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Duel Solutions in Hiemenz Flow
of an Electro-Conductive Viscous
Nanofluid Containing Elliptic
Single-/Multi-Wall Carbon
Nanotubes With Magnetic
Induction Effects
Modern magnetic nanomaterials are increasingly embracing new technologies including
smart coatings, intelligent lubricants, and functional working fluids in energy systems.
Motivated by studying the manufacturing magnetofluid dynamics of electroconductive
viscous nanofluids, in this work, we analyzed the magnetohydrodynamics (MHD) convec-
tion flow and heat transfer of an incompressible viscous nanofluid containing carbon nano-
tubes (CNTs) past a stretching sheet. Magnetic induction effects are included. Similarity
solutions are derived where possible in addition to dual branch solutions. Both single-
wall carbon nanotubes (SWCNTs) and multi-wall carbon nanotubes (MWCNTs) are consid-
ered taking water and kerosene oil as base fluids. The governing continuity, momentum,
magnetic induction, and heat conservation partial differential equations are converted to
coupled, nonlinear systems of ordinary differential equations via similarity transformations.
The emerging control parameters are shown to be Prandtl number (Pr), nanoparticle
volume fraction parameter (φ), inverse magnetic Prandtl number (λ), magnetic body
force parameter (β) and stretching rate parameter (A), and the type of carbon nanotube.
Numerical solutions to the ordinary differential boundary value problem are conducted
with the efficient bvp4c solver in MATLAB. Validation with earlier studies is included. Com-
putations of reduced skin friction and reduced wall heat transfer rate (Nusselt number) are
also comprised in order to identify the critical parameter values for the existence of dual
solutions (upper and lower branch) for velocity, temperature, and induced magnetic field
functions. Dual solutions are shown to exist for some cases studied. The simulations indi-
cate that when the stretching rate ratio parameter is less than 1, SWCNT nanofluids
exhibit higher velocity than MWCNT nanofluids with increasing magnetic parameters for
water- and kerosene-oil-based CNT nanofluids. Generally, SWCNT nanofluids achieve
enhanced heat transfer performance compared to MWCNT nanofluids. Water-based CNT
nanofluids also attain greater flow acceleration compared with kerosene-oil-based CNT
nanofluids. [DOI: 10.1115/1.4055278]

Keywords: carbon nanotubes (CNTs), electroconductive nanofluids, induced magnetic
field, similarity, dual solutions, stretching sheet, aqueous and kerosene base fluids,
magnetic Prandtl number, MATLAB, boundary layers, electro-hydrodynamic flows, fluid
flow, heat transfer, nanofluids heat transfer

1 Introduction
Stagnation (Hiemenz) flows feature in numerous applications in

engineering sciences including, laser materials processing [1],
coating dynamics [2], and vapor deposition [3]. Such flows are
characterized by the fluid impinging on either a plane (orthogonal)
[4] or oblique (non-orthogonal) surface [5] and a symmetric or
asymmetric distribution in flow in the vicinity of the stagnation
point which can be modeled as a flow toward an infinite flat
plate. In thermal materials processing operations [6], liquids are fre-
quently stretched or contracted along the impingement surface. This
is achieved by stretching the surface or shrinking it, and this may be
done at linear, quadratic, exponential [7,8], or other rates. In simu-
lating such flows, the boundary-layer theory provides a solid

framework. Sakiadis [9] initiated the study of viscous flows from
a continuously moving solid surface. Crane [10] extended the
Sakiadis model to linear stretching sheets. Many subsequent
studies have been communicated including heat transfer and repre-
sentative works include those of Dandapat et al. [11] (on surface
tension effects), Tsai et al. [12] (on non-uniform heat generation
effects) and Bhattacharyya et al. [13] (on hydrodynamic wall slip
in stagnation flow).
A key focus in thermal engineering and materials manufacturing

in recent years has been the desire to improve in thermal conductiv-
ity of heat transfer fluids. Nanotechnology has been a significant
aspect of this focus. Among the many nanomaterials developed,
“nanofluids” have become increasingly popular owing to their dem-
onstrated versatility in multiple technologies ranging from energy
and medicine to environment and transportation [14–17]. Intro-
duced by Choi et al. [18], heat transfer rates have been shown to
be significantly elevated via doping conventional base fluids
(water, oils, etc.) with a variety of nanoparticles (metallic, carbon-
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based, etc.). Further experimental corroboration of this behavior has
been confirmed by many researchers [19–22]). These studies have
shown that even with a small solid volume fraction of nanoparticles
(usually less than 5%), the thermal conductivity of nanofluids can
be enhanced by 10–50%. Extensive discussion of these trends is
documented in the studies by Trisaksri and Wongwives [23],
Wang and Majumdar [24], Eastman et al. [25], among others.
Mehmood et al. [26] investigated the oblique stagnation flow of
nanofluids containing metallic nanoparticles with radiative flux
and wall slip effects. Carbon nanotubes (CNTs) are an alternative
nanofluid suspension, which have special thermal properties with
very high thermal conductivities for their cylindrical carbon molec-
ular origin. Several experimental and theoretical studies of CNT
nanofluid dynamics have been reported in recent years. Ding
et al. [27] investigated the heat transfer behavior of CNT nanofluids
flowing through a horizontal tube, observing that convective heat
transfer is enhanced and dependent on the Reynolds number and
solid volume fraction of CNTs. Volder et al. [28] presented a
detailed appraisal of the commercial and industrial usage of
carbon nanotubes. Akbar et al. [29] considered the stagnation
point flow of CNT nanofluid from a stretching sheet, highlighting
that due to the high density and thermal conductivity of single-wall
carbon nanotubes (SWCNTs), the Nusselt number is higher relative
to multi-wall carbon nanotubes (MWCNTs). Akbar et al. [30] have
also described a second law analysis of CNT nanofluid metachronal
pumping and convection.
Magnetohydrodynamics (MHD) [31] involves the interaction of

viscous, electrically conducting fluids via the application of external
magnetic fields which may be static or oscillating. As such MHD
can be utilized very effectively in controlling heat, momentum,
and mass transfer in materials processing and can enable significant
modifications of material constitution and subsequent performance.
Magnetized nanofluid flows have therefore received considerable
attention in recent years. Some examples of such works include
those of Bég et al. [32] (on transient mixed magneto-convective
nanofluid exponentially stretching sheet flow in porous media),
Seth and Mandal [33] (on stagnation flow of electromagnetic nano-
fluids in coating systems), and Thumma et al. [34] (on magnetic
nanomaterial thermal stretching on a tilted substrate). However,
these studies did not consider CNT-based nanofluids. In recent
years, significant progress has been made in modifying CNTs to
achieve electromagnetic properties. Magnetic CNT nanofluids can
be synthesized via the chemical combination of magnetic nanopar-
ticles or nanocrystals and CNTs in order to obtain nanohybrid struc-
tures, through encapsulation of magnetic molecules inside the
carbon nanotubes (endohedral functionalization) or grafting/dec-
orating CNTs on their surface (exohedral functionalization) by bio-
conjugation chemistry or electrochemical deposition. It has been
found [35,36] that the thermal conductivity (TC) heat transfer nano-
fluids can be fabricated which feature both CNTs and
magnetic-field-sensitive nanoparticles (e.g., Fe2O3). In such func-
tional systems, the Fe2O3 particles generate aligned chains under
an external magnetic field which assist in connecting nanotubes
and effectively boost the thermal conductivity. This behavior is
however very sensitive to the duration of magnetic field application
since excessive exposure may result in agglomeration of the ferrite
nanoparticles and clustering of CNTs which then reduces the
thermal conductivity of the nanofluid. A promising additional
method of achieving magnetic CNT nanofluids includes manipula-
tion of the chemical structure of, for example, Mn12Ac single-
molecule magnets (SMM) and encapsulation within the carbon
nanotube. Many further excellent studies of magnetic CNT nano-
fluids are available in Refs. [37–43]. A further important phenom-
enon in MHD nanofluid flows is electromagnetic induction. This
requires the inclusion of a further balance equation for induced
magnetic field and generates more complex effects compared with
conventional MHD flows in which a Lorentzian magnetic drag
alone is present. Although extensive work has been communicated
in conventional viscous MHD flows with induction effects [44–46],
relatively sparse attention has been directed at magnetic induction

