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Abstract 

The current study investigates the supercritical convective radiative buoyancy-driven flow 

and heat transfer in external coating flow of an electrically conducting viscoelastic thirdgrade 

nanofluid from hotmoving /stationary cylinderunder constant radial magnetic field. A new 

computational thermodynamic model has been proposedto study the supercritical behaviour of 

thirdgrade aqueous nanofluid in terms of supercritical water (SCW). The Redlich–Kwong equation 
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of state (RK-EOS) has been deployed to calculatethermal expansion coefficient for free convective 

flow of supercritical nanofluid in terms of temperature, compressibility factor and pressure. A 

validation test has been conducted for RK-EOS with available experimental results. A well-tested 

conditionally stable Crank-Nicolson finite difference scheme has been implemented to obtain 

numerical solutions for the transformed dimensionless coupledconservation equations.Graphical 

results for flow variables, heat transfer and skin-friction coefficient distributions are presented for 

variation of Nanoscale, rheological, magnetic, radiative and thermodynamic parameters. Transient 

velocity is reduced whereas temperature is elevated with amplified values of third-grade fluid 

parameter, reduced pressure, reduced temperature, and decreased values of volume fraction of 

nanofluid for a stationary cylinder under supercritical conditions. Validation of special cases of 

the model computed with the Crank Nicolson method is conducted against previously published 

results. Important applications of the current study include nuclear reactor vessels, deposition of 

smart (functional magnetic) nano-coatings and solar collector energy systems. 

 

Keywords:Supercritical water, third grade nanofluid, RK-EOS thermodynamics, reduced 

temperature, vertical stationary/moving cylinder, magnetic field, thermal radiation. 

 

Nomenclature 

𝐴𝑔        silver nanoparticles  

g′          acceleration due to gravity 

𝑁          thermal radiation parameter 

𝐺𝑟        Grashof number 

𝑀0        strength of magnetic field 

𝑃𝑟         Prandtl number  

𝐶𝑝         specific heat at constant pressure 

𝑞𝑟         radiative heat flux 

𝐶𝑓         dimensionless skin friction coefficient 

𝑁𝑢       average heat rate  

𝐼           identity tensor 

𝑁𝑢𝑋  local Nusselt number   

𝑉          molar volume 

𝑅𝑎𝑋  local Rayleigh number 
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𝑅′         universal gas constant  

𝑍          compressibility factor 

𝑘          thermal conductivity  

𝑟𝑜         radius of the cylinder   

𝑑          diameter of cylinder  

𝑡′          time 

𝑡          dimensionless time 

𝑇′         temperature  

𝑃          fluid pressure 

𝑇          dimensionless temperature 

𝑇∗∗       matrix transposition  

𝑆1
′ , 𝑆2

′ , 𝑆3
′ Rivlin and Ericksen tensors  

𝑑

𝑑𝑡
          material time derivative 

𝑇𝑟
∗         reduced temperature 

𝑡𝑟          trace  

𝑃𝑟
∗         reduced pressure 

𝑟           radial coordinate 

𝑥           axial coordinate 

𝑢, 𝑣      velocity components in 𝑥 and 𝑟–directions, respectively 

𝑋          non-dimensional axial coordinate 

𝑅          non-dimensional radial coordinate 

U, V     non-dimensional velocity components (X, R)coordinates. 

 

Greek letters 

α1
′ ,α2

′ , β1
′ ,  β2

′ ,  β3
′ rheological material moduli 

σ         electrical conductivity    

β          non-dimensional third-grade fluid parameter 

𝛽𝑇       thermal expansion coefficient  

𝜏′        Cauchy stress tensor  

𝜌         density  
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𝜑        volume fraction of nanoparticles 

𝜇        dynamic viscosity  

𝜌∗       ideal gas density  

𝜗        kinematic viscosity 

𝜎∗      Stefan-Boltzmann constant 

𝜅∗      mean absorption coefficient 

Subscripts 

𝑛𝑓      nanofluid 

𝑏𝑓      base fluid 

𝑠         solid nanoparticles 

w       wall conditions 

𝑐         critical condition 

𝑟         reduced characteristics 

f, g      grid levels in (X, R) coordinate system 

∞        ambient conditions 

Superscripts 

h         time level 

 

