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ABSTRACT
The audible frequency range covers many octaves in which the wavelength changes from being
large with respect to dominant features of a space to being comparatively much smaller. This
makes numerical prediction of a space’s acoustic response, e.g. for auralisation, extremely
challenging if all frequencies are to be represented accurately. Different classes of algorithm give
the best balance of accuracy to computational cost in different frequency bands — ‘wave solvers’
such as Boundary Element Method (BEM) at low frequencies and Geometrical Acoustics (GA)
methods at high frequencies. But combining their output data can be an awkward process due to
their very different formulations. This is particularly important for early reflections, which give
crucial spatial perceptual cues. Hence there is a need for a unified full audible bandwidth
algorithm for early reflections. This paper will describe ongoing research to develop such an
algorithm by exploiting synergies between high-frequency BEM and GA. It will describe how
appropriately chosen oscillatory basis functions in BEM can produce leading-order GA behaviour
at high frequencies and explore how interactions between these compare to the same interactions
arising in a surface-based Geometrical Acoustics scheme.

1. INTRODUCTION

Since its inception 25 years ago, auralisation [1] has become an important tool for acoustic
engineers to communicate the sonic benefits of designs to stakeholders. This is especially true in
architectural and automotive applications. In order for an auralisation to be accurate, however, the
numerical simulation on which it is based, and the spatial audio encoding and rendering processes
used to present it to the listener, must all be accurate too. This places challenging requirements on
simulation algorithms. Presently it is commonplace to run different algorithms in different
frequency bands, but this raises questions of how their output data should be combined, since the
listener needs to hear all frequencies together. Postprocessing techniques have been proposed to
combine impulse response data from different algorithms [2], but these are not perfect and do not
address the fundamental dissimilarities between the algorithms. An energetic raytracing method has
almost nothing in common with the grid-based pressure sampling used in Finite-Difference-Time-
Domain (FDTD), for example. This is particularly important for early reflections, which give
crucial spatial perceptual cues — for late time the wave field becomes chaotic at high frequencies
and the benefits are less clear. There is, therefore, a need for a new framework with a unified full
audible bandwidth algorithm for computing early reflections.

This paper describes ongoing research to develop such an algorithm by exploiting synergies
between Boundary Element Method (BEM) and Geometric Acoustics (GA). It will describe how
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appropriately chosen oscillatory basis functions in BEM can produce leading-order GA behaviour
at high frequencies, and how these might be assembled into a wave solver. It will introduce
elements of the ‘Wave-Matching’ BEM, a new High-Frequency BEM (HF-BEM) algorithm and it’s
similarity to what Svensson & Savioja term “Surface-based” GA (SB-GA) [3]. Variants of SB-GA
that consider wave direction are the most sophisticated, and this has been suggested independently
by several groups [4-7]. Notably, a Galerkin BEM implementation of SB-GA is published in these
proceedings [8] which emphasises this similarity. Both formulations can be solved by marching-on-
in-reflection order, a property that makes them suitable for modelling early reflections.

Section 2 outlines a vision for how these algorithms could operate together. Section 3 addresses
some initial issues of superficial dissimilarity and discusses how the total solution is represented as
a sum of reflections. Sections 4 and 5 then look in more detail at the behaviour of the propagators in
HF-BEM and SB-GA, and the matrices they produce. Finally, conclusions are drawn in section 6.

2. VISION

Room acoustic simulation is currently dominated by Geometrical Acoustic (GA) solvers. These
models are efficient and have been widely used for approaching 30 years [3], but it is also widely
known that they are not accurate in all scenarios. This is usually at lower frequencies or in smaller
rooms, where the modal density remains low up to a higher frequency.

“Wave-based’ methods, such as Finite Element Method (FEM), FDTD or BEM, are extremely
accurate [9] but their computational cost scales badly with frequency, meaning there is an upper
limit to their practical use. Moreover, it is well known that at late time, the sound field in rooms
becomes diffuse and chaotic at high frequencies. There is, therefore, little to be gained from running
a computationally expensive wave method in this region; an energy-based algorithm that gives an
ensemble average of likely responses is more appropriate [7].