nanofluid transport phenomena. Metallic aqueous nanofluid flows
from stretching sheets have been analyzed by Bég et al. [47,48]
for a variety of nanoparticles including copper, titanium oxide,
silver, and aluminum oxide. Uddin et al. [49] have considered
slip stagnation point flow of a magnetic nanofluid over a stretch-
ing/shrinking wedge with micro-organism doping. More recently,
CNT-based magnetic nanofluids have been scrutinized in the scien-
tific literature. Iqbal et al. [50] used numerical quadrature to
compute the CNT nanofluid stagnation point flow with the
induced magnetic field, considering both single (SWCNT) and
multi-walled (MWCNT) configurations and water- and
kerosene-oil-base fluids. They showed that induced magnetic field
is an increasing function of solid nanoparticles volumetric fraction
and that MWCNTs achieve a more prominent enhancement in the
induced magnetic field compared with SWCNTs for both water-
and kerosene-oil-based fluids.
Motivated by expanding the understanding of magnetized CNT

nanofluid materials processing fluid dynamics with electromagnetic
induction included, in the present study, a rigorous examination of
plane stagnation flow of such fluids from a stretching surface is
described for both SWCNT and MWCNT suspensions. Both
water- and kerosene base fluids are considered, and more attention
is devoted to the modifications in magnetic induction, temperature,
and momentum distributions than previously reported. Computa-
tional solutions are presented using the efficient bvp4c solver in
MATLAB. Validation with earlier studies is included. Computations
of reduced skin friction and reduced wall heat transfer rate
(Nusselt number) are also presented in order to establish the critical
parameter values for the possible existence of dual solutions, which
is another novelty of the current work. A detailed parametric study
of the influence of all nanoscale and thermophysical on non-
dimension velocity, induced magnetic field, and temperature pro-
files is conducted. Extensive validation with simpler models in
the literature is also included.

2 Magnetic Carbon Nanotube Nanofluid Stagnation
Flow Model
The steady two-dimensional stagnation point flow of an electri-

cally conducting incompressible viscous CNT nanofluid toward a
linear stretching sheet is considered in a Cartesian coordinate
system (�x, �y). The sheet surface is parallel to the �x − axis and the
nanofluid occupies the region �y > 0. For comparative analysis,
two types of carbon nanotubes are considered, i.e., single- and
multiple-wall CNTs. Moreover, water and kerosene oil are taken
as the base fluids. The freestream velocity is taken as �Ue(x) = a�x,
and velocity of stretching sheet is �Uw(x) = c�x, where a and c are
the positive constants. Additionally, an induced magnetic field
vector ( �H) is presented by He(x) = H0�x with two parallel and
normal components say �H1 and �H2, where the uniform magnetic
field H0 is imposed parallel to the plate and external to the boundary
layer in the direction of �x-axis. The induced magnetic field of
normal components �H2 vanishes at the wall with the parallel com-
ponents �H1 and approaching the imposed magnetic field value ofH0

at the edge of the boundary layer. Tw is the prescribed surface tem-
perature and T∞ is the ambient temperature. Moreover, φw and φ∞
are the nano particle volume fraction at the surface and ambient
values of nanoparticle volume fraction, respectively. The physical
flow model is presented in Fig. 1.
The appropriate boundary-layer equations governing the stag-

nation point flow and heat transfer in electrically conducting
viscous fluid containing carbon nanotubes (CNTs), following
Iqbal et al. [50] and Gireesha et al. [51], can be shown to take
the form

∂�u
∂�x

+
∂�v
∂�y

= 0 (1)
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∂H1

∂�x
+
∂H2

∂�y
= 0 (2)

�u
∂�u
∂�x

+ �v
∂�u
∂�y

=
μ

4πρf
H1

∂H1

∂�x
+ H2

∂H2

∂�y

( )
+ �Ue

dUe

d�x
−

μHe

4πρf

dHe

d�x

( )

+
μnf
ρnf

( )
∂2�u
∂�y2

(3)

�u
∂H1

∂�x
+ �v

∂H1

∂�y
− H1

∂�u
∂�x

+ �H2
∂�u
∂�y

( )
= μe

∂2H1

∂�y2
(4)

(ρCp)nf �u
∂T
∂�x

+ �v
∂T
∂�y

( )
= knf

∂2T
∂�y2

(5)

The effective properties of nanofluids are defined mathemati-
cally as follows:

μnf =
μf

(1 − φ)2.5
, ρnf = (1 − φ)ρf + φρCNT

(ρcp)nf = (1 − φ)(ρcp)f + φ(ρcp)CNT , νnf =
μnf
ρnf

(6)

The prescribe corresponding boundary conditions:

u = Uw = c�x, �v = 0, T = T∞,
∂H1

∂�y
= H2 = 0 as �y = 0

�u � Ue = a�x, T � T∞, �H1 = �He(x) � H0�x as �y � ∞
(7)

Here, �u, �v, �H1, and �H2 are velocity and magnetic field compo-
nents along the �x− and �y− directions, respectively. Here, μ
denotes the magnetic permeability and μe denotes the magnetic

diffusivity where μe =
1

4πσμ
. T is the fluid temperature; ρnf, μnf

are density and dynamic viscosity, respectively, of the magnetic
CNT nanofluid. φ is the particle volume fraction parameter; ρf
and ρCNT are density of fluid and carbon nanotube (CNT), respec-
tively. (cp)nf, (cp)f, and (cp)CNT are specific heat of nanofluid, base
fluid, and CNTs. knf, kf, and kCNT are thermal conductivities of
nanofluid, base fluid, and the CNTs respectively.

Theoretical Models for Effective Thermal Conductivity.
Many robust theoretical models are available for estimating the
effective thermal conductivity amplification of CNTs. Following
Maxwell [52], we define

kCNT
kf

= 1 +
3(α − 1)φ

(α + 2) + (α − 1)φ
(8)

In the light of higher orders of volume fraction, Jeffery [53] and
Davis [54] have proposed the following theoretical models:

kn f

kf
= 1 + 3λφ + 3λ2 +

3λ2

4
+
9λ2

16
α + 2
2α + 3

+ · · ·
( )

φ2 (9)

and

kn f

kf
= 1 +

3(α − 1)φ
(α + 2) + (α − 1)φ

{φ + φ(α) φ2 + O(φ3)} (10)

respectively, where λ= (α− 1)/(α+ 2).
Here, α is the ratio of thermal conductivity.
To deal with the geometry, i.e., shape factor of the particles,

Hamilton and Crosser [55] developed the following theoretical
model for heterogenous two-component suspensions:

kn f

kf
=
α + (n − 1) − (n − 1)(1 − α)ϕ

α + (n − 1) + (1 − α)ϕ
(11)

where n is the shape factor of a particle given by n = 3/φω, φ= 1
for spheres and 0.5 for cylinders and ω ranges from 1 to 2. Based on
Maxwell theory and taking into account the rotational elliptical
nanotubes, as considered by Xue [56] have proposed the following
relation:

kn f

kf
=
1 − ϕ + 2ϕ

kCNT
kCNT − kf

ln
kCNT + kf

2kf

1 − ϕ + 2ϕ
kf

kCNT − kf
ln
kCNT + kf

2kf

(12)

In the current study, the Xue model [56] is employed to evaluate
the thermal conductivity and the dimensionless heat transfer rates of
CNT nanofluids.