1. Introduction 

The demand of high pressurized steam in many industrial applications has motivated 

significant activity to optimize the design of higher capacity steam generators which can sustain 

the associated supercritical pressure. All heat transfer devices are designed such that the 

temperature of the super-heated tubes should not exceed the limitations enforced by structural 

strength of the materials. Nuclear power plants are also being designed to withstand the 

supercritical pressures. To overcome all these challenges, the designer should keep all these factors 

in mind to achieve sustained performance and the best service. Along with this, how nuclear 

reactor systems for example can be cooled safely is intimately linked to the efficiency of power 
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generators and can critically simplify associatedpower plant systems. In this regard, the study of 

supercritical fluids (SCF) plays a crucial role.  

Providing improved cooling technology is an essential need in many modern heat transfer 

applications such as combustion chambers, advanced gas turbine engines, power-generation 

systems and many. This process of cooling generally takes place at a pressure greater than the 

critical pressure of the coolant (such as engine fuel), hence resulting in the heat transfer. When the 

fluid operates above its critical temperature and pressure, it starts to exhibit supercritical properties 

i.e., vapor-like viscosity and liquid-like density. A very minor variation in temperature or pressure 

can significantly change the thermo-physical properties of the fluid and may improve the heat 

transfer characteristics considerably. Supercritical fluids arealso ecologically acceptable, 

biocompatible and a pragmatic substitute for conventionalsolvents. Furthermore, supercritical 

fluids can result in reactions which are challenging to achieve with conventional solvents. 

Supercritical fluids can act as a medium for extraction, as they promote speedy extraction owing 

to low viscosities and high diffusivities. Thereexcellent solvent characteristics make them efficient 

in chemical/petroleum engineering extraction processes, reaction systems and in chromatography. 

The use of supercritical fluids also features in cosmetics, pharmaceutics (purifying chemical 

compounds and synthesizing nanoparticles for biomedicine), catalytic chemistry, materials, drug 

delivery, power engineering, food manufacture, aerospace engineering, energy and waste 

management.Comprehensive studies on characteristics of many supercritical fluids and their 

applications along with supercritical water can be found in previous literature [1-11]. Many 

researchers have given thorough details on the thermodynamic characteristics of SCFs[12-14].  

Among many energy resources, nuclear energy is relatively safe, extremely efficient, clean 

and sustainable energy resource and presently the only feasible substitute for conventional fossil 
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fuel. Hence, it can satisfy worldwide energy demands. In this respect, the safety of these plants, 

utilization of produced energy and management of radioactive wastage are significant challenges. 

To achieve the requirements of sustainable green technology, the supercritical pressure water-

cooled reactor (SCWR) plays a prominent role. In the management of industrial waste, 

supercritical water has been used to eradicate poisonous substances and aqueous toxins by the 

method of supercritical water oxidation (SCWO). Also, one can find numerous industrial fluid 

phenomena which operate at supercritical temperatures and pressurese.g., supercritical water 

fluidized bed reactor (SCWFBR), supercritical water biomass valorization (SCBV), supercritical 

pressure water-cooled reactor (SCWR), supercritical fluid extraction (SFE),power engineering, 

etc. There are many experimental studies on supercritical water addressing diverse applications in 

technology [15-23]. In view of this, interest in continued computational investigations of 

supercritical water transport phenomena is understandably high and the motivation for the present 

article.  

