the
boundary layer (wake) velocity solution (7.7.10) and the potential velocity solution for
outer flow (7.5.6) respectively could be inserted into the y-momentum integral

representation of Oseen solution (7.2.5), so that it can be written the velocities v(x, y) as

0 o( 1 y 1 1 _Rey?
v(x,y) = @qb(x,y) + wa(x,y) = @{ }

\/nRe\/_f _\/nReﬁe 4x
1 1 __Re yz
_ %ﬁ(l e ) (7.8.2)

The solutions u(x, y) and v(x, y) agree with the Burgers’ solution (Burgers 1930, p. 610,
eq. 17 & eq. 18).

122



Chapter 7 Analytical Study

7.9 Derivation of the Oseen-Blasius equation from Oseen integral

representation

This section shows the Oseen flow over flat plate is matching Blasius problem in
boundary layer, we will obtain Oseen-Blasius equation from Oseen integral
representation (7.2.4) by applying the Imai representation of the drag Oseenlet (7.6.2),
and reducing the limitation of the integral representation. We have the following

X

1 2
W(x, =j(——erf )—ds, 7.9.1
where
VRe y
—5y)=— ) 7.9.2
Leta = i where s < x, applying into (7.9.2) gives
VRe y _JRey 1 g 93)
Ta =75 Vi—ax 2 JVxvi—-a Vi—-a o
Now ds = xda. Substituting into (7.9.1) gives
a
W) = [ (~gert0) e xde
x,y) = ——er —xda'.
Y ) 2 Ta VrRe a'x
Then we have
a
Vx 1 n
Y(x,y)=— f—[erf( )] da'. 7.9.4
Y 7TR(—:'0 a' vi—da ( )
Let
a
f ! fl[f< 7 )]d’ (7.9.5)
= ———| —|er a’, 9.
1 Zno a v1i—da
where
( ) = Re
nxy)= 2 Vx
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Then the equation (7.9.4) can be expressed as

V2x
Y(x,y) =— : 7.9.6
(x, ) N f@m) (7.9.6)
The main contribution in (7.9.4) is when a small, so 1 — a = 1, this gives
a
1 1 V2a
~—— erf(n) da' = ——erf(n). 7.9.7
fm) ) Vo G) e (m (7.9.7)

The derivatives of a function f with respect to n provide polynomial, it could be

approximated to give Oseen-Blasius equation as the following

2V 2«
fl)=-—=eT
T
where 2 erf(n) = =", and
an T] _\/E ’
42« 2
f"m = ne=m,
T
the third derivative is
4\/% 2 8\/% 2
nr — -n° _ 2,-1m
) - e p nce
f"m) .
= ” —2nf" (). (7.9.8)

For large n, the equation (7.9.8) can be rewritten as

") = =2nf"m)

this gives the equation
")+ 2nf" () = 0.

Therefore, the Oseen-Blasius equation (3.4.5) is obtained.
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7.10 The analytic solution of the Oseen-Blasius equation

The solution of Oseen-Blasius equation in the flow over flat plate will be obtained
analytically from two different forms first the ordinary differential equation and second

the partial differential equation. It has been solved by Laplace transform method.

7.10.1 The solution of ordinary differential equation form of the

Oseen-Blasius equation
First, the equation with boundary conditions is
"' +2nf" () =0,

f(0)=0, f'(0)=0, flln =00 ) =1,

VRe ¥

where the free stream velocity U = 1, n(x,y) = —r

To solve this ordinary differential equation, reduction of order method may be applied,
by assumption g(n) = f"'(n) the equation becomes

9'(m) +2ng(m) = 0.
The general solution of this equation can be written as

F'(n) = f”(O)e‘"z. (7.10.1.1)

To evaluate "' (0), the equation (7.10.1.1) is integrated with respect to n from 0 to o, by
utilizing the boundary conditions f'(0) =0, f'(n - ) =1 and Gaussian integral
(4.1.4) to give

f(0) = (7.10.1.2)

2
=
Inserting (7.10.1.2) into equation (7.10.1.1) and integrating from O to n, from the Error
function integral representation and boundary conditions f'(0) = 0 we have

') =erf(n) . (7.10.1.3)
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In order to find f, we integrate f' from 0 to n and integration by parts method is applied

for Error function gives
2 2 2
=nerf(n) + —=e™ ——. 7.10.1.4
f(m) =mnert(n) e e ( )
Finally, inserting f'(n) and f(n) into equations (3.5.8), (3.5.12) (Section 3.5 Chapter 3)

respectively, therefore the velocities profiles u(x, y) and v(x,y) are

u(x,y) = erf<¥ %), (7.10.1.5)
X

) = — i(l_ —%?) 7.10.1.6

v(x,u) = Ner i e . (7.10.1.6)

It can easily be noticed that (7.10.1.5) and (7.10.1.5) are exactly same (7.8.1) and
(7.8.2) respectively.