This leads to different algorithms being used for different frequency bands. This is depicted in
Figure 1, with the status quo shown on the left. A distinction is made in the high-frequency GA
regime between early reflections (yellow region), which are sparse in time and perceptually
important, and late reflections (blue region), which are dense in time. Commonly, a deterministic
algorithm such as Image Source Method (ISM) is employed for early reflections [3]. But this has a
computational cost that rises rapidly with reflection order, so later time is modelled with a
computationally cheaper method such as stochastic raytracing [10]. This is less accurate but is
acceptable because only the energy decay envelope is important perceptually. A method is required
to transition energy between these algorithms, represented by the curved arrow. Note that the
raytracing is shown as if it occurs after the ISM, but it actually starts in parallel with it and energy is
gradually transferred to it due to scattering. Then, at some pre-set transition order, the ISM method
is terminated, and all energy is moved to the raytracing model. An algorithm to do this adaptively
between ISM and Radiosity, a type of zeroth-order SB-GA, has also been proposed [11].
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Figure 1: Illustrations of spectrograms of a Room Impulse Response, with regions of
low and high reflection density (left to right) and modal density (bottom to top) indicated.
a) How this is divided between simulation algorithms in the status quo; b) the vision explored herein.



The low modal density in the low frequency region (green) means it must be handled by a
‘wave’ solver, such as BEM. ‘Hybrid” approaches [9,12-14] do what Figure l1a depicts, that is, run
a wave solver for low frequencies and GA for higher frequencies. But this is while efficient, it is not
as straightforward as it seems due to the requirement for a crossover between the impulse responses
generated by two algorithms (red line). For late time, a conventional crossover filter is adequate, but
for early time more care is required to merge the data correctly. This is because the reflection
pattern is sparse in time and perceptually important. Aretz et al [2] suggested a non-linear method
that avoids cancellations at the crossover frequency when the algorithms predict different phases for
reflections, but in unpublished work by this author this has produced ‘pre-ringing’ artefacts.

The vision depicted in Figure 1b aims to addresses these issues. It features a unified full-audible
bandwidth algorithm for early reflections, which feeds two late-time algorithms. Notably, this
structure avoids the need to apply a crossover filter to early reflections. It is suggested that these
should be BEM at low frequencies and SB-GA at high frequencies, which is essentially BEM with a
ray propagator. For the unified early-time algorithm, HF-BEM is suggested. While ambitious, this
is substantially more tractable than producing a single unified algorithm to cover the entire impulse
response, because it is limited to sparse reflections. In particular, this demarcation would allow the
efficiency gains seen in Hybrid Numerical Asymptotic BEM (HNA-BEM) [15] to be leveraged. For
specific classes of scattering problem, HNA-BEM has been shown to reduce the number of degrees
of freedom necessary so as to scale with log frequency [16], or even be frequency independent [17].
But such problems are characterized by a small number of dominant wave directions, and this only
holds for rooms during the sparse early reflection regime. After that, energy must be transferred to
other algorithms more suitable for dense wave fields, and SB-GA and standard BEM are hard to
beat in this application. Most results in this paper are considered in the frequency domain, but all
can be converted into time-domain equivalents using the Convolution Quadrature framework [18].

Two transfer processes (curved arrows) are now required. For HF-BEM to CQ-BEM this is
straightforward. Both methods solve for pressure distributions satisfying the wave equation, so their
results can simply be summed arithmetically. SB-GA differs because it is based on energy, so
transfer will likely involve stochastic energy statements [19].

3. SOLUTIONS AS A SUM OF REFLECTIONS

BEM has been suggested for unification with GA because both are concerned with reflection
from boundaries, which leads naturally to the synergies that are discussed herein. FEM and FDTD,
in contrast, discretise the solution within the acoustic domain so are fundamentally different.

There are, however, some differences between BEM and GA, notably to do with how visibility
and shadow zone concepts are handled. This section will first unpick these differences, arguing that
they mainly arise due to differences in terminology, and then outlines how algorithms that solve
reflection orders separately operate.

3.1 Visibility and Shadow Regions

GA methods assume that sound propagates in straight lines like light. Indeed, the majority of GA
algorithms originate from computer graphics. The notion of visibility is carried over from vision; if
a sound path is occluded then it cannot be heard. This creates shadow zones. Related to this is the
notion that reflections are only visible in certain regions.