Detailed knowledge of thermal science is necessary to enhance the thermal efficiency of 

heating equipment, via cost savings andoptimized materials, in addition to substantial reduction of 

ecological degradation. These factors have mobilized the advancementof heating techniques and 

increasingly more efficient techniques for heat transfer.The improvements in heat transfer devices 

are made possible via minimizing thermal resistanceand stimulating higher coefficients of heat 

transfer. In this regard, nanomaterials technology is a great platform for achieving high heat 

transfer devices. The suspensions of nanoparticles in base working fluids (i.e., nanofluids) have 

been confirmed widely to achieve crucial enhancement in heat transfer performance in for 

exampleautomotive/aerospace transportation, industrial heating/cooling appliances, heat 

exchangers, petroleum recovery, nuclear power plants, granular and fiber insulation,catalytic 
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reactors, nuclear waste depositories, and biomedical applications such as wound healing, drug 

delivery, tissue engineering, hemodynamics etc. Nanofluids are Nanoscale-engineered heat 

conducting thermo-fluidswhich comprisea base fluid (with low thermal conductivity) and 

suspended nano-size particles (solid particles show better thermal performance). The size, shape, 

type and volume fraction of nanoparticles in base fluid contribute significantly in modifying the 

thermophysical characteristics of nanofluids. Micro-sized particles will have a tendency to settle 

down in suspensions under gravity resulting in blockage of pipes. These large-sized particles can 

cause corrosion and surficial damage to heat devices. Nano-sized metallic particles offer 

substantial advantages over micro-particlesowing to a range of excellent electronic, optical, 

chemical and thermo properties. Popular applications of nanofluids can be found in diagnostic 

biological probes, surface-enhanced Raman spectroscopy, microelectronics, catalysts, 

optoelectronics, photonics, optical sensors, solar collectors, rocket fuel, geological remediation 

and display devices. Choi [24] was the first to report the benefits of nanofluidsand demonstrated 

their superior thermal conductivity properties in automotive radiator cooling systems. Masuda et 

al. [25] and Eastman [26] also confirmed the considerable enhancement of thermal conductivity 

in nanofluids compared with base fluids. Higher thermal conductivity, critical heat flux and single 

phase heat transfer are promising characteristics of nanofluids which render them as excellent 

coolants [27] and [28].   

Another group of nanofluids are electromagnetic nanofluids. These impart functionality to 

the nanofluid and make it responsive to external electrical and magnetic fields. The flow of an 

electrically conducting nanofluid over a vertical cylinder has many technical and industrial 

applications such asbiological coatings, micro-mixing of physiological samples, high-temperature 

plasma deposition, MHD micro pump surface lining and drug coatings. Magnetic nanofluids also 
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have applications as magneto-gravimetric separation media, aerodynamic sensors, leakage-free 

magneto-fluidic rotating seals, semi-active smart vibration dampers, inclinations/acceleration 

sensors, biomedical applications,gastric medications, sterilized devicesand in plant genetics. The 

magneto nanoparticles considerably used in tumor analysis, cancer therapy, magneto-acoustic 

loud-speaker designs, sink float separation etc.Thumma et al. [29] used a variational finite element 

method to compute viscous heating effects in magnetic nanofluid boundary layer flow from a tilted 

expanding/contracting surface using the Buongiorno Nanoscale model for materials processing 

systems. Béget al. [30] investigated multiple metallic nanoparticle effects (silver, titanium, 

aluminium etc) in transport modelling of magnetic functional solar nanofluid coating enrobing 

flows with a Tiwari-Das model and MATLAB quadrature. Hayat et al. [31] computed the magnetic 

mixed-convective peristaltic flow of nanofluid with Soret and Dufour effects. Prakash et al.[32] 

worked on magnetized nanofluid dynamics in bio inspired smart pumps using integral and finite 

difference methods. Some of the recent studies on nanofluid are mentioned [77-80, 82]. 

We can find many studies which are reported on thenon-Newtonian characteristics of 

nanofluidsassociated with the occurrence of nanoparticle clusters e. g. stress relaxation, normal 

stress differences, variation in the viscosity, non-linearity of creeping, threshold stress, viscosity 

depending on temperature, shear thinning/thickening and memory fluid behavior. Many 

experimental and theoretical studies have supported this non-linear behavior of nanofluids. 