7.10.2 The solution of partial differential equation form of the Oseen-

Blasius equation

The procedure of this section is taken from the study of Kusukawa (Kusukawa et al.,
2014) where the aim of this study is Blasius equation, Kusukawa study proves that there
is an analytical technique, namely an iteration method to solve the problem of the
boundary layer flow over a flat plate. He obtained several approximations of the solution
of this equation and the & power series has been applied to expand the velocity
components (see chapter 2), whereas we focused on the first approximation which is the
solution to the Oseen-Blasius equation. In the present section the equation is expressed

when the free stream velocity U = 1 as

ou' 1 9%
dx Re 0y2’

It has both Oseen and Blasius approximation, (in some references called modified Oseen

equation).
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From Oseen approximation (3.1.2) the velocity components (u, v ) are expanded such as
u=14¢cu*, v=€ev*, (7.10.2.1)
where and the parameter ¢ is the ratio of the boundary layer thickness to the plate length.

From (7.10.2.1) the boundary conditions become
1
u*(x,0) = — u*(x,y » ) =0, v*(x,0) = 0. (7.10.2.2)

The Laplace transform with respect to x considering y as a parameter can be applied to

solve the equation with boundary conditions (7.10. 2.2) which it is defined by

(0]

u*(s,y) =fu*(x,y)e‘5xdx. (7.10.2.3)
0

To obtain the Laplace transform of the derivative of u(x, y) with respect to x, integration

by parts will be applied into the Laplace Transform equation (7.10. 2.3) as follows
—u' () 1 f ou’ (x,y)
s s dx

x=0 0

e dx.

jou*(x,y) e *dx = [

0

So we have
‘ du”(x, - o
] (’gx D o = SJ w'(x,y) e™dx = s u*(s,y) (7.10.2.4)
0 0

where u*(0,y) = 0, and

aZF(s;Y):fazu*(s;y)e—sx
dy? dy?

dx. (7.10.2.5)
0

Then applying the Laplace transform to the partial differential equation form of Oseen-
Blasius equation, we have
2%u*(s, y)
dy?

The general solution of this equation as

(Re)(s)u'(s,y) = 0.

(s, y) = C, e(VRes)y 4 ¢,e~(VRes)y, (7.10.2.6)
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Evaluating the constant C; and C, using the boundary conditions gives

[0e]

u*(s,0) = —lf e S%dx = —l<l>,

& E\S
0

and u*(s,y » ) =0, thuswe have C; =0, C, = —i(i) inserting in the general
solution (7.10.2.6) gives
o~ (VRI®)y

W(s,y) = - P

The inverse Laplace transform of Ge‘a 5) is1-— erf( ) (Abramowitz & Stegun,
1964, p.1026, eq. 29.3.82 & p.297, eq. 7.1.2); yields

u (x,y) = %[erf <El> — 1]. (7.10.2.7)

To complete the process, the y-momentum velocity v* will be obtained by substituting
u* in the continuity equation and integrate with respect to y from 0 to y and from

boundary condition v*(x, 0) = 0, yielding

Y a
v L3R o

Since
0 (VRe y> VRe y  _Rep
—erfl —— | = ———— x”
0x 2 x Vi xvVx
therefore
1 1 _Rey?
v'(x,y) =— 1—e 4 |. (7.10.2.8)
&€ \nxRe

The solution of Oseen-Blasius equations in variables x, y are

u(x,y) = erf<\/_\7_)
v(x,y) = 1 1 (1—6 Ri;ﬂ)
Ve Vi |

So that the solution for ordinary form (7.10.1.5) and (7.10.1.6) are verified.
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Figure 7.4 The analytic solution of Oseen-Blasius equation

X
Vx

~[3
)

where: Re = 10, x =1and U = 1 withn(x,y) =

(a) Velocity u with n-axis .

(b) Velocity v with n -axis.

(c) Boundary Layer Thickness &, evaluated by u = 0.99U,
2(1.8213)Vx

—m :

(d) Comparison between u, v, § with y-axis.

o(x) =
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Chapter 7 Analytical Study

7.11 Stokes Boundary Layer

The Stokes boundary layer is considered, it refers to the boundary layer near to the flat

plate for our case of laminar steady flow over a flat plate in the direction parallel to the

x-axis. In the near field, the Oseen flow tends to Stokes flow (Batchelor 1967), and we

will use this fact to obtain the solution of boundary layer problem by Stokes equation in

near-field. In the similar procedure in the section (7.7), we can express the velocity by the

integral equation as

o)

u(x,y) = f uP(x — s,v)a(s)ds.
0

Here the Drag Stokeslet is defined by

Re x?
uP(x,y) = Elln(vxz +y%) —

x? +y2|
(Batchelor 1967). Since

2

gl () -

Cx2+y?

we can rewrite (7.11.1) as

ul(x,y) = f—;{ln(w/xz +y2)—1+ yaa—y [ln (w/xz + yz)]}.

Therefore we obtain

Re

u(x,y) = E{J [ln (\/(x —5)2 + yz) — 1] o(s)ds

0

+y% f ln(\/m)ﬂ(s)ds}-
0

It can be expressed as
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Re

’U,(X, y) ~ AT

{f ln (x—s)?+y )a(s)ds+y f (x—s5)+y )a(s)ds}.

