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Abstract: The hybrid nanofluid flow under suspension of Gold and Magnesium oxide 

nanoparticles (Au/MgO-NPs) propagating between vertical parallel plates is investigated. 

Sodium alginate third-grade non-Newtonian fluid is used as the base fluid. The effect of 

electro-magnetohydrodynamics is also taken into account. The energy equation also 

includes the effect of Joule heating and viscous dissipation. Due to the nonlinear nature of 

the formulated differential equations, perturbation strategy is utilized to acquire the 

analytical solutions. Discussion and plotting are presented with respect to most significant 

parameters. It is analyzed that the rate of heat transfer is dramatically increased, and this 

is owing to an increase in the thermal conductivity of the fluid due to hybrid nanofluid. 
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With increment in buoyancy convection parameter and electric field parameter, the flow 

is accelerated. It is also noted that the temperature is boosted with increasing nanoparticle 

volume fraction of both magnesium oxide and gold nanoparticles. A comparison with 

previously studied results is also included. The applications of the work include novel 

thermal duct processing technologies in biomedical, nuclear and process engineering.  

 

Keywords: Hybrid nanofluid; Electro-magnetohydrodynamics; Thermal buoyancy; Gold 

and Magnesium oxide nanoparticles. 

 

 

1. Introduction 

Energy is a huge quantity of information that can be transmitted from one device to 

another to execute tasks. It can be done with heat or with work [1]. When there is a 

temperature difference among two systems, heat can be transferred from one to the other and 

propagate from a higher to a lower temperature region [2]. Heat transfer is the term used to 

describe the process of transferring heat (thermal) energy from one system to another. Heat 

transfer applications have become commonplace in our daily lives [3-7] for example, the 

human body produces heat and adjusts its temperature in response to the surroundings by 

wearing clothing. Heat transfer is also used to regulate the temperature in our homes and 

offices, and it is required for drying, cooking, and refrigeration. Heat transfer is also used in 

automobile radiators, electronic devices, solar thermal collectors (which transmute solar 

energy into power and heat), and spacecraft. Heat must be dissipated quickly in these types 

of devices in order for the system to execute and operate properly. Due to recent technological 

advancements, increasingly device sizes are being reduced (miniaturization) with a thrust 

towards improved heat management. Therefore, heat transfer augmentation is extremely 

important in the field of thermal engineering. 
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To enhance the heat transfer coefficient between working fluids, a variety of approaches 

have been developed [8, 9]. For example, the suspension of solid particles (nanosized) in a 

base fluid has been shown to improve the thermal characteristics of the base fluid. Choi and 

Eastman [10] were the first one to describe this type of fluid, which they termed nanofluids. 

Nanofluids can be prepared by dispersing small metallic oxide particles, metallic or carbon-

based components in the working fluids. Recently, new class of nanofluids have been 

introduced which is known as hybrid nanofluids. Hybrid nanofluids are a novel type of fluid 

that has emerged in recent years. The suspension of two or more types of nanoparticles in a 

base fluid can create hybrid nanofluids. The nanoparticles contained in the base fluid are 

exceedingly small (approximately less than 100 nm), making this type of working fluid ideal 

for heat transfer applications. Different types of conventional fluids can be used as hybrid 

nanofluid such as water, Ethylene glycol, paraffin oil, engine oil, vegetable oil, kerosene, 

Sodium alginate, and water-ethylene glycol mixture etc. The following nanoparticles are 

utilized to improve heat transfer for working fluids: diamond-Ni, MgO-MWCNT, SiO2-

CNT, SWCNT-MgO, Ag-TiO2, Ta-Ni, Ag-MnO, Al2O3-Ag, Cu-Zn, Ag-SiO-carbon, 

Graphene-Ag, MWCNT-Fe3O4, Cu–TiO2, Al2O3-SiO2, Ag-CNT, Fe3O4-Graphene, 

Al2O3-MEPCM, Al2O3-CNT, Fe2O3-CNT, ND-Co3O4 etc. Hybrid nanofluids have been 

employed in a variety of heat transfer applications [11-13], including micro-channels, plate 

heat exchangers, pipelines, air-conditioning systems, tube and shell heat exchangers, tabular 

heat exchangers, tube-in-tube heat exchangers, thermal ducts, helical coils and coiled heat 

exchangers. Kumar et al. [14] presented a detailed applications of multiple hybrid nanofluids 

using carreau fluid. Hybrid nanofluid with Cattaneo–Christov heat flux model was examined 

by Reddy et al. [15]. Recently, Reddy et al. [16] studied the magnetized hybrid nanofluids 

over a rotating disk in the presence of Arrhenius kinetics.  
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Magnesium oxide nanoparticles (MgO-NPs) [17] have attracted a significant amount of 

attention to their multidimensional applications when compared to other nanoparticles in a 

variety of fields such as biomedical engineering, catalysis, refractory materials, glass 

industry, pharmaceuticals, waste remediation and heat transfer applications. These materials 

are extremely advantageous since they offer exceptional features such as an excellent 

strength-to-weight ratio, recycling activity, good functionality, hygroscopic nature, and low 

density. MgO-NPs have a wide range of applications due to their properties, which include 

cost-effective manufacturing, a higher melting point, biocompatibility, and biodegradability. 