Suspension of nano-sized particles inconventional base fluid or base fluid itself contributes to a 

modification in the rheology and leads to non-Newtonian behavior of nanofluids under different 

shear rate conditions([70], [71], [72] [74], [75] and [81]).Tseng and Chen [33] have demonstrated 

the pseudoplastic nature of nanofluid (suspensions of nickel-terpineol) experimentally. The 

experimental study of Kathy Lu [34] showed the shear thinning property of nanofluid with 
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variation in rate of shear. Phuoc and Massoudi [35]observed viscoplastic non-Newtonian behavior 

(yield stress) in nanofluids. An experimental justification has been given by Chen et al. [36] 

relating to nanofluid dependence on temperature and concentration and this also constitutes a non-

Newtonian property.To study thermo-fluid behaviour of real nanofluids, it is necessary to adopt 

robust ‘non-Newtonian theory’ in conjunction with an appropriate ‘Nanoscale fluid 

model’.Chemical engineers and polymer physicists have developed a wide range of comprehensive 

rheological fluid models e. g. integral, rate and differential type non-Newtonian models. These can 

be utilized also to elucidate the non-linear shear stress-strain behaviour in nanofluids. The 

viscoelastic third-grade fluid model is another thermodynamically rigorous formulation which 

belongs to the Reiner-Rivlin subclass of differential type of fluids, that are known to exhibit 

relationships between the stress history and deformation gradient. This model also simulates quite 

accurately the shear thickening (dilatant)  and shear-thinning (pseudoplastic) features observed in 

nanofluid suspensions. The third-grade model satisfactorily captures the real characteristics of 

slurries, physiological liquids, polymer/aqueous coatings, certain coolants and 

lubricants.Significant theoretical and numerical research has been published in particular relating 

to convective heat transfer of third-grade fluid flows [37-43, 73] owing to applications in thermal 

polymer coating technologies.Third-grade rheological nanofluid flows have more recently 

stimulated some attention in applied mechanics and engineering sciences. Hiremath et al. [44] 

investigated the thirdgrade nanofluid boundary layer flow from a convectivelyheated vertical 

cylinder, reporting in detail on heat transfer characteristics.The dissipative two-layer buoyancy-

driven channel flow of thirdgrade nanofluid was investigated by Farooq et al. [45]. Nadeem and 

Saleem [46] computed the nanofluid third grade convection from a spinning upright vertical cone 
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with wall effects.Further contributions on thirdgrade nanofluid simulations are listed in the 

references [47-49]. 

The present study aims to consider the magnetohydrodynamic (MHD) and thermal 

radiation effects on thirdgrade nanofluid flow and heat transfer from vertically heated 

stationary/moving cylinder under supercritical conditions. Magnetic effects can be invoked by the 

electromagnetic properties of nanoparticles. Radiative heat transfer is considered due to the high 

temperature conditions common in thermal nano-coating operation. This investigation 

considerssilver (Ag) nano particles and supercritical water as the base fluid. The normalized partial 

differential equations for mass, momentum and energy conservation with supercritical 

thermodynamic modifications are solved with a stable, efficient implicit Crank-Nicolsonfinite 

difference procedure. Steady and unsteady flow characteristics of the regime are computed 

including heat transfer coefficient and skin friction coefficient. Comprehensive visualization of 

solutions is included as are validations with previous simpler models in the literature. The 

numerical simulations provide an important compliment to experimental studies and furthermore 

furnish a good benchmark for future extensions of the study. 

2. Equation for 𝛽𝑇 in SCF region based on RK-EOS 

Many free convective heat transfer flow problems at supercritical conditions consider 

the𝛽𝑇 (thermal expansion coefficient) to be constant with Boussinesq’s approximation and a 

limitation of this approach is that thermal expansion coefficientvariation with pressure and 

temperature is neglected. In the supercritical region, these considerations may contribute 

unacceptable inaccuracy in the results, since thermal expansion coefficient (𝛽𝑇) among all the 

properties of fluid is sensitive to pressure and temperature variations(refer Fig. 1). For that reason, 

it is very important to select asuitable equation of state (EOS) for deriving the equation to calculate 



11 
 

 
 

𝛽𝑇 values.Therefore RK-EOS [50] is chosen as the EOS in the current study and 𝛽𝑇has been 

calculated as being a function of temperature (𝑇′), pressure (P) and compressibility factor (Z). 