Figure 2 presents a simple scattering problem to illustrate this. An incident wave arriving from
the top left hits a polygonal obstacle, producing two reflected beams and a shadow zone behind.
Pressure due to these phased beams can be written in the form P(x) = A x V(x) x e*9X where A
is amplitude, V (x) is a visibility function that is either 0 or 1, d is a direction unit vector and k =
2ntf /co is wavenumber, where f is frequency in Hz and ¢, is sound speed in metres per second.

Figure 2b depicts the incident pressure field as it would be termed in a GA method. It’s direction
d is indicated by the arrow. The obstacle is deemed to occlude it; hence its visibility function is 1 in
QO —Qshad and 0 in Q™ U Qshad, Reflections arising from the illuminated faces produces the two
reflections shown in (c). These again have their direction vectors depicted as arrows. Their visibility
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Figure 2: Scattering from an obstacle decomposed into phased beams following the convention used
in GA (b & c) and the convention used in BEM (e & f). Arrows indicate propagation directions.
a) geometry and denotations; b) incident pressure with shadow (GA); c) reflected pressure (GA);
d) total pressure (same for both); e) incident pressure no shadow (BEM); f) scattered pressure (BEM).

functions are 1 in Q%P and Q¢ respectively and 0 elsewhere. Total pressure is shown in (d) and is
the sum of these. The checkerboard patterns there are due to interference.

BEM decomposes total pressure differently. It defines incident pressure to be ‘in the absence of
the obstacle’, hence no shadowing is seen in (€). Instead, the scattered pressure it computes”, shown
in (f), includes an antiphase beam that is visible in Q= U QsPa4 which cancels out the incident
wave in the shadow region. Such behaviour could reasonably be termed a shadow wave. In the
‘“Wave-Matching” BEM [20], distinction between incoming and outgoing sound causes these to
arise separately from reflections. A shadow wave cancels out the incoming wave, then a reflected
wave is radiated with amplitude and phase dependent on the boundary condition. Total pressure (d)
is again equal to the sum of (e) and (f), showing that these two decompositions are equivalent.

Discretisation scheme
Testing integral maps arriving : Scattering integral sums sound
sound onto obstacle ' radiated from obstacle

Incident sound Scattered sound

Sound scattered back to obstacle

Figure 3: Diagram illustrating how a scattering problem is formulated in Galerkin BEM.

3.2 Solution by Marching on in Reflection Order

GA algorithms operate by marching on in reflection order. ISM involves repeated re-reflection
of sources in boundaries. Rays and beams reflect of boundaries, then propagate on and hit other
boundaries, where they are reflected again and the process repeats.

BEM is not usually solved by marching on in reflection order, but it can be. Time-domain BEM
[21] is often solved by marching on in time, a variant of the same process. Figure 3 illustrates the
structure of this for Galerkin BEM. The core of the algorithm is the discretisation scheme, being the

*To be clear, subplots e and f of Figure 2 are not computed using BEM. They are geometric beams grouped in the
manner that BEM decomposes a pressure field. In a BEM result, all three beams would see diffraction since they radiate
from finite apertures, and it is diffraction of the shadow wave that smoothes the boundary of the shadow zone. Higher-
order diffraction would occur too, which for this example has been shown to orbit around the obstacle [16].




boundary mesh and the interpolation (basis) functions defined upon it. This allows the pressure
distribution, or energy for SB-GA, on the boundary to be represented by a finite set of coefficients.
Mathematicians refer to this as the approximation space. These coefficients are found, either for the
incident sound (left) or re-reflected sound (looped arrow at bottom) by the Testing Integral. This
computes an inner product over the boundary between the incoming sound field and a set of testing
functions (also called the dual-to-range in BEM literature [22]). These allow choice in how error in
the solution is minimised. Choosing them to match the basis functions in the discretisation scheme
forms a Bubnov—Galerkin method, which minimises mean-squared error in the same approximation
space as the solution. Choosing them to be different forms a Petrov—Galerkin method, which
minimises mean-squared error in some other function space. We opt to do the former for reasons of
simplicity, symmetry, and consistency with an energy interpretation presented in ref. [23]. Finally,
the scattering integral computes how the pressure or energy on the boundary propagates to other
locations, be them receivers in the acoustic domain Q* or other parts of the boundary I'. This
integral is the well-known Kirchhoff-Helmholtz boundary integral equation that arises from
application of Greens’ theorem to the acoustic wave equation [24,25].