0 0

Since r; =/ (x — s5)? + y2, and the strength Oseen function o(s) = \/_v_, it can be

rewritten as

o

y) = Re 1 lnrs N f nrs
u(x, ds
=7 VTR Vs yay nVnRe .

ds

Apply the thin body theory result (7.5.6) gives

R R

By differentiating the second term with respect to y gives

VRe y

u(x,y) =— NN (7.11.3)

Sincen(x,y) = @% substituting into (7.11.3), the Stokes solution (Figure 7.7);

becomes
VRe y 2
> \/_> —n. (7.11.4)

\/E
There is alternative technique to obtain the solution (7.11.4) by apply the boundary
layer theory on steady Stokes equation to give Stokes Boundary Layer equation as

10%u
Redy?
(Batchelor, 1967, p. 190).

(7.11.5)

The solution of this equation could be calculated by integrated twice with respect to y
with applied the boundary condition as
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Chapter 7 Analytical Study

u(x, y) = a(x)y,

set a(x) = ‘/%_e%to obtain

u(x,y) =An(x,y), (7.11.6)
where A is a constant.

The stream velocity function ¥ (x,y) could also be applied into Stokes Boundary

Layer (7.11.5) to obtain same solution as
63
o _,
ay3
By following same procedure of Oseen-Blasius equation, so we can say
f""@m) =0. (7.11.6)

Integrating gives
ffa =4,  ulx,y)=f'(n) =A4n+B.

Sinceu =0as n =0 then B = 0 therefore

u(x,y) = f'(n) = An.

006

003 |

004k

s 003 |

002 |

001 f

0 02 04 06 og 1
wh

Figure 7.5 The solution of velocity u of Stokes boundary layer equation

where x = 1and Re = 105.
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Chapter 8 Numerical and analytical
Comparison

8.1 Comparisons of Numerical solution

In this section, the profile solutions for four approximate equations of Navier-Stokes
equations: Boundary Layer, Oseen Boundary Layer, Blasius and Oseen-Blasius are

compared.

The Figures (8.1)-(8.8) illustrate the graphs of x-momentum and y-momentum velocities
of these approximate equations at x=0.5 and at x=1 by Finite Difference Method (FDM)
for various Reynolds number Re = 10*,103,10% and 10> and the free stream velocity

U = 1 with different grid size in rectangle domain D = (0,1) x (0,1).

The numerical results show that Blasius is more close to Boundary Layer equation than
the others. In addition, the Oseen-Blasius matches Oseen Boundary Layer equation.
Therefore, it demonstrates that the pressure does not play a main role in the flow over a
flat plate and can be ignored. Furthermore, we can conclude that the simplest way to
formulate the Oseen problem is Oseen-Blasius equation, where the study of Kusukawa
(Kusukawa, Suwa et al. 2014) proves that the Oseen-Blasius solution is the first

approximation to Blasius solution (Figure 2.1).
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0.015

O Boundary layer
—— Oseen
Blasius

O Oseen-Blasius

0.01

0.005

0 0.2 0.4 0.6 0.8 1 1.2
w/U

(a) The x-momentum velocity u/U with y-axis.

0.015 T T
O Boundary layer
—— Oseen
Blasius
{ Oseen-Blasius
0.01 1
>
0.005
0 \ \ s
0 0.5 1 1.5 2 25 3

v/U %107
(b) The y-momentum velocity v/U with y-axis

Figure 8.1 Comparison of Boundary Layer equations, Oseen Boundary Layer equations,
Blasius equations and Oseen-Blasius equations at Re = 10>, x = 0.5.
The comparison is evaluated at Re = 10° and the free stream velocity U = 1
by Finite Difference Method (FDM) with grid size 2000 x 2000, Ax =
Ay = 0.0005 in the rectangle domain D = (0,1) x (0,1).
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0.015 T T T
O Boundary Layer
Oseen

Blasius

O Oseen-Blasius

0.01

0.005

0.02

O Boundary layer
—— Oseen

Blasius
0.015} | ¢ Oseen-Blasius

> 0.01

0.005

x 107

(b) The y-momentum velocity v/U with y-axis.

Figure 8.2 Comparison of Boundary Layer equations, Oseen Boundary Layer equations,
Blasius equations and Oseen-Blasius equations at Re = 10>, x=1.
The Comparison is evaluated by Finite Difference Method of 2D flow over
flat plate, the free stream velocity U = 1 with grid size size 2000 x 2000,
Ax = Ay = 0.0005 in the rectangle domain D = (0,1) x (0,1).
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(@) The x-momentum velocity u/U with y-axis.
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O Boundary layer
—— Oseen
Blasius
{ Oseen-Blasius

0

0.002

0.004 0.006 0.008

v/U

0.01

(b) The y-momentum velocity v/U with y-axis.

Figure 8.3 Comparison of Boundary Layer equations, Oseen Boundary Layer equations,

Blasius equations and Oseen-Blasius equations at Re = 10*, x=0.5.

The Comparison is evaluated by Finite Difference Method of 2D flow over

flat plate, the free stream velocity U = 1 with grid size 500 x 500, Ax =
Ay = 0.002 in the rectangle domain D = (0,1) x (0,1).
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0.06

O Boundary layer
—— Oseen
Blasius

{ Oseen-Blasius
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(@) The x-momentum velocity u/U with y-axis.
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—— Oseen
0.05F Blasius
{ Oseen-Blasius
0.04
> 0.03
0.02
0.01

(b) The y-momentum velocity v/U with y-axis.