 

Fig. 1.Idealized phase diagram of the supercritical nanofluid  

 

Fig. 2 Physical representation of the current magnetic nano-coating problem. 

𝑢0 

𝑀0 
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For fixed pressure value, 𝛽𝑇 = −
1

𝜌
(

𝜕𝜌

𝜕𝑇′)
𝑃

. For gases at different P and 𝑇′ values,the RK-EOS is 

given by  𝑃 =
𝑅′𝑇′

𝑉′−𝑏
−

𝑎

√𝑇′(𝑉′(𝑉′+𝑏))
(where 𝑎 and 𝑏 are RK-EOS constantsevaluated forcritical point 

properties).  Also, the expression for𝑍based on theRK-EOS - see [51]- is: 

𝑍3 − 𝑍2 + (𝐴′ − 𝐵′ − 𝐵′2
)𝑍 − 𝐴′𝐵′ = 0      (1)  

where 𝐴′ =
𝑎𝑃

√𝑇′(𝑅′𝑇′)2
, 𝑍 =

𝑃𝑉′

𝑅′𝑇′
,   𝐵′ =

𝑏𝑃

𝑅′𝑇′
 

At the defined 𝑇𝑐 (critical temperature)= 647.30K and𝑃𝑐 (critical pressure)= 22.090MPa, RK-EOS 

gives the constant values as :𝐴′ = 0.42748 (
𝑃

𝑃𝑐
) (

𝑇𝑐

𝑇′)
2.5

and 𝐵′ = 0.08662 (
𝑃

𝑃𝑐
) (

𝑇𝑐

𝑇′). Finally, the 

expression for𝛽𝑇is defined as follows: 

𝛽𝑇  =  
1

𝑇′ [1 − (
3.5𝐴′𝐵′+2𝑍𝐵′2

+𝐵′𝑍−2.5𝐴′𝑍

3𝑍3−2𝑍2+𝑍(𝐴′−𝐵′)−𝐵′2
𝑍

)]      (2) 

Subsequently, 𝛽𝑇 can be expressedby considering Van der Waals equation of state (VW-EOS) 

[52] as: 

𝛽𝑇  =  
1

𝑇′ [1 − (
𝑍2𝐵′−2𝑍𝐴′+3𝐴′𝐵′

3𝑍3−2𝑍2(𝐵′+1)+𝐴′𝑍
)]       (3) 

Thus, the𝛽𝑇is calculated in a two-step process. Initially, 𝑍 from Eq. (1) is calculated. Later,𝛽𝑇is 

evaluated by virtue of Eqns. (2) and (3) with the earlier calculated 𝑍 value.  

3. Supercritical magnetic nanofluid third-grade flow coating model  

The current mathematical model considers the study of electrically conducting supercritical 

viscoelastic thirdgrade nanofluid over a semi-infinite moving cylinder (radius 𝑟𝑜) which is directed 

vertically with constant strength, static magnetic field 𝑀0 in ther- direction. The cylinder is 

subjected to a radial radiative heat flux, qr. A fixed rectangular coordinate system is employed. 

The axis of the cylinder is orientated along the x-direction and r-coordinate is aligned along the 
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radial direction (referFig. 2). Magnetic induction is neglected owing to small magnetic Reynolds 

numbers as is Ohmic magnetic heating (Joule dissipation). At starting time 𝑡′ = 0, 𝑇∞
′  is the 

constant temperature in the free-stream external to the boundary layer regime on the cylinder and 

of the rheological nanofluid. Later as time progress (𝑡′ > 0), the cylinder starts to move with 

constant velocity 𝑢0in the vertically upward direction and attains a temperature 𝑇𝑤
′ . Thereafter this 

same temperature (𝑇𝑤
′ ) is sustained. The nanofluid non-Newtonian behaviour is simulated with the 

third-grade fluid model (as the base fluid) and homogenously distributed silver (Ag) nanoparticles 

are assumed to be in a dilute state of local thermal equilibrium.The considered supercritical 

nanofluid in this study is assumed to be a single-phase fluid in the SCF region.  In addition to this, 

the no-slip condition is also enforced at the cylinder surface. The thermophysical properties of 

base fluid and nanoparticles are shown in the Table 1([53] and [54]).  The “Cauchy’s stress-tensor 