Kumaresan et al. [18] investigated magnetic copper and magnesium oxide nanoparticles in 

the presence of heat generation, absorption, and thermal radiation in transport in a porous 

medium. Pandiaraj et al. [19] used flat plate heat pipes to investigate magnesium oxide 

nanoparticles with statistical analyses. Khodadadi et al. [20] analyzed the performance of 

nanoparticles on the analysis of magnesium oxide nanoparticles suspended in water and 

provided a statistical model. The behavior of magnesium oxide nanoparticles floating in the 

heat pipe solar collector was studied experimentally by Dehaj and Mohiabadi [21]. The 

stability of magnesium oxide nanoparticles and their thermal performance in a flat plate solar 

collector were discussed by Chaudhry et al. [22]. The effect of an inclined magnetic field on 

the free convection flow of MoS2 and MgO nanoparticles suspended in water and floating 

on the surface of a porous elastic surface was studied by Hymavathi et al. [23]. Reddy and 

Shehzed [24] computed the transport of micropolar fluid doped with magnesium oxide and 

molybdenum disulfide nanoparticles also using a Catteno-Christov heat flux model.   

On the other hand, gold nanoparticles (Au-NPs) have also many applications [25-27] in 

biomedical engineering, electronics, therapeutic agent delivery, probes, catalysis, 

photodynamic therapy, sensors, and diagnostics etc. Gold nanoparticles exhibit a number of 

desirable properties [28] including a high surface-to-volume ratio, low toxicity, size and 
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shape-dependent optoelectronics properties, and remarkable biocompatibility. Beicker et al. 

[29] analyzed photothermal conversion using gold nanoparticles and multi-walled carbon 

nanotubes floating in water by experimental analysis. Elgazery [30] adopted a non-

Newtonian fluid model with alumina and gold nanoparticles in a non-Darcy porous medium 

with magnetohydrodynamic effect. Dinarvand and Rostami [31] investigated the von Karman 

swirling flow using a mass-based model and a hybrid nanofluid containing gold and zinc 

oxide nanoparticles. Rashid et al. [32] explored gold nanoparticle structure effects and heat 

transport in parallel plate squeezing channel flow. The boundary layer flow of gold-thorium 

water-based nanofluids propagating through semi-infinite plat was studied by Govindaraju 

and Selvaraj [33]. Yin et al. [34] provided numerical results for the heat radiation impact on 

molybdenum/gold water-based hybrid nanofluids under convective conditions. The 

references list (see refs. Verma et al. [35]; Ghalambaz et al. [36]; Saba et al. [37]; Basha et 

al. [38]; Zhang et al. [39]) contains a number of other noteworthy studies that are relevant to 

hybrid nanofluid dynamics.  

 The primary goal of this research is to investigate the electro-magneto-hydrodynamic 

(EMHD) hybrid nanofluid flow in a vertical parallel plate channel filled with sodium alginate 

third-grade fluid with gold and magnesium oxide nanoparticles. A transverse magnetic and 

axial electrical field are considered. In thermo-bioengineering, magnetic nanoparticles [40-

42] offer a wide range of applications. The position of magnetic nanoparticles can be 

manipulated using magnets with carefully controlled external magnetic field. The use of a 

variable magnetic field to heat nanoparticles is advantageous, and magnetic nanoparticles can 

also be utilized as a contrast agent in magnetic resonance imaging. The mathematical 

modeling is based on the momentum equation, the energy equation (modified with Ohm's 

law) and featuring viscous dissipation. Using a perturbation scheme, the formulated 

differential equations are solved analytically, subject to physically appropriate boundary 
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conditions, and the solutions up to second order are derived. Graphs and tables are used to 

illustrate and explain the effects of all of the parameters under consideration. A comparison 

is also presented to validate the current model and verify that the present results for novel 

hybrid nanofluid are correct. The novelty of the present work is the simultaneous 

consideration of both magnetic and electric fields, nanofluid rheology and gold/magnesium 

oxide nanoparticles which has not been addressed previously in the literature.  