A differentiating feature of SB-GA and HF-BEM, compared to standard BEM, is that wave
propagation direction is expressly considered in the discretisation scheme. Incoming and outgoing
directions k™ and k* are parameterised by a unitless quantity y according to:

=fn)(+ﬁnﬂ1—)(2, (1)

Here t,, and fi,, are unit vectors that are respectively tangential and normal to the n element on the
boundary. See fig. 1 in ref. [8] for a diagram. y is related to the angle 6 a ray makes with 1, by y =
sinf. But while a geometrical view of wave propagation requires 6 and y to respectively be
bounded by |0] < 7/, and |x| < 1, as is done in ref. [8], a full wave solution allows evanescent
waves too. These are included by allowing |x| > 1, as is done in ref. [20], which makes the surface-
normal components of k™ and k* imaginary.

It is well known from beamforming theory that a finite aperture, be it for sensing or radiation,
causes sidelobes, which equivalently are smudging in y [26]. Geometrical methods ignore this and
treat directionality as perfect (a Dirac delta function in angle) regardless of how small the radiating
or receiving area is. A consequence of this is that position and direction can be treated separately in
SB-GA whereas they are intertwined in HF-BEM.

The SB-GA discretisation equation from ref. [8] is:

£ (x(0, k() = ZZW [ + q ba()a (o). @
n=0q=
Here N is the number of spatial basis functions b,,, typically equal to the number of nodes or
elements in the mesh, Q is the number of angular degrees of freedom, a,(x) are angular basis
functions, and x is position on the boundary, which is parameterised by a unitless coordinate . w*
is the distribution of sound power, either incoming — or outgoing +, versus position u and angle
x that is being solved for, and w is the vector of coefficients used to represent it.
For comparison, the HF-BEM discretisation equation from ref. [20] is”

N Q
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* This equation is equivalent to the plane wave scheme in ref. [20]. The notation has been adapted to match ref. [8].



The main differences between eg. 2 and 3 are that:

i) Pressure (with phase) is being solved for (instead of power) and there is no explicit
dependence on direction. This will arise through beamforming.

if) A set of discrete directions y, is used instead of angular distributions a, (x). These will,
however, each lead to radiation over a distribution of angles due to the aforementioned
smudging effect. The exact nature of this is dictated by the spatial Fourier transform of b,,.

iii) The angular basis function a, () has been replaced by an oscillatory term that depends on
both y and x. It is this that (under integration) performs the beamforming.
These differences will be explored further in later sections.

3.3 Algorithm Structure

The algorithm for solving the SB-GA scheme in ref. [8] and the HF-BEM scheme in ref. [20] are
extremely similar. All wave propagation operations are represented by matrix multiplications. A
difference is that ref. [8] implements directional sources and receivers for SB-GA, while ref. [20]
only implements omnidirectional sources and receivers, but the directional source framework
demonstrated in ref. [9] could be readily added. For directional receivers in 2D, this would replace
the orthogonality properties derived in ref. [24] with the equivalent 2D versions derived in section
4.2.2 of ref. [20]. If that were done, then both algorithms would take the following structure:

1) First the directional radiation from the source, represented by a vector of coefficients w, is
propagated to the boundary where it is mapped onto a distribution of incoming power (or
pressure) for the zeroth reflection order, represented by wy .

2) This is reflected in the boundary, including scattering and absorption as appropriate, to give
an outgoing distribution of power (or pressure) represented by wg .

3) The outgoing distribution is propagated through the domain until it again reaches the
boundary (looped arrow at the bottom of Figure 3 where it is mapped onto a distribution of
incoming power (or pressure) for the first reflection order, represented by wy .

4) Either steps 2 and 3 are repeated up the required number of reflection orders, and w;—’ are
summed with respect to reflection order i to obtain the total boundary distributions, or a
Neumann series is used to solve for the total steady state power in one step [5].