(𝜏′)” for the non-Newtonianthird-grade fluid (Fosdick and Rajagopal [55]) takes the form:  

𝜏′ = −𝑃𝐼 + 𝜇𝑆1
′ + α1

′ 𝑆2
′ + α2

′ 𝑆1
′ 2

+ β
1
′ 𝑆3

′ + β
2
′ (𝑆1

′𝑆2
′ + 𝑆2

′ 𝑆1
′) + β

3
′ (𝑡𝑟𝑆1

′ 2
)𝑆1

′  (4)   

Here α𝑙
′(𝑙 = 1,2) and β𝑙

′(𝑙 = 1,2,3) are temperature-dependent material moduli, −𝑃𝐼signifies the 

spherical portion of 𝜏′(stress-tensor), and 𝑆𝑙
′ (𝑙 = 1,2,3) are ‘Rivlin-Erickson tensor matrices’ 

represented through Eq. (5):    

𝑆1
′ = (𝛻𝑽)𝑇∗∗

+ 𝛻𝑽  , 𝑆𝑙
′ =

𝑑𝑆𝑙−1
′

𝑑𝑡
+ (𝛻𝑽)𝑇∗∗

𝑆𝑙−1
′ + 𝑆𝑙−1

′ (𝛻𝑽),   𝑙 = 2,3 ….  (5)  

𝑑

𝑑𝑡
  is known as the material derivative where 

𝑑

𝑑𝑡
(∙) = (

𝜕

𝜕𝑡
+ 𝑽𝛻) (∙).The transpose of matrix, 

velocity vector and gradient operator are symbolized as 𝑇∗∗, 𝑽and 𝛻respectively. The inequality 

defined by ‘Clausius-Duhem’ and the least feasible value of ‘Helmholtz free-energy’ at the state 

of equilibrium are the minimum thermodynamic principles to be satisfied by the third-grade model. 

Hence, third-grade fluid model follows the following constraints: 



14 
 

 
 

𝜇  0;       α1
′  0;         |α1

′ + α2
′ | ≤ √24𝜇β3

′ (6.a) 

β1
′ = 0;               β2

′ = 0;               β3 
′   0(6.b) 

Eqn. (4) thereby leads to: 

𝜏′ = −𝑃𝐼 + 𝜇𝑆1
′ + α1

′ 𝑆2
′ + α2

′ 𝑆1
′ 2

+ β3
′ (𝑡𝑟𝑆1

′ 2
)𝑆1

′(7) 

This axisymmetric thermally convective flow of magnetized non-Newtonian viscoelastic third-

grade nanofluid in the presence of ‘transverse magnetic field (𝑀0)’ from a moving vertical cylinder 

(velocity 𝑢0) may then bedescribed by the subsequent mass, momentum and energy (heat) 

conservationboundary layer equations [56] with the Boussinesq approximation [57] with thermal 

radiation contribution expressedfollowing [39], [40], [44] & [58] (visualized in Fig. 2): 

 

∂(𝑟𝑢)

∂𝑥
+

∂(𝑟𝑣)

∂𝑟
= 0          (8) 