Figure 8.4 Comparison of Boundary Layer equations, Oseen Boundary Layer equations,
Blasius equations and Oseen-Blasius equations at Re = 10*, x=1.
The Comparison is evaluated by Finite Difference Method of 2D flow over
flat plate, the free stream velocity U = 1 with grid size 500 x 500, Ax =
Ay = 0.002 in the rectangle domain D = (0,1) x (0,1).
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0.2 T

O Boundary layer
——Oseen
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Oseen-Blasius
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(b) The y-momentum velocity v/U with y-axis.

Figure 8.5 Comparison of Boundary Layer equations, Oseen Boundary Layer equations,
Blasius equations and Oseen-Blasius equations at Re = 103, x=0.5.
The Comparison is evaluated by Finite Difference Method of 2D flow over
flat plate, the free stream velocity U = 1 with grid size 100 x 100, Ax =
Ay = 0.01 in the rectangle domain D = (0,1) x (0,1).
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¢

0.18 1 O Boundary layer o
—— Oseen 10)

0.16 I Blasius 0]
(> Oseen-Blasius Q
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(a) The x-momentum velocity u/U with y-axis.
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(b) The y-momentum velocity v/U with y-axis.

Figure 8.6 Comparison of Boundary Layer equations, Oseen Boundary Layer equations,
Blasius equations and Oseen-Blasius equations at Re = 103, x=1.
The Comparison is evaluated by Finite Difference Method of 2D flow over
flat plate, the free stream velocity U = 1 with grid size 100 x 100, Ax =
Ay = 0.01 in the rectangle domain D = (0,1) x (0,1).
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8.2 Comparison of Numerical and Analytical Solution of Oseen

Blasius Solution

The numerical and analytical profile solutions of the x-momentum and y-momentum

velocities and thickness of the Oseen-Blasius equation (3.6.1) are compared.

The comparison has performed at Reynolds Number Re = 103, x = 1 and the free

stream velocity U = 1 , where the analytical solution is

VRe y 1 1 < _Rey2>
—_— —|1—e 4x |,
2 \x VrReVx

and for numerical solution the finite different method (FDM) has been applied (see

u(x,y) = erf< ), v(x,y) =

section 6.7 chapter 6) with grid size 500 x 500, Ax = Ay = 0.002 in the rectangle
domain D = (0,1) x (0,1),The boundary layer thickness & is evaluated by u = 0.99U

and §(x) = 2(3;_);/;, see Figures 8.7-8.9

The results shows that the numerical solution has well matched the analytic solution of

Oseen-Blasius (linear partial differential) equation under same boundary condition.

T
Analytic

0.18 -1 o Numerical
0.16
0.14
0.12
> 0.1
0.08 -
0.06 -
0.04 -
0.02 -
0 . ‘ . ‘ ‘
0 0.2 0.4 0.6 0.8 1

uw/U

Figure 8.7 The x-momentum velocity u/U with y-axis of analytic and numerical
solution of the Oseen-Blasius equation at x = 1.
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0.2 T T
Analytic
0.18 | ¢ Numerical |

0.08 - b

0.06 - b

0.04 - b

0.02 | ]

0 0.005 0.01 0.015 0.02
v/U

Figure 8.8 The x-momentum velocity v/U with y-axis of analytic and numerical

solution of the Oseen-Blasius equation at x = 1.

0.08 1
% 0.06} 1
Z

0.04 - 1

0.02 b
Analytic
Numerical

0 0.2 0.4 0.6 0.8 1
x/L

Figure 8.9 The Boundary Layer Thickness § of analytic and numerical solution of the

Oseen-Blasius equation.
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8.3 Comparison of Finite Difference Method (FDM) solution and
Runge-Kutta Method (RKM) of Blasius equation

In this section the Blasius solution by the Finite Difference method (FDM) has been
compared for the Re =105,10*and 103 with classic standard result of Blasius that have

been reported previously in the literature review.

The Figures 8.10-8.8.12 have illustrated that the result of Finite Difference Method is
different from Runge-Kutta method (Table 2.1 and Figure 2.1 in chapter 2) .

So unlike for Oseen, this method does not model perfectly the nonlinear partial

differential equation.

0.025 T T T T 0.03

0.025
0.02

0.02 -
0.015 |

> > 0.015

0.01 -
0.01 -

1 0.005 1
—— —FDM
——RKM —RKM
0 02 0.4 0.6 0.8 1 12 0 05 1 15 2 2.5 3 35
u/U viU %107

(a) Velocity u with y-axis (b) Velocity v with y-axis

Figure 8.10 Velocity of Blasius equation at x=1 at Re=10°> by RKM and FDM.
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(a) Velocity u with y-axis (b) Velocity v with y-axis

Figure 8.11 Velocity of Blasius Equation at x=1 at Re = 10* by RKM and FDM.
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(@) Velocity u with y-axis (b) Velocity v with y-axis

Figure 8.12 Velocity of Blasius Equation at x=1 at Re=103 by RKM and FDM.

143



Chapter 8 Numerical and analytical Comparison

8.4 Comparison of Oseen Boundary Layer and Blasius Boundary

Layer

This section compares the Blasius and the Oseen-Blasius equation boundary layers. First,

by comparing Blasius equation (3.5.16)

")+ 2fm)f"(m) = 0,

with Oseen-Blasius equation (3.6.5)
f"'m) +2nf"(m) =0,

it could be easily noticed that the Blasius equation is approximated by
f(n)=n, (8.4.1)

to give Oseen-Blasius equation on boundary layer. The numerical study discussed in
chapter 6 supports that the x-momentum velocity profile of these two equations match
each other in the far-field. Furthermore, this agrees with Sobey, (2000) and he stated that
f(n)->nasf(n)=n - oo with boundary condition f(0) = f'(0) = 0.