5) Directional responses at receivers are computed, represented by w,.. This comprises:
a) Computation of power direct from sources (represented by their w®)
b) Computation of power from the boundary (represented by >; w;")

Step 5 can also be applied to individual reflection orders w;", allowing the power density received
from those to be visualised if that is of interest (e.g. for diagnostic purposes). This is done in ref. [8]
to validate the SB-GA algorithm for early reflections. The next section in this paper goes a step
further and visualises pressure fields arising from individual coefficients in w™*, so their similarity
with geometric beams can be discussed.

b) Obstacles material model

a) <)
dictates how incoming
ﬁ waves map to reflected ‘ I ’
outgoing waves via

oeooooo F A A= A= Av=Av=d

Testing integral maps = Scattering integral
arriving sound onto a ' radiates outgoing waves
set of incoming waves iy I into the medium

Figure 4: Diagram illustrating how a reflectance boundary condition operates.



The process above can be summarised by the following pair of matrix equations, which appear in
both refs [8] and [20] (slightly differing notation in the latter):

_ {M‘lstwS fori =0
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Here T, is a matrix describing source-to-boundary propagation and Ty, describes boundary-to-
boundary propagation. M is called the mass matrix. It compensates for non-orthonormality in the
testing integral inner product. It involves both the basis and the testing functions and is given this
name due to its similarity with the mass matrix in FEM. R is a reflectance matrix that describes
boundary absorption and scattering. The purpose of this is illustrated in Figure 4.

The total directional distribution at a receiver is then given by:

w; = T w + Ty lel-'— (5)

Here T, is a matrix describing direct source-to-receiver propagation and T, describes boundary-
to-receiver propagation. w,. is the set of coefficients for a Fourier series for SB-GA in 2D, or a
Fourier-Bessel series for 2D BEM.

Thus, it is seen that identical numerical frameworks arise from the two algorithms, a major step
towards the vision in Figure 1b. The next sections will consider how the wave propagators compare.

4. DIRECTIONALITY OF RADIATION

The geometric phased beams shown in Figure 2 are plane waves times a visibility function. For
the reflected and shadow beams, this visibility function is the projection of the extent of the
boundary section that radiated them in their direction of propagation. The statement for radiation by
a single SB-GA basis function reflects this. In the notation of ref. [8] this is:

“ f 1
wnq(x k) = fr6(cos‘1(k-R))V(x,y)bn(uy)aq()(y)ﬁcos 6y dTy. (6)

The left-hand side of this equation is a power density function, in position and angle, at a
receiver point. Its first argument, x, is the position of the receiver and the second argument, k is the
direction in which that the user wants to know the power flux. Subscripts n and q indicate that only
the contribution from the basis function pair b, X a, is being considered here. This is one step
removed from an elemental entry in T,,.; that additionally includes the receiver directivity model.

The integral on the right sums contributions to x from all points y on the boundary T'. This can be
thought of as a bundle of rays (orange) emanating from the boundary and converging on point x, as
depicted in Figure 5. Of course, if radiation from a single basis function pair is being considered,
then the range of this integral will be limited to the support (hon-zero range) of the spatial basis
function b, (uy is shorthand for the value of u that gives y).

R = x — y is the vector of the ray from y to x, which has length R = |R| and direction R = R/R.
The ray nature of the assumed propagation means than k* = k = R. The former relation has

Figure 5: Geometry for radiation from a boundary segment to a receiver point.



already been substituted to get eq. 6. k* was linked to y by eq. 1, hence Xy = sin 8y, where 6y is as
shown in the figure and sin 6, = fy. k*. k is an argument of the expression, however. This means it

cannot be assumed that k is aligned with R, but the ray nature of the propagation model means that
wnq(x, k) should be non-zero when k = R. The term §(cos™*(k - R)) in the integrand enforces
this. It is, therefore, associated with reception at the receiver. V(x,y) is a visibility function that is 0
if the ray path is occluded and 1 if it is not.