Nomenclature  

V  Velocity vector (m/s) 

T  Temperature (K) 

G Gravity (m/s2) 

mT  Mean temperature (K) 

p  Pressure (Pa) 

t  Time (s) 

B  Magnetic field (Tesla) 

J  Local ion current density vector (A/m2) 

E  Electrical field (V/m) 

k  Thermal conductivity (W⋅m−1⋅K−1) 

pc  Specific heat (J⋅kg−1⋅K−1) 

Gr  Thermal Grashof number  
Re   Reynolds number  

S Skin friction coefficient 

h Nusselt number 

 

Greek letters 

   Stress tensor (N/m2) 
  Viscosity (Pa s) 

  Thermal expansion coefficient (K-1) 
  Density (kg/m³) 
  Electrical conductivity (S/m) 

1 2 1 2 3, , , ,      Material constants 

  Hartmann number 
  Electrical strength parameter 
  Third-grade non-Newtonian (viscoelastic) fluid parameter 
  Buoyancy convection parameter 

  Brinkman number 

2  Joule heating parameter 

1  Heat generation owing to the interaction of magnetic and 

electric fields 

1  Volume fraction of Mgo nanoparticles 

2  Volume fraction of Au nanoparticles 
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Abbreviations: 

SA Sodium alginate 

MgO Magnesium oxide  

Au Gold  

NPs Nanoparticles 
hnf  Hybrid nanofluid 

 

2. Formulation of the Problem 

 

Let us consider the Sodium Alginate (SA) third-grade hybrid nanofluid flow between 

two vertical parallel plates (channel) located at a finite distance 2 . The fluid is electrically 

conducting and incompressible and both axial electric and transverse magnetic field are 

present. The base fluid contains magnesium oxide and gold nanoparticles (MgO/Au-NPs). It 

is presumed that the base fluid and nanoparticles are in thermal equilibrium and that no slip 

arises between them. A Cartesian coordinate system is adopted. The walls of the channel 

(duct) located at x = and x = −  are held at a constant temperatures 2T and 1,T where 

1 2T T . Based on the proposed assumptions, the continuity equation is expressed as:   

V 0, =            (1) 

The momentum equation using Ohm’s law is defined as [43]:   

( ) ( )
V

V V J B ,
h mhnf nf

p g
t

T T  
 

  + = −  + + +   
−×     (2) 

Here the stress tensor is denoted by   , viscosity is denoted by  , pressure is denoted by ,p

g is the gravity, thermal expansion coefficient is denoted by  , T  is the temperature, 

( )1 2 2mT T T= +    is the mean temperature, density is denoted by  , hnf in subscript 

denotes the hybrid nanofluid; time is denoted by t , magnetic field is denoted by B , and local 

ion current density vector is denoted by J and it is defined as: 

( )J V B E ,hnf= +×           (3) 
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Here electrical conductivity is denoted by , and electrical field is denoted by E . 

 

 
 

Figure 1: Geometrical structure of the hybrid nanofluid flow through a vertical parallel 

plate channel. 

 

The constitutive equation for a third-grade Reiner-Rivlin differential viscoelastic fluid [44] 

is defined as: 

( ) ( )2 2

1 1 2 2 1 1 3 2 1 2 2 1 3 1 1tr ,hnf       = + + + + + +

   

(4) 

Where 1 2 1 2 3, , , ,     represents the material constants, and the kinematical tensors 1 2 3, ,

are expressed as 

t

1

t1
1 1

,        V,

d
,        2,3,

d

−
− −

=  +  =

= +  +  =





 
n

n n n n
t

      

(5) 

If the model is compatible with thermodynamics such that the all the fluid motions meet the 

Clausius-Duhem inequality, and the assumption of the specific Helmholtz free energy be a 

minimum in equilibrium then the following conditions are defined as:   

1 1 2 3 1 2 30,   0,   24 ,   0,   0.         +  = = 

     

(6) 
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The energy equation with viscous dissipation and the Joule heating effects are described as: 

 

( )
d J J

:
d

V 



= + +


  

hnf
hnf

p hnf

T
c k T

t      

(7) 

where thermal conductivity of the fluid is denoted by k , pc denotes the specific heat, and 

the symbols “  ” and “:” represents the single and double dot products.  