It is noted there are significant differences (approx. 30%) in the gradient in (a) and the

asymptote in (b) (see Figure 8.13).

=

T T T T T T T
| |— Blasius (RKM) — Blasius (RKM)
— Analytic Oseen-Blasius — Analytic Oseen-Blasius

n
S = Mo W & L o o o o
n

0.4 0.6 0.8 1 1.2 0 1 2 3 4 5 6 7 8 9
uw/U v/U %10

S+

(a) Velocity uwith n-axis. (b) Velocity vwith n-axis.

Figure 8.13 Comparison between analytic solution of Oseen-Blasius equation and

Blasius solution by Runge-Kutta method at x=1.
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8.5 Comparison of Stokes, Oseen and Blasius Boundary Layer

The comparison will be performed of the solution for three approximation: Stokes
boundary solution, Oseen-Blasius solution and Blasius solution.

2
NG
Oseen-Blasius u = erf(n), it could be noticed that, the x-momentum velocity u of Stokes

First, we compare the solution of Stokes Boundary Layer u = — n with the solution of

equation in boundary layer matches the Oseen-Blasius solution (Figure 8.14) when n

small enough i.e.

w(x,y) = erf(n) = %n, (n—0) (85.1)

On the other hand, according to Sobey (2000, eg. 2.30), the function f of Blasius
problem could be approximated by

1 s?

f(s)~ , (s—>0) (8.5.2)
2 (ap)?
where s(x,y) = %\/y—z
Differentiating (8.5.2) with respect to s gives
f1(s) = — (853)
u = S) = . WO,
vV ()3
. VR y o .
Sincen(x,y) = =~ then s = V2 n, substituting into (8.5.3) to obtain

A2
u(x,y)—mn(x,y)-

From Sobey (2000, p.31, eq. 2.45), the solution of Blasius equation is obtained from
Runge-Kutta Scheme and gives a, = 1.65519.., then

u(x,y) = (0.664115 ) n(x, y). (8.5.4)
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Therefore, in near field, the Blasius solution matches Stokes on boundary layer solution,
(see Figure 8.15).

From above, we can use the constant of Oseen-Blasius f'"(0) = \/% as a constant of

general solution of Stokes Boundary Layer (7.11.6)

u(x,y) = An(x,y).

Whereas, the Blasius solution matches Stokes in near field when the Blasius constant
(0.664115) used as a constant A in the general solution of Stokes Boundary Layer (7.11.6)
(see Figure 8.16).

— Oseen-Blasuis u=erf(1)

| |~ Oseen-Blasuis u=erf{r)

[| © StokesB.L.u=(1.1284)p

— Stokes B.L. u=(1.1284)p

0 0.02 0.04 0.06 0.08 0.1 0 0.2 0.4 0.6 0.8 1
w/U u/U

(a) (b)

Figure 8.14 Comparison between Stokes Boundary Layer equations and Oseen-Blasius
of Velocity u at x=1 and Re = 103 and A = % = 1.1284

(a) Velocity u with n-axis in the small region.

(b) Velocity u with n-axis.
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Figure 8.15 Comparison Velocity u between Stokes near-field with A=0.664115 solution
and Blasius solution by Runge-Kutta method at x=1 and Re = 103.

(@) Velocity u with »-axis in the small region.
(@) Velocity u with n-axis.

2.5

= 1.5

0.5

— Oseen-Blasuis u=erf{(7)

—©-- Stokes B.L. u=(1.1284)n
Blasius RKM

<4 Stokes B.L. u=(0.664115)n

S <G

Figure 8.16 The profile velocity u solution of Oseen-Blasius, Blasius solution by Runge-
Kutta method, Stokes with A=2/+/m and A=0.664115.
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Chapter 9 A matched Oseen-Stokes
Boundary Layer

This chapter study considers a matched Oseen—Stokes Boundary Layer by assuming a
far-boundary layer Oseen flow matched to a near-boundary layer Stokes then show this

solution is a good agreement with the Blasius solution.
9.1 The equations matched

Match Oseen-Blasius for boundary solution with Stokes near field in boundary layer.
First, assume that

VRe y
e = — 2, 9.1.1
where 7, is the value to resize and make Oseen-Blasius solution u(x,y) = erf(n — no)

matches Stokes solution.