𝜕𝑢

𝜕𝑡′
+ 𝑣

𝜕𝑢

𝜕𝑟
+ 𝑢

𝜕𝑢

𝜕𝑥
=

(𝜌𝛽𝑇)𝑛𝑓

𝜌𝑛𝑓
g′(𝑇′ − 𝑇∞

′ ) + 𝜗𝑛𝑓

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑢

𝜕𝑟
) +

α1
′

𝜌𝑛𝑓
[

𝜕3𝑢

𝜕𝑟2𝜕𝑡′
+

1

𝑟

𝜕2𝑢

𝜕𝑟𝜕𝑡′
+ 𝑣

𝜕3𝑢

𝜕𝑟3
 

+2
𝜕𝑣

𝜕𝑟

𝜕2𝑢

𝜕𝑟2
+ 3

𝜕2𝑢

𝜕𝑟2

𝜕𝑢

𝜕𝑥
+

𝜕𝑢

𝜕𝑟

𝜕2𝑣

𝜕𝑟2
+ 4

𝜕𝑢

𝜕𝑟

𝜕2𝑢

𝜕𝑥𝜕𝑟
+

𝑣

𝑟

𝜕2𝑢

𝜕𝑟2
+

𝑢

𝑟

𝜕2𝑢

𝜕𝑥𝜕𝑟
+ 

3

𝑟

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑟
+ 𝑢

𝜕3𝑢

𝜕𝑥𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟

𝜕𝑣

𝜕𝑟
] +

α2
′

𝜌𝑛𝑓
[
2

𝑟

𝜕𝑢

𝜕𝑟

𝜕𝑣

𝜕𝑟
+

2

𝑟

𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑟
+ 2

𝜕2𝑢

𝜕𝑟2

𝜕𝑢

𝜕𝑥
+ 

                                                   +2
𝜕2𝑣

𝜕𝑟2

𝜕𝑢

𝜕𝑟
+ 2

𝜕𝑣

𝜕𝑟

𝜕2𝑢

𝜕𝑟2
+ 4

𝜕𝑢

𝜕𝑟

𝜕2𝑢

𝜕𝑥𝜕𝑟
] +

β3 
′

𝜌𝑛𝑓
[

2

𝑟
(

∂𝑢

∂𝑟
)

3

+ 6 (
∂𝑢

∂𝑟
)

2 ∂2𝑢

∂𝑟2
+

                                                4 (
∂𝑢

∂𝑟
)

2 ∂2𝑢

∂𝑥2 + 2
𝜕𝑢

𝜕𝑥

𝜕𝑢

𝜕𝑟

𝜕2𝑢

𝜕𝑥𝜕𝑟
] −

𝜎𝑀0
2𝑢

𝜌𝑛𝑓
    (9) 

∂𝑇′

∂𝑡′ + 𝑢
∂𝑇′

∂𝑥
+ 𝑣

∂𝑇′

∂𝑟
=

𝑘𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

1

𝑟

∂

∂𝑟
(𝑟

∂𝑇′

∂𝑟
) −

1

(𝜌𝐶𝑝)
𝑛𝑓

1

𝑟

∂

∂𝑟
(𝑟𝑞𝑟) (10) 

Here(𝑢, 𝑣) denote the axial and transverse (radial) velocity components along (x, r) coordinates. 

The appropriate initial and boundary conditions are as follows: 
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𝑡′ ≤  0:     𝑇′ = 𝑇∞
′  ,    𝑣 = 0,   𝑢 = 0                             for all 𝑥 and 𝑟 

𝑡′ > 0:      𝑇′ = 𝑇𝑤
′ ,     𝑣 = 0,   𝑢 = 𝜆𝑢0 at 𝑟 = 𝑟0 

𝑇′ = 𝑇∞
′ ,    𝑣 = 0,   𝑢 = 0         at𝑥 = 0 

𝑇′ → 𝑇∞
′ ,    𝑣 → 0,   𝑢 → 0,

𝜕𝑢

𝜕𝑟
→ 0as𝑟 → ∞

 (11)The density, thermal expansion coefficient and heat 

capacitance for nanofluid are calculated using 

𝜌𝑛𝑓 = (1 − φ)𝜌𝑏𝑓 + φ𝜌𝑠 

(𝜌𝛽𝑇)𝑛𝑓 = (1 − φ)(𝜌𝛽𝑇)𝑏𝑓 + φ(𝜌𝛽𝑇)𝑠(12) 

(𝜌𝐶𝑝)
𝑛𝑓

= (1 − φ)(𝜌𝐶𝑝)
𝑏𝑓

+ 𝜑(𝜌𝐶𝑝)
𝑠
 

Also, thermal conductivity of nanofluid is considered based on the Hamilton-Crosser model [59] 

i.e.,  

𝑘𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑠+(𝑛−1)𝑘𝑏𝑓−(𝑛−1)𝜑(𝑘𝑏𝑓−𝑘𝑠)

𝑘𝑠+(𝑛−1)𝑘𝑏𝑓+𝜑(𝑘𝑏𝑓−𝑘𝑠)
(13) 

Here 𝑛 defines the shape of nanoparticles.Precisely, 𝑛 = 3 & 3/2 indicates spherical and 

cylindrical, respectively (details can be found in Table. 2[53]).  