3 Transformation of Model
In primitive variables, the conservation Eqs. (1)–(5), and bound-

ary conditions (7), while well-posed, remain very challenging to
solve, even numerically. Therefore, following Hamad [57], the fol-
lowing non-dimensional variables are introduced:

x =
�x���
νf
c

√ , y =
�y���
νf
c

√ , u =
�u����
cνf

√ , v =
�v����
cνf

√ ,

θ =
T − T∞
Tw − T∞

H1 =
H1

H0

���
νf
c

√ , H2 =
H2

H0

���
νf
c

√ (13)

The governing equations are thereby rendered into non-
dimensional form, as follows:

∂u
∂x

+
∂v
∂y

= 0 (14)

Fig. 1 Physical model for magnetic induction CNT nanofluid
stagnation flow from a stretching sheet
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∂H1

∂x
+
∂H2

∂y
= 0 (15)

1−φ+φ
ρCNT
ρf

( )
u
∂u
∂x

+v
∂u
∂y

( )
= 1−φ+φ

ρCNT
ρf

( )

μ

4πρf

H2
0

c2
H1

∂H1

∂x
+ H2

∂H2

∂y
− x

( )
+
a2

c2
x

[ ]
+

1

(1−φ)2.5
∂2u
∂y2

(16)

u
∂H1

∂x
+ v

∂H1

∂y
− H1

∂u
∂x

− H2
∂u
∂y

=
μe
νf

∂2H1

∂y2
(17)

u
∂θ
∂x

+ v
∂θ
∂y

=
knf

νf (ρCp)nf
.
∂2θ
∂y2

(18)

Here, νf refers to kinematic viscosity of the base fluid where υf=
μf/ρf.
The dimensionless boundary conditions emerge as

u = Uw = x, v = 0, θ = 1,
∂H1

∂y
= H2 = 0 at y = 0

u � Ue =
a

c
x , θ = 0, H1 = He(x) � x as y � ∞

(19)

Proceeding with the analysis, the dimensional momentum and
magnetic stream functions ψ1 and ψ2 are defined as follows:

u =
∂ψ1

∂y
and v = −

∂ψ1

∂x
(20)

H1 =
∂ψ2

∂y
and H2 = −

∂ψ2

∂x
(21)

Implementing Eqs. (20) and (21) in Eqs. (14)–(19) leads to

1−φ+φ
ρCNT
ρf

( )
∂ψ1

∂y
∂2ψ1

∂x∂y
−
∂ψ1

∂x
∂2ψ1

∂y2

( )
= 1−φ+φ

ρCNT
ρf

( )

μ

4πρf

H2
0

c2
∂ψ2

∂y
∂2ψ2

∂x∂y
−
∂ψ2

∂x
∂2ψ2

∂y2
− x

( )
+
a2

c2
x

[ ]
+

1

(1−φ)2.5
∂3ψ1

∂y3

(22)

∂ψ1

∂y
∂2ψ2

∂x∂y
−
∂ψ1

∂x
∂2ψ1

∂y2
−
∂ψ2

∂y
∂2ψ1

∂x∂y
+
∂ψ2

∂x
∂2ψ1

∂y2
=
μe
νf

∂3ψ2

∂y3
(23)

1 − φ + φ
(ρCp)CNT
(ρCp)f

( )
∂ψ1

∂y
∂θ
∂x

−
∂ψ1

∂x
∂θ
∂y

( )

=
knf
kf

.
kf

νf (ρCp)nf

∂2θ
∂y2

(24)

The corresponding boundary conditions are

∂ψ1

∂y
= x, −

∂ψ1

∂x
= 0, θ = 1, −

∂ψ2

∂x
= 0,

∂2ψ2

∂y2
= 0 at y = 0

∂ψ1

∂y
=
a

c
x, θ = 0,

∂ψ2

∂y
= x as y � ∞ (25)

Lie-Group Scaling Transformations. The transformed system
(Eqs. (22)–(25)) can be further modified via application of a simpli-
fied form of Lie-group transformations namely, the scaling group of
transformations, which are described extensively by Ibrahim et al.
[58], Mukhopadhyay et al. [59], Kandasamy and Muhaimin [60],
Muhaimin et al. [61], and Hamad and Pop [62]). In line with
these studies, we implement the following transformations:

η = y, ψ1 = x f (η), θ = θ(η), ψ2 = x g(η) (26)

The nonlinear boundary value problem defined by Eqs. (22)–(25)
is therefore reduced to the following system of coupled nonlinear
ordinary differential equations and boundary conditions:

1

(1−φ)2.5
f ′′′− 1−φ+φ

ρCNT
ρf

( )
[f ′2− f f ′′−β(g′2−gg′′−1)−A2]=0

(27)

λg′′′+ f .g′′−g.f ′′=0 (28)

knf
kf

θ′′+Pr 1−φ+φ
(ρCp)CNT
(ρCp)f

( )
f .θ′=0 (29)

f ′(η)=1, f (η)=0, g(η)=0, g′′(η)=0, θ(η)=1atη=0

f ′(η)=A, g′(η)=1, θ(η)=0asη�∞ (30)

In the above-mentioned formulations, prime indicates differenti-
ation with respect to η. Moreover, Prandtl number (Pr), stretching
rate ratio parameter (A), reciprocal of magnetic Prandtl number
(λ), and magnetic body force parameter (β) are defined as

follows: Prandtl number Pr=
(μcp)f
kf

; reciprocal of magnetic

Prandtl number λ=
μe
νf
; magnetic body force parameter

β=
μ

4πρf

H2
0

c2
; and stretching sheet ratio parameter A=

a

c
. It is

further noteworthy that A=
a

c
is the ratio of the surface velocity to

the freestream fluid velocity and A > 0 corresponds to the situation
when the surface moves in same direction to the freestream
whereas A< 0 implies that the surface moves in the opposite direc-
tion to the freestream. The case A= 0 is associated with a fixed
surface. A key objective of the current investigation is the numerical
determination of any possible dual solutions for certain values of β
and λ within the range of stretching rate ratio parameter. Thereafter,
the stable and unstable solutions may be analyzed graphically. A
comprehensive numerical study of the effects of all key parameters
on velocity, temperature, and induced magnetic field distributions
for both SWCNT and MWCNT nanofluids is also conducted. Fur-
thermore, in materials processing fluid dynamics, the wall gradient
quantities of physical interest are the local skin friction coefficient
Cfx and the local rate of heat transfer coefficient Nux, i.e., local
Nusselt number. These non-dimensional functions are defined,
respectively, as follows [57]:

Cf =
τw

1
2
ρ∞�u

2
∞

(31)

Nu=
�xqw

kf (Tw−T∞)
(32)

Here, τw and qw are the dimensional wall shear stress and wall
heat flux which are respectively defined as

τw=μnf
∂�u
∂�y

( )
�y=0

(33)
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qw=−knf
∂T
∂�y

( )
�y=0

(34)

In the absence of nanoscale and induced magnetic field effects,
the dimensionless momentum Eq. (27) with respect to the con-
tracted boundary condition Eq. (30) is reduced to that of Crane
[10] who presented the closed form solution as follows:

f (η)=1−e−η (35)

The relevant non-dimensional velocity components are

u=
∂ψ1

∂y
=xf ′(η)=xe−y (36)

v=−
∂ψ1

∂x
=−f (η)=e−y−1 (37)

The dimensional velocity components are

�u=c�xe
−�y

��
c
νf

√
(38)

�v=
����
cνf

√
e
−�y

��
c
νf

√
−1

( )
(39)

Since f ′(η)=−eη, it follows that

f ′′(η)=−e−η=−e−�y=−e
−�y

��
c
νf

√
(40)

For the present study, the shear stress at the stretching sheet char-
acterized by the skin friction coefficient is obtained as follows:

Cf =

μnf
∂�u
∂�y

( )
y=0

ρf �U
2
w

=
1

(1−φ)2.5
Re

−1
2

x f ′′(0) (41)

Algebraic transposition gives the required non-dimensional form
as

Re
1
2
xCf =

1

(1−φ)2.5
f ′′(0) (42)

Now, the wall heat transfer rate at the stretching sheet character-
ized by the Nusselt number Nux is given by

Nu=

−�xknf
∂T
∂�y

( )
y=0

kf (Tw−T∞)
=−

knf
kf

Re
1
2
x θ′(0) (43)

The required non-dimensional form is given by

Re
−1
2

x Nux=−
knf
kf

θ′(0) (44)

Here, Rex=
�Uw �x
νf

is the local Reynolds number.