For the proposed problem, we will seek the velocity field and the temperature field in the 

following form:  

( ) ( )V 0, ,0 ,     .V X T T X  = = 
       

(8) 

 

Using equation (7) into the governing equation (2), we get the following set of equations: 

 

( )
2

1 2

d d
2 ,

d d

p V

X X X
 

   
= +                   

(9) 

  

( ) ( )
22 2

2 3
2

2

d d d
6 ,

dd dhnf hnf hnf mhnf

p V V V
B V BE T T

Y XX X
g   

  
= + − + + −        

(10) 

0.
p

Z


=
             

(11) 

Defining the modified pressure in the following form 

( )
2

1 2

d
ˆ 2 ,

d

V
p p

X
 

  
= − +               

(12) 

In view of Eq. (11), Eqs. (8-10) can be reduced to the following form as: 

 

ˆ
0,

p

X


=


            (13) 

  

( ) ( )
22 2

2

2 3 2

ˆ d d d
6 ,

dd dhnf hnf hnf mhnf

p V V V
B V BE T T

Y XX X
g   

  
= + − + + −       

(14) 
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ˆ
0.

p

Z


=
             

(15) 

It can be seen from the previous equations that the pressure function p̂ Y   is constant. We 

get 

( ) ( )
22 2

2

2 23 0,
d d d

6
dd dhnf hnf hnf mhnf

V V V
B V BE T T

XX X
g    

 
+ − + + −   

=
   

(16) 

The velocity boundary conditions at the duct walls are defined as follows: 

( ) 0,V  =

          

(17) 

For EMHD, the energy equation given in Eq. (7), in view of Eq. (8), is obtained as: 

( )3

2 42
2 2 2

2

d d
2 2 0.

d d
hnf hnf hnf

T V V
k B V E BEV

X X X
 

    
+ + + + − =            

(18) 

The Joule heating and volumetric heat generation owing to viscous dissipation are 

represented by the last terms in the preceding equation. 

The thermal boundary conditions are defined as follows, in accordance with the geometrical 

structure: 

( ) ( )1 2,       ,T T T T − = + =

        

(19) 

The following step involves converting the aforementioned equations into dimensionless 

form by employing the variables mentioned below:  

0 1 2

, , ,mT T
T

V X
v X

V T T


=

−
= =

−

       

(20) 

Here V0 is a reference velocity.  

Using Eqn. (20), the dimensionless form of Eqns. (16) & (19) emerge as: 

 
( )

( )
2

22 2

2 2

d d d
6 0,

dd d

hnf hnf hnf

f f f

v v v
v T

xx x

 
 

  


 
 
 

+ − + + =

     

(21) 
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2 42
2 2

1 22

d d d
2 0,

d d d

hnf hnf hnf hnf hnf

f f f f f

k T v v
v v

k x x x

   
    

   

   
+ + + − + =   

      

 (22) 

The boundary conditions (17) and (19) now assume the dimensionless form:  

( ) ( )

( ) ( )

1
1 0,      1 ,   

2

1
1 0,      1 ,     

2

v T

v T


− = − = 


+ = + = −


         

(23) 

and 

( ) ( )

( ) ( ) ( )

1 2

2 2 2
0

0

1 2

2

1 2 1 2

3 2 2
0 3

0

0

1 2

2

,

2
, .

,Re , ,

,
Re

,,
f f f

f f

f f

f f f f f

f

f f

T T

V BE E

k T T

Gr

T T k T

g BEV V

V

VGr
B

T k




   

   


     

 
    



= = = =

=

−

= =
−

= =
− −

   

(24) 

Here Hartmann number is denoted by  , dimensionless parameter related to electrical 

strength is denoted by  , third-grade non-Newtonian (viscoelastic) fluid parameter is 

denoted by  , buoyancy convection parameter due to temperature is denoted by , Gr is the 

thermal Grashof number, Re is the Reynolds number,  represents the Brinkman number 

(which indicates the ratio of heat created by viscous dissipation to heat transferred by 

molecular conduction), the effects of heat generation owing to the interaction of magnetic 

and electric fields on heat conduction is denoted by 1  and the ratio of Joule heating to heat 

conduction is represented by 2 .  

The physical and thermodynamics properties of hybrid nanofluids are defined with the 

following relations [45,46]: 

a. Density: 

   (25) 

b. Heat capacity: 
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    (26) 

c. Dynamic viscosity: 

         (27) 

d. Thermal conductivity: 

 (28) 

e. Thermal expansion coefficient: 

    (29) 

f. Electric conductivity:  

1 1 2 2

3 1

1 ,    .

2 1

hnf
np np

f

hnf

hnf

hnp

f

hnf hnp

hnp hnp

f f




    
  

 


 

  
 − 

   + 
+  = 
    

+ − −       
    

=   (30) 

Here 1 denotes the volume fraction of MgO nanoparticles, and 2 denotes the volume 

fraction of Au nanoparticles. The properties for the nanoparticles and Sodium Alginate (SA) 

third-grade base fluid are given in Table 1. The above model has been successfully used by 

Takabi and Salehi [46] and Tayebi and Chamkha [47] for Al2O3-Cu/water hybrid nanofluid 

in different geometrical configurations.   