By differentiating n with respect to x and y gives

o _ (m-n)  dn_~Rel
ox 2x dy 2 \x’

respectively. By using the stream function 1 (x,y) from the equation (7.2.9), the Oseen-

Blasius partial differential equation is

0% 1 0%
dxdy Re dy3

Consider

2v/x
Y= Efo(n)- (9.1.2)
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Where o refer to Oseen-Blasius problem. In similar way in the Blasius derivation

(Chapter 3, Section 3.3), we obtain

oY 2Vx _

3y _\/—fo( ) =fo(@m), (9.1.3)

0%y  ,  0n VRe 1

031/} v 1 nr an_ III

5 =2 \/_ o (n)@— (n)— (9.1.4)
Also

a oy . on _ (n—no)

7(5y) = FOF= T LW (91:5)

The governing the equations of (9.1.4) and (9.1.5), reduce to the Oseen-Blasius equation

to

(77 770) r/r
SN oy = () g

Simplifying, gives
o (M) +2m—=mo) fo'(n) = 0. (9.1.6)

So allowing Oseen to be far-field, the far-field Oseen solution is
u = f,(n —no) = cerf(n —no) + b. (9.1.7)

Applying boundary conditionu = 1, n = oo, we have,
b=1-c. (9.1.8)

Integrating (9.1.7), we obtain

q
fo(m) = cf erf(¢)dq'+ (1 —c)n +a, (9.1.9)
0

where g = n — n,. Also differentiating (9.1.7), gives

2
(1) = c\/—Ee_("_”O)Z . (9.1.10)
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Similarly, from (7.11.6) the general solution Stokes Boundary Layer is
ulx,y) = f{(n) = An.
(where s refer to Stokes problem). So we have
An?

fs(m) =T+C-

Setting the stream function 1 be zero onn = 0, from the equation (9.1.2), we obtain
f(0) = 0 therefore C = 0 and
An?
fsm) =—— (9.1.11)
So it could be summarized what obtained above by the following:

e Oseen-Blasius on Boundary layer

q
fom) = CJ erf(q) dq"+ (1 —c)n +q, (9.1.12)
0
fom) =cerf(n—mne) + (1 —c), (9.1.13)
4 2 p~n-no)?
o () = c\/—Ee 0)%, (9.1.14)
e Near-field Stokes Boundary Layer
A 2
fsm = > (9.1.15)
i) = An, (9.1.16)
s'(n) = A (9.1.17)
Let the Oseen-Blasius match near-field Stokes boundary layer on
1 = Nmatch - (9.1.18)

So we have five unknown values 7,,4tch M0, @, ¢ and A. For A we use the Blasius

constant from equation (8.5.4), so

A = 0.664115. (9.1.19)
The governing the equations of (9.1.13), (9.1.16), (9.1.18) and (9.1.20) can be written

the Oseen-Stokes matched solution as
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0.664115n, N =< Nmatch

WD =D ety -+ (1= n e ©120
where m refers to Oseen-Stokes matched problem.
Now, from (9.1.14), (9.1.17), (9.1.18) and (9.1.19),
c%e_(”_"o)z ~ 0.664115. (9.1.21)

Add and remove [c(n —No) — \/iﬁ] in (9.1.12) for the far field,

n—7o 1 C
fom) = c(fo erf(q") dq’' — (n —no) +ﬁ> +c(m — 1) _\/_EJF 1-on+a

Since
fn—ﬂo 1
erf(qNdq' = (n—no) ——=, asn- oo,
0  r
therefore
C
X nNn—cn——=+=+a. as n — oo,
fo(m) = n—cnq Nz n

inserting into (9.1.2) to obtain

2Vx c
lp:\/T_e(n_CT]O_\/_E-I-a). (9.1.22)

From Sobey (2000, eq. 2.10, eq. 2.24, eq. 2.25, and eq.2.44), the stream function ¥ can
be approximated as

V2x
Y~ Tke
2%k o
‘m(”‘ﬁ)'

(s = Bo), as s - oo,

(9.1.23)

where n = s/+/2, and the constant value of potential out flow of Blasius is 8, =1.21649..
(Sobey, 2000, p.31, eq. 2.46). By comparing (9.1.22) with (9.1.23), one can notice

Bo _ _ c
— =0.860188 = cny + —=—a. (9.1.24)

Vr

I~
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9.2 The iteration scheme

An iteration scheme may be used to evaluate 1,,4:cn, o, @ and c. Set

q = Nmatch — No- (9.2.1)
Then for determining c the equation (9.1.21) could be used as

¢ = (0.664115)\/;&1‘. (9.2.2)

For determining n’, .., the equations (9.1.13) and (9.1.16) give

1

Mimatch = 066a1is [cierf(q) +1—¢; | (9.2.3)

Finally, for determining a; the equations (9.1.12) and (9.1.15) gives

_ 0664115

a; = 2 (n;'natch ) 2 + Ci f erf(qi) d77 - (1 - Ci)nrinatch' (9-2-4‘)

On the other hand, the equation (9.1.24) could be used to test the accuracy from

. . Ci
alost = ci(Mhnaten — Qi) + \/—% —0.860188. (9.2.5)

This gives error

e; = a; — Alog. (9.2.6)
Assume linear relation between e and g as

e=mq+n,

where m and n integer numbers, when e = 0 gives = —n/m . Also,

e; =mq; + n,
9.2.7
€iy1 = MQiy1 T 1, } ( )
and
€i9i+1 = Mq;iqi+1 + NQGi41, } (9.2.8)
€i+19; = MQqi4+1q; + nq; . e

Now, from (9.2.7) and (9.2.8) give
€; — €41 €iqi+1 — €i+14;
m=————, n=
qi — 9i+1 9i+1 — q;

respectively. Then for new guess of q;,,
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-n (eiqi+1) — (ei+1qi)
S . 9.2.9
qi+2 e — ese ( )

We can stop at e;/a; < 10716, and the start points, choose g, = 0.1 and g, = 0.2. This
gives the following values after converging at 10 iteration steps:
Nmateh = 1.21129, ¢ =4.63560, 1, = —0.225315, a = 0.710699.