4 MATLAB Numerical Computation
The system of ordinary differential Eqs. (27)–(29) with boundary

conditions Eq. (30) has been solved by MATLAB software using the
bvp4c function [63]. This procedure requires conversion of the
higher order nonlinear ordinary differential equations into first-
order ordinary differential equations. With experimentation of
initial guesses for f′, f, θ, θ′, g, g′, it is possible to determine the
first and second solutions. Equations (27)–(29) are converted to

f ′′′= (1−φ)2.5 1−φ+φ
ρCNT
ρf

( )
[ f ′2− f f ′′−β(g′2−gg′′−1)−A2]

(45)

g′′′=
1
λ
(g. f ′′− f .g′′) (46)

θ′′=−
kf
knf

Pr 1−φ+φ
(ρCp)CNT
(ρCp)f

( )
f .θ′ (47)

The collective eighth-order system of Eqs. (45)–(47) are
next transformed into eight first-order differential equations.
Letting η = z and defining the following substitutions:

y1= f , y2= f ′, y3= f ′′, y4=g (48)

y5=g′, y6=g′′, y7=θ, y8=θ′ (49)

The corresponding octad of first-order differential equations is

dy1
dz

=y2= f ′ (50)

dy2
dz

=y3= f ′′ (51)

dy3
dz

= f ′′′

= (1− φ)2.5 1− φ+ φ
ρCNT
ρf

( )
[y22 − y1y3 − β(y25 − y4y6 − 1)− A2]

(52)

dy4
dz

= y5 = g′ (53)

dy5
dz

= y6 = g′′ (54)

dy6
dz

= g′′′ =
1
λ
(y3y4 − y1y6) (55)

dy7
dz

= y8 = θ (56)

dy8
dz

= θ′′ =−
kf
knf

Pr 1− φ+ φ
(ρCp)CNT
(ρCp)f

( )
y1y8 (57)

The boundary conditions (Eq. (30)) are next transformed, for
which ya denotes the left boundary and yb be the right boundary

ya(1) = 0 yb(2) − A= 0
ya(3) − 1= 0 yb(4) − 1= 0
ya(5) = 0 yb(6) = 0
ya(7) = 0 ya(8) − 1= 0

(58)

5 Data, Numerical Validation, and Results
5.1 Data. Numerical calculations have been carried out for dif-

ferent values of the control parameters. Thermophysical properties
of base fluids and CNTs are given in Tables 1 and 2 providing the
data for all relevant thermophysical properties of nanofluids with
solid volume fraction of CNTs.
The Prandtl number for water-based CNTs and kerosene-oil-

based CNTs are considered constant in the simulations

Forwater, Pr=
(μCp)f
kf

=
8.90×10−4kgm−1s−1×4179jkg−1K−1

0.613Wm−1K−1 ≈6.2
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Forkeroseneoil, Pr=
(μCp)f
kf

=
1.45×10−3kgm−1s−1×2090jkg−1K−1

0.145Wm−1K−1 ≈21.0

The range of nanoparticle volume fraction φ is considered from 0
to 0.2 where φ= 0 corresponding to a regular viscous fluid [29]. The
stretching sheet ratio parameter, A, is prescribed values of A= 0.5,
0.8, 1.2, 1.5 [50]. The value of reciprocal of magnetic Prandtl
number is λ= 0.5, 1, 5, 10 [52]. The value of magnetic parameter
β is taken equal to β= 0.1, 0.2, 1, 1.5, 2.5 [63]. The case β= 0 cor-
responds to the flow of nanofluid in the absence of induced mag-
netic field.

5.2 Validation. The validation of the MATLAB code is con-
ducted by comparing it with previously published studies. Here,
the accuracy of the results is represented by Table 3 which com-
pares the reduced skin friction f′′(0) for the range 0.1≤A≤ 1.0
and φ= β= 0 with the homotopy solutions obtained by Hayat
et al. [64], Hayat et al. [65] and Iqbal et al. [50]. Very good agree-
ment is achieved testifying to the accuracy of the MATLAB bvp4c
solutions.
Table 4 shows the comparison of skin friction coefficient, and

Table 5 documents the comparisons for heat transfer coefficient
for both water- and kerosene-oil-based SWCNT- and MWCNT
nanofluids for the range of parameters 0≤φ≤ 0.2.

5.3 Skin Friction Analysis. The impact of magnetic parame-
ter, β, on the reduced skin friction for water- and kerosene-based
SWCNT with keeping other parameters fixed is visualized in
Figs. 2–5. These figures show that dual solutions exist when A >
Ac for both water- and kerosene-based SWCNT and MWCNT.
However, no solutions are found to exist when A<Ac, indicating
that there is boundary-layer separation, and therefore, laminar
boundary-layer approximations are not physically realizable.
Figures 2 and 3 display the variation in reduced skin friction f′ ′(0)
of water-based SWCNT nanofluid and MWCNT nanofluid, respec-
tively, as a function of stretching rate ratio parameter (A) for repre-
sentative values of β when Pr= 6.2, λ= 0.5, and φ= 0.2.

Figure 2 shows that for magnetic parameter β= 0.2, the critical
value determined is Ac=−1.02. It is observed that when the mag-
netic parameter β increases, i.e., β= 0.5, the range of Ac values
where solutions exist is shrinking (A>Ac=−0.82) for water-based
SWCNT nanofluid. For further increment in the magnetic parameter
β= 1, the range becomes A>Ac=−0.46. So the study implies that
when the magnetic effect occurring at the boundary increases, the
range of Ac values for the existence of the solutions becomes
smaller. Evidently, with the increase in magnetic parameter β the
reduced skin friction strongly decreases (values are more negative)
for water-based SWCNT. In Fig. 3, the value of the magnetic
parameter β= 0.2 produces a critical value Ac=−1.05, and when
the magnetic parameter β increases from 0.2 to 0.5, the range of
Ac values where solutions exist is again shrank (A >Ac=−0.83)
for water-based MWCNT-nanofluid. For further increment in the
magnetic parameter β= 1, the range becomes A >Ac=−0.49.
Therefore, the reduced skin friction decreases (values are

increasingly negative) for water-based SWCNT-nanofluid with ele-
vation in magnetic parameter β due to an increase of magnetic effect
again due to modification in the magnetic force acting, leading to
deceleration. It is concluded that SWCNT-nanofluid has higher
reduced skin friction as compared to MWCNT-nanofluid for water.
Figures 4 and 5 display the reduced skin friction f ′′(0) of

kerosene-oil-based SWCNT and MWCNT, respectively, as a func-
tion of the stretching rate ratio parameter (A) for representative
values of β when Pr= 21, λ= 0.5, and φ= 0.2. In Fig. 4, for the
value of magnetic parameter β= 0.2, a critical value Ac=−0.43 is
computed. It is observed that when the magnetic parameter
β increases, i.e, β= 0.5, the range of Ac values where solutions
exist is compressed (A>Ac=−0.41) for kerosene-based SWCNT-
nanofluid.
For further increment in the magnetic parameter β= 1, the range

is decreased and becomes A>Ac=−0.39. Clearly with an elevation
in magnetic parameter β, the reduced skin friction is strongly mod-
ified for kerosene-oil-based SWCNT. In Fig. 5 for a value of