The skin friction coefficient and the Nusselt number on the left plate at X  = −  is defined in 

dimensionless form as:  
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( )

( )

d
1 ,

d

d
1 .

d






− 



−



hnf

f

hnf

f

v
Cf

x

k T
Nu

k x
         

(31) 

 

 

3. Solution of the Problem  

To obtain the solution of the resulting nonlinear differential equations (24-25), we have used 

homotopy perturbation method. The perturbation formulation for equations (24-25) are 

defined in the following form as [43]: 

( ) ( ) ( ) ( ) ( ) 2 32
0 0 0 0

1 1 1 1

2 2

2
, 1 ,

6 d d

d d
h v L v L v L v v

v v
T

x x


   

  
 = − − + +   

   


− + +

     

 (32) 

( ) ( ) ( ) ( )
( )

( )

2

1
0

4

0 op 0 4

2 22
1 2

4 4

d

d
, 1 ,

2 d

d

v
L T

x
h T L T L T

v
v v

x



  


  

  
+  

   = − − +
   

  + + − + 
   







 

 (33) 

and 

 

( )

( )
1 2 3 4, , ,

hnf hnf hnf hnf

f f ff

k

k

 

  
= = = =   

      

(34) 

We have selected the following linear operator 0L  and the initial guess 0 0,v  in the following 

form:  

2 2

op 0 02

d 1
, ,

2 2d

x x
L v

x


−
= = = −         (35) 

To continue, let us introduce the series expansion for equations (32-33), which we have. 

2
0 1 2

2
0 1 2

,

,

v v v v

T T T T

 

 

= + + +

= + + +
         (36) 
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We get a set of linear differential equations at each order by substituting equation (36) into 

equations (32-33). After the completion of this step, we will use the symbolic computational 

software Mathematica to obtain the solutions of the linear differential equation at each order.  

3.1 Zeroth other system 0  

We get the following set of differential equations with boundary conditions of zeroth order: 

( ) ( )

( )

0 0 0 0

0

0,

1 0,

L v L v

v

− =

 =
         (37) 

( ) ( )

( ) ( )

0 0 0 0

0 0

0,

1 1
1 , 1 ,

2 2

L T L T

T T

− =

− = + = −
       (38) 

The solution at the zeroth order is obtained as:  

2

0

0

1
,

2

,
2

x
v

x
T

−
= 


= −


           (39) 

3.2 First order system 1  

The first order system is obtained in the following form as: 

( ) ( )

( )

20 0 32
0 1 0 0 0 0

1 1 1 1

1

2 2

2
,

1 0,

d d6

d d
L v L v v

v

v v
T

x x


 

  
+ +  
 


 = 


− + +

       (40) 

( ) ( ) ( )

( )

2 4

2 20 01 2
0 1 0 0 0 1 0 2

4 4 4

1

d d2
,

d d

1 0,

v v
L T L T v v

x x

T


   

   
+ + + + − +    

    


 = 

 

     (41) 

The solution of the first order system is obtained as: 

( ) ( ) ( )( )2 2 2 2
1 2

1

3

1

,
1 12 5 2

4

6

2

x
v

x x x     − + −  +  − + +  − + +
 


=

     (42) 

( ) ( ) ( ) ( ) 
( )

2 2 2 2 42
1 2 1

4
1

2

2
4

,
10 1 5 5 60 11 41

120 8 1
T

x x x xx

x x

   



  + +  − − + + + − +− +
 −
 


=
+ + + 

 (43) 



15 

 

 

 

3.3 Second order system 2  

The second order system is obtained as: 

( )

( )

22 2
20 0 0 31 1 2

0 2 1 12 2
1 1 1

2

d d dd d
,

d d dd d

1 0,

2
6 v v vv v

L v v
x x xx x

v

T
  

+ +  
  


 = 

 
 
  


− +

       (44) 

( ) ( )

( )

3

20 01 1 1 2
0 1 1 0 1 1

4 4 4

1

d dd d8
2 2 ,

d d d d

1 0,

v vv v
L T v v v

x x x x

T


  

 
+ + + −  

  


 = 

 

      (45) 

The solution of the second order system is obtained as: 

 2 3 4 5 6 8
2 2,0 2,1 2,2 2,3 2,4 2,5 2,6 2,7 ,v v v x v x v x v x v x v x v x= + + + + + + +     (46) 

2 3 4 5 6 7 8
2 2,0 2,1 2,2 2,3 2,4 2,5 2,6 2,7 2,8 ,T T T x T x T x T x T x T x T x T x= + + + + + + + +   (47) 

The constants ( )1, 1,, ; 0,1 ,6n nv n = mentioned in the above equations are given in 

Appendices A and B.  