The remaining two terms are cos 8y, and 1/R. The 1/R arises due to spherical spreading from
the boundary sources. It converts the ‘per radian’ of the boundary power density aty into a ‘per
metre’ tangential to the wavefront at x. The cos 6, term is necessary because the power density
includes a ‘per metre’ perpendicular to the ray, whereas the spatial integral is with respect to
boundary length. Multiplication by cos 8, compensates for this. The same term appears in the so-

called ‘form factor’ calculations in 3D radiosity [3]. It can be computed by cos 8y, = fi,. k.
The equivalent statement for the HF-BEM scheme in ref. [20] is™:

oo [0G A
Pfy(x) = frbn(,uy)e‘kk (xa)y O_ny(x'Y) — ikfiy - k+()(q) X G(x,y)|dTy. 7

Here G(x,y) = i/,Hg (k|x —y|) is the free space Green’s function for of the Helmholtz equation in
2D, with Hy being a zeroth order Hankel function of the first (outgoing) kind. This radiates as a
monopole distribution. The notation d/dn, is shorthand for A, - V. Application of this to G(x,y)
yields a dipole, hence 9G/dn, radiates as a dipole distribution. The term ikfi, - k*(x,) has arisen
from application of 3/dn, to e!***(xa)v,

Equations 6 and 7 have similarities. Terms in eg. 6 that do not have equivalents in eq. 7 are the
delta function, which is omitted because pressure at the receiver is not directional, and the visibility
function ¥V (x,y), which is a purely geometrical concept. Terms that carry over exactly are the
cos By, which is present in the dipole term 3G /dn,, and explicitly in the second term as fiy, - k*, and
the 1/R, which is embedded in the Hankel function?.

The remaining terms to be explained are a, (xy) in eq. 6 and ei*k*(%a)¥ in eq. 7. These are both
concerned with directionality — stated explicitly in the former and occurring through beamforming
in the latter — meaning they play analogous roles. It is the spatial Fourier transform of b,, that
dictates the nature of this smearing in angle, leading to the notion that it should be chosen based
both on its Fourier transform as well as its direct interpolation properties in the spatial domain. But
its relation to a, is more complex, because the power arising from eg. 6 is the square of pressure in
eq. 7. This leads to cross-terms involving spatial cross-correlations [19], meaning a, is most likely
related to b,, through a Wigner transform [27]. This is, however, an open research question.

The result of evaluating eq. 7 at a grid of receiver plots is plotted in Figure 6. This is shown for
both discontinuous rectangular (top row) and continuous Hann (bottom row) spatial basis functions.
To understand why the spreading of these waves, which is essentially aperture diffraction, is related
to the Fourier transform of b,,, note that eq. 7 would simplify to B/, (x) = eikk* (o) x jf b, weren’t
present. This is the perfectly directional geometrical behaviour. The complex exponential term also
gives eq. 7 the form of a Fourier transform, hence this is the classic signal processing windowing
problem. Multiplication by a rectangular window smudges the directionality through convolution
with a sinc function in . The high sidelobes of this cause the strong directional spreading in Figure
6a. The Hann window has comparatively lower sidelobes, hence less spreading is seen in Figure 6d.

*

Notation adapted to match eq. 3 and eq. 6
T Better results are achieved by instead here using a Dirichlet to Neumann map [31]. But this is almost equivalent to
X ik, - k* for the Hann spatial basis functions considered over the page, hence this simpler form is stated here.

The large argument approximation of H,(kR) is /2/mkR. Noting that w o« |p|?, this leads to a 1/R term.

Ea
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Figure 6: Decomposition of the result of eq. 7 (a&d) into a geometric beam (b&e) and a correction
term (c&f) for discontinuous rectangular (a-c) and continuous Hann (d-f) spatial basis functions.

Figure 6 also shows in (b) and (e) a phased beam, arising from the plane wave times a visibility
function that is the geometric projection of the spatial basis function in the direction of propagation.
Parts (c) and (f) are the different between these, with (c) being the classical Maggi-Rubinowicz
aperture diffraction term. This has a reputation for being inaccurate for edge diffraction calculations
[28], but that is associated with unrealistic boundary conditions that are used in its application to
that problem. Here, as a building block for HF-BEM solutions, it is perfectly valid and provides a
means to more efficiently evaluate these oscillatory boundary integral in 3D [29].

A peculiarity is that the geometric beams in parts (b) and (e) of Figure 6 do not decay with
distance — they are akin to a bundle of rays all propagating in the same direction and not diverging —
but the geometric propagator in eg. 6 includes a 1/R term due to spherical spreading. To investigate
this inconsistency, eq. 7 was evaluated at rings of receivers of increasing radius with a few values of
ka, where a is the length of the element.