Table 1 Thermophysical properties of CNTs [29]

Physical properties
Base fluid

Nanoparticles

Water Kerosene oil SWCNT MWCNT

ρ (kg m−3) 997 783 2600 1600
Cp (J kg

−1 K−1) 4179 2090 425 796
k (W m−1 K−1) 0.613 0.145 6600 3000

Table 2 Variation of thermophysical properties of nanofluids with solid volume fraction [29]

SWCNT φ ρ (kgm−3) ρCp (×10
6) (J m−3 K−1) k (W m−1 K−1) MWCNT φ ρ (kgm−3) ρCp (×10

6) (J m−3 K−1) K (Wm−1 K−1)

Water 0 997 4.167 0.613 Water 0 997 4.167 0.613
0.04 1,061 4.044 1.051 0.04 1,021 4.051 1.011
0.08 1,125 3.921 1.528 0.08 1,045 3.935 1.444
0.12 1,189 3.799 2.048 0.12 1,069 3.819 1.916
0.16 1,253 3.676 2.618 0.16 1,093 3.703 2.434
0.20 1,317 3.554 3.245 0.20 1,117 3.588 3.002

Kerosene 0 783 1.636 0.150 Kerosene 0 783 1.636 0.150
0.04 855 1.615 0.274 0.04 815 1.621 0.265
0.08 928 1.593 0.410 0.08 848 1.607 0.390
0.12 1,001 1.572 0.559 0.12 881 1.592 0.526
0.16 1,073 1.551 0.721 0.16 913 1.578 0.676
0.20 1,146 1.530 0.899 0.20 946 1.563 0.840

Table 3 Comparison of values of skin friction with those of
Hayat et al. [64], Hayat et al. [65], and Iqbal et al. [50] for
different values of A=a/c when ϕ= β = 0

A

Present
study (first
solution)

Present
study
(second
solution)

Hayat
et al. [64]

Hayat et al.
[65]

Iqbal et al.
[50]

0.1 −0.969656 −1.220800 −0.96939 −0.96937 −0.969386
0.2 −0.918165 −1.215516 −0.91811 −0.91813 −0.918107
0.5 −0.667264 −1.086370 −0.66726 −0.66723 −0.667263
0.7 −0.433476 −0.899362 −0.43346 −0.43345 −0.433475
0.8 −0.299389 −0.779299 −0.29929 −0.29921 −0.299388
0.9 −0.154717 −0.644787 −0.15458 −0.154571 −0.154716
1.0 −0.00000 −0.498013 −0.00000 −0.000000 −0.000000
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magnetic parameter β= 0.2, the critical value computed is Ac=
−0.80, and when the magnetic parameter β increases from 0.2 to
0.5, the range of Ac values where solutions exist becomes reduced
(A >Ac=−0.78) for kerosene-oil-based MWCNT. For further
enhancement in the magnetic parameter β= 1, the range becomes
A>Ac=−0.75. So, it is apparent from the figures that the reduced
skin friction decreases for kerosene-oil-based MWCNT with an
increase in magnetic parameter β. So, the analysis further indicates
that when the magnetic effect occurs at the boundary, the resistance
between the fluid and the plate decreases, accelerating the
boundary-layer separation, and it happens in the range where the
dual solution exists. The boundary layer accelerates more with
the growing magnetic effect. Moreover, from these figures, it is
noticed that the existence of a dual solution takes place when A >
Ac, which indicates a physically unrealizable boundary-layer
separation and boundary-layer approximation.
Again, this is due to adjustment in magnetic body force with the

stronger magnetic field, as simulated in the induction modified term,
−β(g

′2− gg′ ′ − 1) appearing in the momentum Eq. (27). Overall,
SWCNT-nanofluid, however, achieves higher magnitudes of
reduced skin friction as compared to MWCNT-nanofluid for kero-
sene oil. On the other hand, kerosene oil CNT nanofluids attain
higher skin friction as compared to water-based CNT nanofluids.

5.4 Heat Transfer Analysis. The influence of reciprocal mag-
netic Prandtl number λ on reduced heat transfer, i.e., Nusselt
number function, −θ′(0), for water- and kerosene-oil-based
SWCNT and MWCNT-nanofluids as a function of stretching rate
ratio parameter (A) for representative values of β when Pr= 6.2,
λ = 0.5, and φ= 0.2 is depicted in Figs. 6 and 7. These figures indi-
cate that dual solutions exist when A>Ac for both water- and

kerosene-based SWCNT and MWCNT nanofluids. However,
no solutions are found to exist when A<Ac, and indicating the pres-
ence of boundary-layer separation for which the laminar
boundary-layer approximations break down. Figure 6 shows that
for reciprocal magnetic Prandtl number λ= 1, the critical value
obtained is Ac= 0.351. With a higher reciprocal magnetic Prandtl
number λ= 5, the range of Ac values where solutions exist are
shrinking (A>Ac= 0.398 ) for water-based SWCNT-nanofluid.
For further increment in the reciprocal magnetic Prandtl number

Table 5 Comparison of reduced heat transfer −θ′(0) of water-
and kerosene-based SWCNT and MWCNT for different values
of solid volume fraction (φ) when Pr=6.2 (water), Pr=21
(kerosene oil), A=0.5, λ=1, and β=0.1

φ A
Present study
(first solution)

Present study
(second
solution)

Iqbal et al. [50]
(first solution)

Water based
SWCNT 0 0.3 1.921848 0.139148 1.921850

0.5 1.879745 0.002125 1.879738
0.1 0.3 1.063675 0.250763 1.063670

0.5 1.028441 0.104320 1.028429
0.2 0.3 0.745427 0.209906 0.745134

0.5 0.717252 0.150600 0.717276

Water based
MWCNT 0 0.3 1.921848 0.139148 1.921850

0.5 1.879745 0.002125 1.879738
0.1 0.3 1.103179 0.178497 1.103134

0.5 1.069269 0.059675 1.069222
0.2 0.3 0.783059 0.146797 0.783088

0.5 0.756865 0.091991 0.756862

Kerosene based
SWCNT 0 0.3 3.587979 0.000086 3.587933

0.5 3.543657 0.000000 3.543653
0.1 0.3 1.937916 0.066138 1.937945

0.5 1.896988 0.000860 1.896922
0.2 0.3 1.383338 0.110898 1.3833123

0.5 1.347040 0.014326 1.347222

Kerosene based
MWCNT 0 0.3 3.587979 0.000086 3.587933

0.5 3.543657 0.000000 3.543653
0.1 0.3 2.008121 0.008361 2.008445

0.5 1.969463 0.000071 1.969732
0.2 0.3 1.453111 0.012009 1.453110

0.5 1.420414 0.001047 1.420438

Fig. 2 Effects of β on reduced skin friction f′ ′(0) of water-based
SWCNT-nanofluid as a function of stretching rate ratio parameter
A when Pr=6.2, λ=0.5, and φ=0.2

Table 4 Comparison of reduced skin friction f′ ′(0) of water and
kerosene-based SWCNT and MWCNT for different values of
solid volume fraction (φ) when Pr=6.2(water), Pr=21
(kerosene oil), A=0.5, λ=1, and β=0.1

φ A
Present study
(first solution)

Present study
(second solution)

Iqbal et al.
[50] (first
solution)