Using the HPM property, we may derive the final form of the solutions as:  

0 1 2
1

lim ,v v v v v
→

= = + + +        (48) 

0 1 2
1

lim ,T T T T T
→

= = + + +        (49) 

4. Results and discussion 

Extensive visualizations of the impact of numerous emerging physical parameters on 

transport characteristics are presented. Specifically, graphical results for the velocity profile, 

the skin friction coefficient, the temperature profile, and the Nusselt number in particular. 

The linear differential equations at each order solved with the help of DSolve command in 

Mathematica. The following parametric values have been chosen to proceed with graphical 



16 

 

 

 

computations, for instance: 1 20.5, 0.2, 2, 2, 1, 0.5, 0.5.      = = = = = = =  Table 1 shows 

the thermo-physical properties of Sodium Alginate (SA) third-grade fluid, magnesium oxide 

(MgO), and gold nanoparticles (Au). As a special case of our analysis, Table 2 provides a 

numerical comparison of Nusselt number and skin friction coefficient with previously 

published results [44,48-50] for varying values of the third-grade fluid parameter and 

Brinkman number. The numerical comparison of velocity and temperature profiles for simple 

third-grade fluid flow in the absence of a magnetic field and nanoparticles is shown in Tables 

3 and 4. In Tables 3 and 4, the present results with homotopy perturbation method (HPM) 

are compared with different methods including Homotopy analysis method (HAM), 

Variational parameter method (VPM), and Galerkin’s method (GM). However, most the 

results at each point are similar up to 3 decimal places. We can observe that the current results 

demonstrate very good correlation with previous studies and thereby confirm the validity of 

the hybrid nanofluid results. 

Table 1: Thermophysical properties of Sodium Alginate third-grade fluid, magnesium oxide 

and gold nanoparticles [51-53]. 

 

Physical properties Sodium Alginate (SA) Gold (Au) Magnesium oxide (MgO) 

( )3kg m  989 8908 3580 

( )W mK  0.6376 91 45 

( )pC J kgK  4175 445 955 

( )1 K  0.00099 0.0000134 0.0000336 

( )S m  2.64×10-4 1.7×107 2.6×10-6 
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Table 2: Comparison of the present results with previously published results for skin friction 

and Nusselt number by considering 1 2 1 2 0.     = = = = = =    

Physical 

parameters 
Skin friction coefficient Nusselt number 

    Rajagopal and Na [44] Present results Rajagopal and Na [44] 
Present 

results 

0.5 1 0.1628 0.1628 -0.4966 -0.4966 

1 1 0.1592 0.1592 -0.4966 -0.4966 

1 2 0.1593 0.1593 -0.4932 -0.4932 

1 4 0.1596 0.1596 -0.4863 -0.4863 

2 0.1 0.1532 0.1532 -0.4997 -0.4997 

2 1 0.1533 0.1533 -0.4967 -0.4967 

 

Table 3: Comparison of the present results with previously published results for velocity 

profile by considering 1 2 1 2 0.     = = = = = =      

 

x  Present results Ziabakhsh and Domairry [48] Manshoor et al. [49] Biswal et al. [50] 

 HPM HAM VPM GM 

-1 0 0 0 0 

-0.8 0.023919351 0.02391937 0.033923604 0.02368610 

-0.6 0.032172695 0.03217274 0.032183540 0.03170120 

-0.4 0.028406878 0.02840695 0.027143138 0.02794809 

-0.2 0.016617651 0.01661778 0.016274634 0.01632954 

0 0.000807628 0.00080780 0.000922405 0.00074834 

0.2 -0.015082466 -0.01508225 -0.015143973 -0.01489272 

0.4 -0.027103718 -0.02710348 -0.028257013 -0.02669087 

0.6 -0.031230152 -0.03122988 -0.031223835 -0.03074332 

0.8 -0.023429062 -0.02342875 -0.023274354 -0.02314729 

1 0 0 0 0 

 

Table 4: Comparison of the present results with previously published results for temperature 

profile by considering 1 2 1 2 0.     = = = = = =    

   

x  Present results Ziabakhsh and Domairry [48] Manshoor et al. [49] Biswal et al. [50] 