Therefore, the Oseen-Stokes matched solution (9.1.20) may be rewritten as

0.6641157 n <1.21129,

ulxy) = {(4.6356) erf[n + 0.225315] — 3.6356, n>1211209. (0210

Figure 9.1 compares the boundary layer profile for Blasius, Oseen-Stokes matched, and
it seen that Oseen-Stokes matched is a close approximation to Blasius.

35 T T T T T T 3 T
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Stokes-BL 251 |- - Stokes BLL Matching
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25+ 1 P
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= = 1.5 T
15k Matching Line 7= 121129 -
1 =
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B e N P Matching
______ -
______ -
— -
0 lme=s . 0 . .
2.5 2 -1.5 1 0.5 1.5 0 0.5 1 L5
uw/U u/U
5 T T T T 5 T
45k —— Oseen-Stokes matched | PRI Blasius
' : —— Oscen-Stokes matched
4t 1 4 |- |====Oseen-Blasius
3.5 35
3 3
=25
oL
1.5F
1k
0.5
0 . . . . .
0 0.2 0.4 0.6 0.8 1 12 1.2

u/U

Figure 9.1 Oseen—Stokes matched solution
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10.1 Conclusion
New research: To conclude, the new research presented in this thesis has:
Analytical:

e Given a complete description of the Wiener-Hopf technigque in Oseen flow.

e Used Imai’s approximation to show the equivalent of this description with
Burgers’ approximation (Burgers, 1930) and Kusukawa’s approximation
(Kusukawa, Suwa et al. 2014).

e Introduced an Oseen-Stokes matched boundary layer that agrees closely with

Blasius.
Numerical:

e Introduced a finite difference scheme that agrees with analytical results for the

Oseen boundary layer.

The thesis is on an investigation of the Oseen partial differential equations for the problem
of laminar boundary layer flow for the steady two-dimensional case of an incompressible,
viscous fluid with the boundary conditions that the velocity on the surface is zero and
outside the boundary layer is the free stream velocity. In particular, focus is on flow past

a semi-infinite flat plate.

First of all, the literature review was investigated, it shows that the velocity satisfying the
Oseen partial differential equation (Oseen 1927) for the flow past a semi-infinite flat
plate is equivalent to vector integral equations of the drag Oseenlet with Oseen strength
function which satisfies the boundary condition (Olmstead 1965).
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According to Noble (1958) and Polyanin and Manzhirov (2012) the integral equation is
the Wiener—Hopf Equation of the first kind. Gautesen (1971b) derived the inverse of these
integral equations and obtained the solution in the integral form by using the technique
developed in Noble (1958, Ch. VI) in a manner similar to (Olmstead 1966) and
determined the Oseen strength function . Also the study of Bhattacharya (1975) gives
the same solution. However, many steps in Gautesen and Bhattacharya are missing and
unexplained. In this thesis, all these steps have shown and given in full

In contrast, the study of Burgers, (1930) obtained an approximate solution of the problem
where the drag Oseenlet has been simplified to give Abel’s integral equation that was
solved to obtain the strength or force function then the solution was derived and given in

terms of the Error function.

In this thesis, for the first time, the relation between Burgers’ and Gautesen’s result are
shown. We present in full details the derivation of the integral representation of Oseen
flow past a semi-infinite flat plate found in Gautesen (1971) and in Bhattacharya (1975)
and compare between them. In addition, we present the general solution of the integral
equation of the Wiener-Hopf problem. Following the study of Noble and Peters (1961),
determine this integral equation to reach the exact solution which agrees with the studies
of Bhattacharya (1975), A. K. Gautesen (1971b), Lewis & Carrier (1949) and Olmstead
& Gautesen (1976).

In this thesis, more details have been given, many complex integrals are calculated and
explanations are introduced not present in the original studies about Wiener-Hopf
technique to solve the Oseen integral representation. The main difference between what
is discussed in this study and with Gautesen (Gautesen 1971) is we derive the solution
for any kernel, this is different from the study of Gautesen (Gautesen 1971) who derived
the solution when the kernel is the drag Oseenlet. Moreover, the Gautesen study did not
mention how to calculate the Fourier transform of the kernel that is an alternative form of
the drag Oseenlet function. So first, we proved this alternative function is equivalent to

the drag Oseenlet. Then we compute the Fourier transform.

For the Blasius equation, there are numerous studies. This equation is a non-linear

ordinary differential equation with boundary conditions. It is solved via numerical
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methods such as Runge-Kutta, Differential Transformation, Shooting and Finite
Difference (Lien-Tsai and Cha'o-Kuang 1998, Cortell 2005, Puttkammer 2013), and the
results are in agreement with the Howarth study (Howarth 1938) which is pioneering
work for the flat-plate flow. In the same manner, there is an analytic study to obtain the
solutions using an Iteration Method (Kusukawa, Suwa et al. 2014), and again the results
are in good agreement the Howarth. It shows that the solution of the Oseen-Blasius
equation in boundary layer is the first approximation solution of Blasius equation
(Kusukawa, Suwa et al. 2014).