Water based
SWCNT 0 0.3 −0.343850 −1.255369 −0.343865

0.5 −0.560774 −1.164244 −0.560864
0.1 0.3 −0.324458 −1.222000 −0.324138

0.5 −0.527617 −1.142609 −0.527603
0.2 0.3 −0.298987 −1.185087 −0.298900

0.5 −0.483232 −1.120913 −0.483275

Water based
MWCNT 0 0.3 −0.343850 −1.255369 −0.343865

0.5 −0.560774 −1.164244 −0.560864
0.1 0.3 −0.309880 −1.200090 −0.309852

0.5 −0.502356 −1.129283 −0.502776
0.2 0.3 −0.277014 −1.161866 −0.277013

0.5 −0.442993 −1.111114 −0.442926

Kerosene based
SWCNT 0 0.3 −0.343850 −1.255369 −0.343866

0.5 −0.560774 −1.164244 −0.560864
0.1 0.3 −0.334180 −1.238617 −0.334182

0.5 −0.544630 −1.168384 −0.544676
0.2 0.3 −0.314170 −1.206467 −0.314171

0.5 −0.510357 −1.133056 −0.510350

Kerosene based
MWCNT 0 0.3 −0.343850 −1.255369 −0.343865

0.5 −0.560774 −1.164244 −0.560864
0.1 0.3 −0.316174 −1.209421 −0.316122

0.5 −0.513734 −1.134837 −0.513752
0.2 0.3 −0.497280 −1.170759 −0.497279

0.5 −0.474860 −1.114072 −0.474859
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λ= 10, the range compresses to A>Ac= 0.451. With elevation in
reciprocal magnetic Prandtl number λ, the reduced heat transfer

increases for water-based SWCNT. λ =
μe
νf

and expresses the ratio

of magnetic diffusion rate to viscous diffusion rate. The magnetic
Reynolds number in the regime is adequately large to invoke mag-
netic induction. Magnetic Prandtl number quantifies the distortion
in the induced magnetic field by the flow field. For cases where
the magnetic Reynolds number is extremely small, there is no dis-
tortion in the magnetic field. For a reciprocal magnetic Prandtl
number λ= 1, the actual magnetic Prandtl number is also 1 and
viscous and magnetic diffusivities are equal. For λ= 5, the magnetic
Prandtl number is 0.2, and therefore, the magnetic diffusion rate is
five times greater than the viscous diffusion rate. This produces a
much greater sensitivity in the magnetic induction field.
In Fig. 7, the value of reciprocal magnetic Prandtl number λ= 1

corresponds to a critical value of the sheet stretching rate parameter
(A) of Ac= 0.350, and when the reciprocal magnetic Prandtl number
increases to λ= 5, the range of Ac values where solutions exist is
compressed (A >Ac= 0.369 ) for water-based MWCNT-nanofluids.
For further enhancement in the reciprocal magnetic Prandtl number

λ= 10, (i.e., actual magnetic Prandtl number of 0.1), the range
becomes A >Ac= 0.40. With an increase in reciprocal magnetic
Prandtl number λ, the reduced heat transfer is slightly depleted
for water-based MWCNT. Reduced heat transfer rates are margin-
ally greater for water SWCNT-nanofluids compared with water
MWCNT-nanofluids.
Figures 8 and 9 display the reduced heat transfer −θ′(0) for

kerosene-oil-based SWCNT and MWCNT-nanofluids, respec-
tively, as a function of stretching rate ratio parameter (A) for repre-
sentative values of reciprocal magnetic Prandtl number λwhen Pr=
21, λ= 0.5, and φ= 0.2. From Fig. 8, the value of reciprocal mag-
netic Prandtl number λ= 1 produces a critical stretching parameter
ratio value of Ac= 0.301. It is observed that when the magnetic
Prandtl number λ increases, i.e., λ= 5, the range of Ac values
where solutions exist becomes reduced (A>Ac= 0.325) for
kerosene-oil-based SWCNT. For further increment in the magnetic
Prandtl number λ= 10, the range contracted to A>Ac= 0.398.
Elevation in reciprocal magnetic Prandtl number λ results in

reduced heat transfer decreasing for kerosene-oil-based
SWCNT-nanofluids, since with stronger magnetic diffusivity
there is greater conversion to heat in the boundary layer and an

Fig. 3 Effects of β on reduced skin friction f′ ′(0) of water-based
MWCNT-nanofluid as a function of stretching rate ratio parame-
ter A when Pr=6.2, λ=0.5, and φ=0.2

Fig. 4 Effects of β on reduced skin friction f′ ′(0) of
kerosene-oil-based SWCNT as a function of stretching rate
ratio parameter A when Pr=6.2, λ=0.5, and φ=0.2

Fig. 5 Effects of β on reduced skin friction f′ ′(0) of
kerosene-oil-based MWCNT as a function of stretching rate
ratio parameter A when Pr=6.2, λ=0.5, and φ=0.2

Fig. 6 Effects of λ on reduced heat transfer −θ′(0) of water-
based SWCNT-nanofluid as a function stretching rate ratio
parameter A when Pr=6.2, β=0.2, and φ=0.2
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associated depletion in heat transfer to the wall. In Fig. 9, for a value
of reciprocal magnetic Prandtl number λ= 1, we obtain a critical
value Ac= 0.35 and for a magnetic Prandtl number of λ= 5 the
range of Ac values where solutions exist is contracted to (A>Ac=
0.40) for kerosene-oil-based MWCNT. A subsequent boost
in reciprocal of magnetic Prandtl number to λ= 10 further reduces
the critical range of stretching sheet ratio parameters to A>Ac=
0.45. Again, there is a suppression in reduced heat transfer
with greater reciprocal of magnetic Prandtl number λ for
kerosene-oil-based MWCNT-nanofluids. Evidently, SWCNT-
nanofluid attains higher heat transfer rates than MWCNT-
nanofluids, and this is probably attributable to the superior
thermal conductivity of SWCNTs as compared to MWCNTs. It is
also demonstrated that kerosene-oil-based CNTs have higher heat
transfer than water-based CNTs. The different critical values of
the stretching sheet ratio parameter, Ac with representative values
of the magnetic parameter for water- and kerosene-oil-based
CNTs are summarized in Table 6.
Table 7 displays the behavior of wall skin friction Re

1
2
x Cf and

heat transfer rate Re
−1
2
x Nux with increasing solid volume fraction

parameter and magnetic parameter for both water-based SWCNT
and MWCNT-nanofluids. Shear stress is clearly enhanced with an
increase in solid volume fraction parameters for both SWCNT
and MWCNT cases, i.e., greater doping of the nanofluid produces
flow acceleration. On the other hand, a decay is observed in shear
stress with an increasing magnetic parameter which is due to the
retardation in the flow with a stronger magnetic field. Heat transfer
rates are consistently elevated with solid volume fraction parameter
and magnetic parameter for both CNT cases.
Table 8 presents values for wall shear stress and heat transfer

rates with increasing solid volume fraction parameter and magnetic
parameter for kerosene-based SWCNT and MWCNT-nanofluids. A
boost in shear stress is induced with a higher solid volume fraction
parameter for both SWCNT and MWCNT. On the other hand, a
reduction in shear stress (i.e., retardation) is produced with increas-
ing magnetic parameters. Heat transfer rate is again accentuated
with solid volume fraction parameter and magnetic parameter for
both CNT cases. Tables 7 and 8 imply that kerosene oil achieves
higher shear stress and heat transfer rates than water as the base
fluid.

5.5 Analysis of Velocity, Temperature, and Induced
Magnetic Field Profiles. A detailed analysis has been performed
for the effect of several selected parameters on the stagnation point
flow regime. Both the flow and heat transfer analysis of single and
multiple walls CNTs suspended in two different types of base fluids
(water and kerosene-oil) have been investigated. The numerical solu-
tions and the dual solutions are depicted graphically for velocity,
temperature, and magnetic field profiles in Figs. 10–15. Both
upper branch (first) and lower branch (second) solutions are
shown. For brevity, only the magnetic parameter (β) effect is consid-
ered here since the other parameters have already been addressed in
previous graphs. These profiles satisfy the boundary conditions and
converge asymptotically. The dual solutions can be seen clearly
from the figures. It is observed that the first solution has a thinner
boundary-layer thickness as compared to the second solution. The
first solution is considered stable while the second solution is consid-
ered unstable, and it has no physical significance.