 HPM HAM VPM GM 

-1 0.5 0.5 0.5 0.5 

-0.8 0.400735884 0.40073588 0.400246306 0.40097357 

-0.6 0.301177389 0.30117737 0.309367078 0.30172607 

-0.4 0.201590913 0.20159090 0.201548465 0.20225927 

-0.2 0.101927505 0.10192749 0.101925345 0.10257493 

0 0.002060513 0.00206049 0.002174325 0.00267484 

0.2 -0.098070046 -0.09807006 -0.098174536 -0.09743924 

0.4 -0.198408504 -0.19840851 -0.198546725 -0.19776553 

0.6 -0.298828514 -0.29882852 -0.298765434 -0.29830227 

0.8 -0.399274729 -0.39927474 -0.400465233 -0.39904768 

1 -0.5 -0.5 -0.5 -0.5 
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The graphical chart of the skin friction coefficient versus numerous values for key 

parameters is shown in Figure 2. The graphical chart of the Nusselt number profile for all 

emerging parameters is shown in Figure 3. Both figures are plotted with the assistance of 

equation (31) for MgO nanoparticle volume fraction 1 , gold nanoparticle volume fraction 

2 , third-grade fluid parameter  , Brinkman number , electric field strength parameter

 Hartmann number  , and buoyancy convection parameter . Figures 4 to 9 show the 

behavior of the velocity profile as a function of various parameters. Increment in third-grade 

fluid  parameter tends to decelerate velocity in Figure 4, although the consequences are 

not significant. The results for Newtonian hybrid nanofluids are shown for 0. = Figure 5 

shows the variation of buoyancy convection parameter on velocity profile. The velocity 

profile is observed to be enhanced by the buoyancy convection parameter   since thermal 

buoyancy force becomes more prominent as the thermal Grashof number rises, and therefore 

the velocity profile rises. Figure 6 shows that an increase in the Hartmann number  has an 

opposing effect on fluid flow. With a stronger magnetic field there is a boost in the magnitude 

of Lorentz force which effectively impedes fluid motion. The maximum velocity is obtained 

by obtaining the non-magnetic case for 𝛾 = 0. Significant flow retardation is obviously 

obtained with higher magnetic parameters, which correlate to a larger transverse magnetic 

field presence in the regimes. Maximum velocity is always calculated at the center line (when 

𝑦 =  0), and the profiles are symmetric once again. Back flow is never generated in the 

region, even at the highest magnetic parameter of 𝛾 =  4, since the magnitudes of velocity 

are always positive. A comparable pattern has been seen for third-grade fluid motion in a 
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microchannel (Zhang et al. [54]). The variation of the nanoparticle particle volume fraction 

1 of MgO on the velocity profile is shown in Figure 7. It can be seen that when this 

nanoparticle is absent, the velocity is higher, and when it is present, the fluid flow is 

diminished. However, as illustrated in Figure 8, we can observe that increasing the 

nanoparticle volume fraction of the gold nanoparticles 2 predicts similar results, but with a 

smaller amplitude of the velocity profile. The effects of electric strength on the velocity 

profile are illustrated in Figure 9. It should be noted that the electric field strength has a 

substantial impact on the velocity profile. Since the electrical field is axial, with larger values 

of the electric field, the assistive electrical body force is boosted which aids momentum 

development and accelerates the channel flow. 

The variation of the temperature profile in response to several significant parameters 

is depicted in Figures 10 to 16. Figures 10 and 11 show how the volume friction of MgO 1

and Au 2 nanoparticles vary with temperature. As can be observed in both graphs, the 

temperature profile is accentuated as the values of both variables increase. Since 

nanoparticles have a higher thermal conductivity than simple fluids 1 2 0 = = , the impact 

of thermal diffusion is greater, therefore the temperature profile rises.  Figure 12 shows that 

an increment in 1  causes the temperature profile to decline. However, we can see in Figure 

13 that higher values of 2 boost the temperature profile. The variation of the Brinkman 

number  on a temperature profile is shown in Figure 14. It is observed that Brinkman 

number significantly accelerates the temperature profile. In fact, viscous dissipation 

represents the conversion of mechanical energy into thermal energy via frictional effects- 
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higher value of Brinkman number therefore boost the temperature profile. The variation of 

the third-grade fluid parameter  on the velocity profile is shown in Figure 15. The fluid 

parameter has a decreasing and minimal impact on the velocity profile as can be observed 

here. The variation of the Hartmann number  on a temperature profile can be seen in Figure 

16. The effects of the Hartmann number  are insignificant closer to the channel walls, but 

the temperature profile rises in the core zone of the channel with elevation in the Hartmann 

number. The supplementary work expended in dragging the rheological nanofluid against the 

action of the transverse magnetic field is dissipated as thermal energy. This heats the core 

channel flow.  