The numerical study is performed for the problem of the 2-D steady flow past a semi-
infinite flat plate with various Reynolds Numbers Re =10°,10%, 102 and 102, where the
Boundary Layer Theory and Oseen approximation is applied on the dimensionless
Naiver-Stokes equations to obtain different equations: Boundary Layer equation, Oseen
Boundary Layer equation, Blasius equation and Oseen-Blasius equation. The Finite
Difference Method has been used with uniform grid to solve these conservation equations
with boundary conditions that the velocity is zero on the flat plate and the free stream

velocity outside boundary layer in different grid sizes according to Reynolds number.

Moreover, an analytic study is presented to consider the relationship between Oseen and
Blasius approximation in the boundary layer. The Oseen strength function, is found by
the Wiener-Hopf technique, and is employed to obtain the solution by utilizing the Imai
approximation of the drag Oseenlet (Imai 1951) in the boundary layers (wake). This
solution gives Burgers solution of Oseen equation (Burgers 1930), and also this solution
Is an agreement with the first approximation of Blasius problem according to Kusukawa’s
solution (Kusukawa et al., 2014). Furthermore, the Oseen-Blasius equation is derived
and solved analytically in two ways, by ordinary and partial differential equation, and

the same solution is obtained.

Additionally, for the potential flow, a Thin Body Theory is applied which is checked for
the Laplacian Green function. The solution agrees with the Sobey outer flow solution
(Sobey, 2000, p. 32, eq. 2.54).

Furthermore, the behaviour of the Stokes flow near field on the boundary layer is studied

and it is found that the x-momentum velocity u matches the Oseen-Blasius boundary layer
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solution when the boundary layer variable n is small enough, and so the Stokes boundary

layer can model the near field.

Then, several comparisons have been performed for numerical and analytical results.
First, the comparisons by the Finite Difference method (FDM) of velocities u, v, are made
for Boundary Layer equation, Oseen Boundary Layer, Blasius and Oseen-Blasius
equation for different Reynolds Number in rectangular domain. The numerical studies
show that the Oseen-Blasius gives the same results as the Oseen Boundary layer equation.
Therefore, it indicates that the pressure variation does not play a main role in the flow
over a semi-infinite flat plate. Furthermore, it is concluded that the simplest way to
formulate the Oseen problem is the Oseen-Blasius equation, where the study of
Kusukawa (Kusukawa, Suwa et al. 2014) proves that the Oseen-Blasius solution is the
first approximation to Blasius solution. Next, the results by Finite Difference Method of
Blasius Boundary Layer is compared with classical result by Runge-Kutta Method. It
shows the results are different, and so, the Finite Difference Method solution fails to give
a good approximation for the Navier-Stokes equations allowing it gives excellent
agreement for the Oseen equations.

These results also show that the Oseen and Blasius models give significant. (around 30
%) differences in the streamwise velocity gradient giving the stream and the drag, and in
the out flow/displacement due to the boundary layer. To overcome this, a near-boundary
layer Stokes flow is matched to a far-boundary layer Oseen flow that enforces these
equations to be the same instead of different, in this way, an accurate representation of
boundary layer is obtained by analytic functions, this is useful in enabling mathematical

analysis of the boundary layer, for example, stability analysis.

10.2 Future Work

In this section, we will illustrate the future work based on what has been discussed in this
study of the flow past a semi-infinite flat plate. There are some suggested studies
formulated as future works, on numerical and analytical studies to complete the

framework in the thesis. These suggested studies are as follows:
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I. Enhance the numerical results of Blasius problem by Finite Difference Method to
achieve better agreement. This could be achieved through an iterative scheme or

introduce a matrix solver.

Il. Perform a numerical study to find the solution of the approximate equations of

Navier-Stokes equations past a semi-infinite flat plate using a staggered grid

/ Staggered grid v\

®

S R
1 1 1
H | H
j=3/2 B----@----H
: I :
: . ;
j=1 '

R

There are two suggested methods: Marker and Cell method (Hoffmann and Chiang
2000) , Projection method (Biringen and Chow 2011) .

I11. Study Bhattacharya (1975) procedure to solve Oseen Integral representation. He
use Reiman Hilbert boundary value problem. Then compares with wiener-Hopf
techniuge.

IV. Determine the second approximation in the Oseen-Stokes matched Boundary Layer
formulation by using the method in Kusukawa (2014) and minimize this.

V. Study the problem of the flow over flat plat when there is an object on flat plate

as the following
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U N
g’tree S 2
ream S B
Velocity / 6 \
= 0ok 10
A B Flat Plate
u(x,0)=0

It could use the Finite Difference Method and the same Boundary conditions in
Chapter 6 except on the flat plate it could be divided into 5 parts:

1. The horizontal line, in front of the object :

u(x,0) =0, v(x,0) =0, O<x<A.
2. The vertical line, the left side of the object

u(4,y)=0, v(4,y) =0, 0<y<s.
3. The horizontal line, on the object:

u(x,6) =0, v(x,6) =0, A<x<B.
4. The vertical line, the right side of the object:

u(B,y) =0, v(B,y) =0, 0<y<sé.
5. The horizontal line, behind the object:

u(x,0) =0, v(x,0) =0, B<x<o,
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