Fig. 7 Effects of λ on reduced heat transfer −θ′(0) of water-
based MWCNT-nanofluid as a function stretching rate ratio
parameter A when Pr=6.2, β=0.2, and φ=0.2

Fig. 8 Effects of λ on reduced heat transfer –θ′(0) of kerosene-
based SWCNT as a function stretching sheet ratio parameter A
when Pr= 6.2, β=0.2, and φ=0.2

Fig. 9 Effects of λ on reduced heat transfer –θ′(0) of kerosene-
based MWCNT as a function stretching sheet ratio parameter A
when Pr= 6.2, β=0.2, φ=0.2

Table 6 Critical values Ac with representative values of β

β
Water

SWCNT (Ac)
Water

MWCNT (Ac)
Kerosene oil
SWCNT (Ac)

Kerosene oil
MWCNT (Ac)

0.1 −1.092 −1.129 −0.499 −0.832
0.2 −1.023 −1.051 −0.433 −0.807
0.3 −0.989 −1.011 −0.425 −0.799
0.5 −0.82 −0.831 −0.410 −0.781
1.0 −0.46 −0.492 −0.391 −0.750
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Effect of Magnetic Parameter (β) on Water- and Kerosene-Based
SWCNT. The influence of magnetic parameter (β) on velocity,
magnetic field, and temperature are depicted in Figs. 10–12, respec-
tively, for water- and kerosene-oil-based SWCNT-nanofluids. In
Fig. 10, the velocity profiles clearly show the existence of a dual
solution when A >Ac with variation in β. It is evident that the first
solution is stable as the velocity profile enters the positive range
and the second solution is unstable as the velocity profile enters
the negative range. Here, the behavior of velocity near the walls
and center deviates for each solution. Velocity is a minimum
along the centerline and maximum at the walls. It is apparent that
there is a substantial enhancement in velocity rises with an increase

in magnetic parameter, β =
μ

4πρf

H2
0

c2

( )
for the first solution. For the

second solution, however, velocity decreases initially near the
stretching sheet, and thereafter, the opposite trend is witnessed,

i.e., flow acceleration. Velocity for kerosene-oil-based SWCNT is
lower for the first solution and higher for the second solution than
that of water-based SWCNT.
The response in velocity is different compared with the influence

of the magnetic body force parameter, =
μ

4πρf

H2
0

c2
, which generally

induces deceleration (as observed in the earlier skin friction plots).
In Fig. 11, a marked enhancement in the induced magnetic field is

displayed for increasing magnetic parameter (β); furthermore, the
existence of the dual solution is confirmed when A >Ac with a var-
iation in β. As we see, the first solution is linearly stable and phys-
ically realizable whereas the second solution is clearly unstable. For
the first solution, kerosene-oil-based SWCNT-nanofluid attains
greater magnetic induction magnitudes as compared to water-based
SWCNT-nanofluid and the magnetic boundary-layer thickness
increases. The second solution also exhibits a noticeable increase
in magnitudes but has no immediate practical significance in

Table 7 Numerical values of shear stress at wall and rate of heat flux of water-based SWCNT and
MWCNT-nanofluids with solid volume fraction (φ) for different values of magnetic parameter (β)
when Pr=6.2, A=0.5, λ=1

Re
1
2
x Cf Re

−1
2
x Nux

φ β= 0 β= 0.1 β= 0.2 β= 0 β= 0.1 β= 0.2

SWCNT 0 0.66726 0.577950 0.446003 1.8580 1.876670 1.903357
0.1 0.85507 0.736923 0.565888 3.1057 3.159220 3.235171
0.2 1.01387 0.869844 0.665413 3.7147 3.788875 3.894487

MWCNT 0 0.66726 0.577950 0.446003 1.8589 1.876670 1.903357
0.1 0.81079 0.696282 0.533047 3.0351 3.084625 3.153542
0.2 1.858860 0.797087 0.607711 3.5933 3.699611 3.792988

Table 8 Numerical values of shear stress at wall and rate of heat flux of kerosene-based SWCNT
and MWCNT-nanofluids with solid volume fraction (φ) for different values of magnetic parameter
(β) when Pr=21, A=0.5, λ=1

Re
1
2
x Cf Re

−1
2
x Nux

φ β= 0 β= 0.1 β= 0.2 β= 0 β= 0.1 β= 0.2

SWCNT 0 0.6672 0.577950 0.446003 3.5215 3.540253 3.5678
0.1 0.8851 0.764710 0.588562 6.5623 6.632437 6.7375
0.2 1.0671 0.918646 0.704716 8.0980 8.203925 8.3521

MWCNT 0 0.6672 0.577950 0.446003 3.5212 3.540253 3.5678
0.1 0.8304 0.714288 0.547549 6.4462 6.502863 6.5986
0.2 0.9696 0.829954 0.633318 7.9914 8.085865 8.2144

Fig. 10 Effects of β on velocity profiles ( f′) for water- and
kerosene-oil-based SWCNT when Pr=6.2 (water), and Pr=21
(kerosene –oil)

Fig. 11 Effects of β on magnetic induction profiles for water-
and kerosene-oil-based SWCNT when Pr=6.2 (Water), Pr=21
(kerosene-oil)
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nanomaterials processing flows, due to the negative values within
the boundary layer. Figure 12 shows that temperature is also drama-
tically modified with an increase in magnetic parameter (β); it is
clearly an increasing function of rising magnetic parameter (β),
and the dual solution is observed when A>Ac. Evidently, the
thermal energy is generated in the CNT nanofluid with the greater
magnetic field, since supplementary work is expended in dragging

the nanofluid against the action of the magnetic field, as noted by
other researchers including Kumari et al. [44] and Ghosh et al.
[46]. The first solution is stable, and the second solution is again
unstable. An increase in temperature is observed for the first solu-
tion and a decrease is observed for the second solution in the case
of kerosene CNT nanofluid case; however, both solutions exhibit
an increase in magnitude for the water CNT nanofluid with an
increase in magnetic parameter. For the first solution, the tempera-
ture is lower for kerosene-oil-based SWCNT and higher for water-
based SWCNT-nanofluid. The contrary response is computed for
the second solution which again has no physical significance in
materials engineering applications, due to the negative values
within the boundary layer. The thermal boundary-layer thickness
is consistently enhanced for the first solution with water CNT
nanofluid.

Effect of Magnetic Parameter (β) on Water/Kerosene-Based
MWCNT Nanofluids. The influence of magnetic parameter (β) on
velocity, induced magnetic field, and temperature are depicted in
Figs. 13–15, respectively, for water- and kerosene-oil-based
MWCNT. Figure 13 exhibits a dual solution when A >Ac with dif-
ferent values of β. The first solution is stable as the velocity profile
occurs in the positive range and the second solution is unstable as
the velocity profile is in the negative range. Dissimilar behavior is
computed near the walls and in the central zone, for both solutions.
Velocity is again boosted with an increase in magnetic parameters
for the first solution. For the second solution, there is an initial
deceleration sustained near the stretching sheet (wall) with a subse-
quent reversal in this trend.
Velocity for kerosene-oil-based MWCNT is lower than that of

water-based MWCNT for the first solution and higher for the
second solution. At the boundaries, velocity is zero for both base
fluids. However, the second solutions have no physical significance
as explained earlier. SWCNTs achieve higher velocities than
MWCNT-nanofluids. SWCNTs possess greater densities as com-
pared to MWCNTs and a greater thermal conductivity as shown
earlier in Table 1, which leads to enhancement of heat absorption;
this in turn encourages momentum diffusion, i.e., energizes the
nanofluid flow so that SWCNTs achieve higher velocity than
MWCNTs. In Fig. 14, an enhancement in the induced magnetic
field is found with increasing magnetic parameter (β) and a dual
solution when A>Ac. Again, the first solution is linearly stable
and is physically realizable and the second solution is unstable.
For the first solution, kerosene-oil-based SWCNT achieves higher
magnetic induction field values as compared to water-based
SWCNT-nanofluid, and the magnetic boundary-layer thickness is
greater also. A similar response is observed for the second solution.
It is also noteworthy that although magnetic field can induce a
current in the conductive nanofluid, the dominant effect of the mag-
netic parameter is to mobilize the Lorentzian resistive force.
Figure 15 reveals that temperature is a decreasing function of