 

 
 

Figure 2: Skin friction coefficient profile for different values of MgO nanoparticle volume 

fraction 1 , Gold nanoparticle volume fraction 2 , third-grade fluid parameter  , 

Brinkman number , Electric strength , Hartmann number , and buoyancy convection 

parameter .  
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Figure 3: Nusselt number profile for different values of MgO nanoparticle volume fraction 

1 , Gold nanoparticle volume fraction 2 , third-grade fluid parameter  , Brinkman 

number , Electric strength , Hartmann number  , and buoyancy convection parameter   

 

 
Figure 4: Effect of   on velocity profile and 1 20.5, 2, 2, 1, 0.5, 0.5.     = = = = = =  
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Figure 5: Effect of  on velocity profile and 1 20.5, 0.2, 2, 2, 0.5, 0.5.     = = = = = =  

 

Figure 6: Effect of   on velocity profile and 1 20.5, 0.2, 2, 1,; 0.5, 0.5.     = = = = = =  
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Figure 7: Effect of 1  on velocity profile and 

1 20.5, 0.2, 2; 2, 1, 0.5, 0.5.      = = = = = = =  

 

Figure 8: Effect of 2  on velocity profile and 

1 20.5, 0.2, 2, 2, 1, 0.5, 0.5.      = = = = = = =  
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Figure 9: Effect of  on velocity profile and 1 20.5, 0.2, 2, 1, 0.5, 0.5.     = = = = = =  

 

Figure 10: Effect of 1  on temperature profile and 

1 20.5, 0.2, 2, 2, 1, 0.5, 0.5.      = = = = = = =  
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Figure 11: Effect of 2  on temperature profile and 

1 20.5, 0.2, 2, 2, 1, 0.5, 0.5.      = = = = = = =  

 
Figure 12: Effect of 1 on temperature profile and 

20.5, 0.2, 2, 2, 1, 0.5.     = = = = = =  
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Figure 13: Effect of 2 on temperature profile and 

10.5, 0.2, 2, 2, 1, 0.5.     = = = = = =  
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Figure 14: Effect of  on temperature profile and 

1 20.2, 2, 2, 1, 0.5, 0.5.     = = = = = =  

 

Figure 15: Effect of  on temperature profile and 

1 20.5, 2, 2, 1, 0.5, 0.5.     = = = = = =  

 
Figure 16: Effect of  on temperature profile and 

1 20.5, 0.2, 2, 1, 0.5, 0.5.     = = = = = =  
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5. Conclusions  

The electro-magnetohydrodynamic (EMHD) hybrid non-Newtonian electrically 

conducting and incompressible nanofluid flow with gold and magnesium oxide nanoparticles 

(Au/MgO-NPs) propagating between vertical parallel plates has been investigated. Sodium 

alginate third-grade base fluid is considered. Both an external transverse and axial electric 

field are considered. The solutions to the nonlinear differential equations with viable 

boundary conditions at the channel (duct) walls have been obtained using a perturbation 

technique. For each emerging parameter, both graphical and numerical results are presented. 

The key findings of the current analysis can be summarized as follows:  

i. The rate of heat transfer of hybrid nanofluids is dramatically increased, and this is 

owing to an increase in the thermal conductivity of the fluid achieved with the 

combination of gold and magnesium oxide nanoparticles.  

ii. Fluid motion is observed to be inhibited with an increment in third-grade fluid 

parameter, the magnetic field, and the nanoparticle volume fraction of both 

nanoparticles. 

iii. With higher values of the buoyancy convection parameter and electric field strength 

parameter, the fluid velocity increased sharply i. e. strong flow acceleration is 

computed.  

iv. The temperature magnitudes are significantly increased as the nanoparticle volume 

fraction of magnesium oxide and gold nanoparticles are increased.  
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v. The temperature profile is elevated with Brinkman number (viscous dissipation) and 

magnetic force, whereas increment in third-grade fluid parameter has a much weaker 

impact on the temperature profile. 

vi. Very good correlation of the present solutions is achieved with special cases from the 

literature confirming the validity of the solution methodology deployed.   

vii. The current research focused on third-grade fluid flow behavior. Future research 

could focus on the rheology of hybrid nanofluids using different non-Newtonian fluid 

models, as well as alternative nanoparticles, such as metal-based (zinc, silver, 

tantalum, etc.) and carbon-based (diamond, graphite, etc.) combinations (Zangeneh 

et al. [55]; Varmira et al. [56]; Bhatti and Abdelsalam [57]).  
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