Results from this are presented in Figure 7 for the Hann envelope function. Directionality of
radiation is shown in (a). This shows mainly that the angular smudging effect is reduced for large
ka. This is as expected since it means the wavelength is small compared to the aperture [26]. It also

confirms that the peak values are scaled by cos 8 = /1 — x2, matching eq. 6. Trends with receiver

ring radius are shown in (b). These are all seen to follow a 0(1/\/§) trend which, taking into
account the squaring required to get from pressure to power, matches the 1/R term in eq. 6.
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Figure 7: a) Directionality and b) on-axis distance attenuation for pressure radiated by a HF-BEM
element. Pressure is normalised by vka x /1 — x2. Legend is common to both plots.



Hence the trends in eq. 6 are confirmed to exist in eq. 7, even if the geometric terms in Figure 6
b) & e) do not exhibit them. Increasing cancellation with diffraction must occur at greater distances.
Ref. [29] also uses a decomposition based on a solid angle term and a correction [30]. This might
provide more synergy with SB-GA since it matches the ‘form factor’ terms that occur in 3D [3].

5. SOURCE AND RECEIVER RECIPROCITY

The same directionality-smudging effects also affect the testing integral in Figure 3, but there is
insufficient space to discuss this fully here. Instead, it is emphasised that both the Wave-Matching
HF-BEM in ref. [20] and the SB-GA formulation in ref. [8] fully satisfy reciprocity, so everything
that has been written about boundary to receiver mappings in section 4 equally applies to source to
boundary mappings. The source of this reciprocity, which is not present in standard BEM, is a dual
interpretation of the Kirchhoff-Helmholtz Boundary Integral Equation (KHBIE) derived in ref. [23]
and summarized by Figure 8. The Wave-Matching BEM in [20] exploits this and essentially uses
the KHBIE for both radiation and Galerkin testing, and this is the source of the reciprocity.

WA

Figure 8: Complimentary interpretations of the Kirchhoff-Helmholtz boundary integral equation.

a): the standard ‘Wave Field Synthesis’ interpretation of monopole and dipole boundary
sources radiating waves which sum to form the wave at an observer point x.

b): a ‘microphone array’ interpretation, computing the cross-intensity between the measured wave

and a ‘testing wave’ (blue), being a contracting spherical wave which coalesces at x.

To emphasise this equivalence, the source to boundary map in fig. 4 of ref. [8] is reproduced
here — this time with an omnidirectional source — and mirrored in HF-BEM. For explanation of the
meaning of these plots, and the geometry they pertains to, see ref. [8]. The HF-BEM results (b & ¢)
are seen to follow the same trend as SA-GA (a) and the red ISM trendline, though the HF-BEM
map extends into the evanescent region |y| > 1 because it is not constrained by geometrical
assumptions. Increasing ka to 100 (c) is seen to tighten the distribution compared to ka = 10 (b),
as is expected by the increased aperture to wavelength ratio [26].
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Figure 9: Projection of radiation from a point source onto the boundary coordinate space
(x, x) using: a) SB-GA, b) HF-BEM with ka = 10, ¢) HF-BEM with ka = 100
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6. CONCLUSIONS

This paper has explored synergies between the High-Frequency Boundary Element Method (HF-
BEM) and Surface-Based Geometrical Acoustics (SB-GA). Interest in this is motivated by the
desire to create a single unified full-audible bandwidth simulation algorithm for early time.

This has been possible due to prior efforts to align the form of these two algorithms, which are
described in ref. [8] in these proceedings and ref. [20]. The latter reports the ‘The Wave-Matching
Boundary Integral Equation’, which contains several novel features congruent with the espoused
vision, notably the ability to be solved by marching on in reflection order. It also has an attractive
energy meaning and fully satisfies reciprocity, which the majority of BEM formulations do not.

This progress is early steps towards the stated target, and many challenges to do with analysing
canonical problems and implementing efficient numerical integration remain, but this is progress in
that direction, nonetheless. It is hoped that by pointing out these synergies, this paper inspires more
interest in this promising research area.
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