rising magnetic parameter (β) and shows the existence of the dual
solution when A >Ac. The first solution is stable, and the second
solution is unstable. An increase in temperature is observed for
the first solution, and a decrease is observed for the second solution
with an increase in magnetic parameters. For the first solution, tem-
perature magnitudes are lower for kerosene-oil-based SWCNT and
greater for water-based SWCNT; the reverse trend is observed for
the second solution. The thermal boundary-layer thickness
decreases for the first solution for both water- and kerosene-based
CNT nanofluids. In the case of the second solution, however,
thermal boundary-layer thickness increases for both base fluids.
Overall, higher temperatures are computed for SWCNTs as com-
pared to MWCNTs.

5.6 Comparison of SWCNT With MWCNT for the
Effects of Significant Parameters. Figures 16–18 illustrate the
behavior of velocity profile, induced magnetic field profile, and
temperature profile, respectively, for significant values of the

Fig. 12 Effects of β on temperature profiles (θ) for water and
kerosene-oil-based SWCNT when Pr=6.2 (Water), Pr=21
(kerosene-oil)

Fig. 13 Effects of β on velocity distribution for water and
kerosene-oil-based MWCNT when Pr=6.2 (water), Pr=21 (kero-
sene oil)

Fig. 14 Effects of β on induced magnetic field function for
water- and kerosene-oil-based MWCNT when Pr=6.2 (water)
and Pr=21 (kerosene oil)
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dimensionless parameters for both water- and kerosene-oil-based
SWCNT and MWCNT. It is observed that kerosene oil provides
higher velocity than water, and however, SWCNT provides
higher velocity as compared to MWCNT, concluding kerosene-
based SWCNT has a higher velocity than others. This is due to
the greater density and greater thermal conductivity of SWCNT
as compared to MWCNT as shown in Table 5.1, which leads to
enhancement of heat absorption; hence, their velocity is greater
than MWCNT. The magnetic field profile also shows the same
pattern. But opposite phenomena are revealed for temperature
profile.

6 Conclusions
A theoretical model has been developed for magnetohydrody-

namic stagnation (Hiemenz) boundary-layerflowand forced convec-
tion heat transfer in an incompressible viscous nanofluid containing
carbon nanotubes (CNTs) from a linearly stretching sheet. Magnetic
induction effects have been incorporated. Similarity solutions have
been derived where possible in addition to dual branch solutions.
Both single-wall carbon nanotubes (SWCNTs) and multi-wall
carbon nanotubes (MWCNTs) have been studied in addition to
water and kerosene oil as base fluids. With Lie-group transforma-
tions, the partial differential continuity, momentum,magnetic induc-
tion, and heat conservation equations have been rendered into a
system of nonlinear ordinary differential equations. Numerical solu-
tions to the ordinary differential boundary value problem have been
obtained with the bvp4c solver in MATLAB. Validation with earlier
studies has been included. Computations of reduced skin friction
and reducedwall heat transfer rate (Nusselt number) are also included
in order to identify the critical parameter values for the existence of
dual solutions (upper and lower branch solutions are separated by a
critical point) for velocity, temperature, and induced magnetic field
functions. Dual solutions are shown to exist for some cases studied.
The following conclusions can be drawn from the present analysis.

(1) Skin friction decreases with an increase in the carbon nano-
tube (CNT) volume fraction parameter whereas the heat
transfer rate increases.

(2) Skin friction and Nusselt number are both increasing func-
tions of the sheet stretching rate ratio parameter.

(3) SWCNTs possess greater densities (as compared to
MWCNTs) and a greater thermal conductivity, which
results in larger modifications in skin friction and Nusselt
number.

(4) Kerosene-oil-based CNT nanofluids produce greater skin
friction and heat transfer rates as compared to water-based
CNT nanofluids.

(5) For rising values of the magnetic parameter, both velocity
and induced magnetic field are enhanced when stretching
rate ratio parameter is less than 1.

(6) Fluid velocity is generally elevated with a rise in reciprocal
of magnetic Prandtl number, i.e., with greater magnetic dif-
fusivity of the nanofluid.

(7) Overall SWCNTs achieve superior heat transfer performance
as compared to MWCNTs.

(8) In the dual solutions, the first (upper branch) solution is
stable and feasible whereas the second (lower branch) solu-
tion is unstable and not practical.

(9) For the first solution, kerosene-oil-based SWCNT achieves
higher magnetic induction field values (and magnetic
boundary-layer thickness) as compared to water-based
SWCNT-nanofluid.

Fig. 18 Temperature profile of water- and kerosene-oil-based
SWCNT and MWCNT for certain values of Pr, φ, β, λ

Fig. 15 Effects of β on temperature profile for water- and
kerosene-oil-based MWCNT when Pr=6.2 (water) and Pr=21
(kerosene oil)

Fig. 16 Velocity profile of water- and kerosene-oil-based
SWCNT and MWCNT for certain values of Pr, φ, β, λ

Fig. 17 Induced magnetic field profile of water- and
kerosene-oil-based SWCNT and MWCNT for certain values of
Pr, φ, β, λ
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The present study has revealed some interesting features of elec-
troconductive CNT nanofluid dynamics from a stretching sheet.
Although magnetic induction effects have been included, Maxwell
displacement currents [46] and unsteady effects [66] have been
ignored. These may be considered in the future and provide
further refinement in magnetofluid dynamic models of CNT nano-
fluids for enhancing thermal conductivity in kerosene-oil- and
water base fluids.
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Nomenclature
A = stretching rate ratio parameter
T = fluid temperature inside the boundary layer
cp = specific heat at constant pressure
qw = wall heat flux
Cf = local skin friction coefficient
H0 = upstream magnetic field at infinity
T∞ = freestream fluid temperature
T0 = ambient temperature
Tw = surface temperature
�He = freestream magnetic field
�Ue = freestream velocity
�Uw = velocity of stretching sheet

(cp)nf = specific heat of nanofluid
(cp)CNT = specific heat of carbon nanotube

f′(η) = dimensionless velocity
g′(η) = dimensionless induced magnetic field

(�H1, �H2) = induced magnetic field components along the x and
y-directions, respectively

Nux = local Nusselt number
Pr = Prandtl number

Rex = local Reynolds number
(�u, �v) = velocity components along the x and y-directions,

respectively
(�x, �y) = Cartesian coordinate system

Greek Symbols

αnf = thermal diffusivity of nanofluid
β = magnetic parameter

θ(η) = dimensionless temperature
κ = thermal conductivity of the fluid

κnf = thermal conductivity of the nanofluid
κCNT = thermal conductivity of carbon nanotube
κ∞ = thermal conductivity of the fluid in the freestream
λ = reciprocal magnetic Prandtl number
μ = dynamic viscosity of the fluid

μnf = dynamic viscosity of the nanofluid
μ∞ = dynamic viscosity of the fluid in the freestream
ν = kinematic viscosity

νnf = kinematic viscosity of the nanofluid
ν∞ = kinematic viscosity in the freestream
ρ∞ = freestream fluid density
ρnf = density of the nanofluid

ρCNT = density of carbon nanotube
τw = wall shear stress
φ = solid volume fraction parameter

φw = nanoparticle volume fraction at the surface
φ∞ = ambient values of nanoparticle volume fraction
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