By assuming the ‘Rosseland thermal radiation approximation’ (Brewster [60]), the radiative heat 

flux 𝑞𝑟 is expressed as: 

𝑞𝑟 =  −
4𝜎∗

3𝜅∗

𝜕𝑇′4

𝜕𝑟
(14) 

For adequately small temperature differences within the fluid flow, the term, 𝑇′4
may be conveyed 

as a linear function of the temperature, so that the Taylor series for 𝑇′4
 about 𝑇∞

′ , after ignoring 

higher order terms, is specified by the following equation: 

𝑇′4
≅ 4𝑇′𝑇′

∞
3

− 3𝑇′
∞
4

(15) 

From Eqns. (14) & (15), Eqn. (10) implies that, 
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∂𝑇′

∂𝑡′ + 𝑢
∂𝑇′

∂𝑥
+ 𝑣

∂𝑇′

∂𝑟
=

𝑘𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

1

𝑟

∂

∂𝑟
(𝑟

∂𝑇′

∂𝑟
) +

16𝜎∗𝑇′
∞
3

3(𝜌𝐶𝑝)
𝑛𝑓

𝜅∗

1

𝑟

∂

∂𝑟
(𝑟

∂𝑇′

∂𝑟
)(16) 

Introducing the subsequent non-dimensional quantities: 

𝑋 =
𝑥𝜗𝑏𝑓

𝑢0𝑟0
2

,           𝑅 =
𝑟

𝑟0
,             𝑈 =

𝑢

𝑢0
,                 𝑉 =

𝑣𝑟0

𝜗𝑏𝑓
, 𝑡 =

𝑡′𝜗𝑏𝑓

𝑟0
2

,  

 𝑇 =
𝑇′−𝑇∞

′

𝑇𝑤
′ −𝑇∞

′ ,       𝐺𝑟 =
g′(𝛽𝑇)𝑏𝑓𝑟0

2(𝑇𝑤
′ −𝑇∞

′ )

𝑢0𝜗𝑏𝑓
,       𝑃𝑟 =

𝜗𝑏𝑓

𝛼𝑏𝑓
 ,          𝑀 =

𝜎𝑀0
2𝑟0

2

𝜇𝑏𝑓
,      𝑁 =

𝑘𝑏𝑓𝜅∗

4𝜎∗𝑇′
∞
3    

α1 =
α1

′

𝜌𝑏𝑓𝑟0
2

,            α2 =
α2

′

𝜌𝑏𝑓𝑟0
2

,             β =
β3 

′ 𝑢0
2

𝜌𝑏𝑓𝑟0
2𝜗𝑏𝑓

,     β′ =
β3 

′ 𝜗𝑏𝑓

𝜌𝑏𝑓𝑟0
4
 (17) 

Implementing Eqn. (17) in the conservation Eqns. (8), (9), (16) and Eqn. (11), the following system 

of non-dimensional governing equations emerge:  

 

 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑅
+

𝑉

𝑅
= 0  (18) 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑅
+

𝜕𝑈

𝜕𝑡

= 𝐴𝐶(𝐺𝑟)𝑇 + 𝐴𝐵
1

𝑅

𝜕

𝜕𝑅
(𝑅

𝜕𝑈

𝜕𝑅
)

+ 𝐴α1 [
𝜕3𝑈

𝜕𝑅2𝜕𝑡
+

1

𝑅

𝜕2𝑈

𝜕𝑅𝜕𝑡
+ 𝑈

𝜕3𝑈

𝜕𝑋𝜕𝑅2
+ 𝑉

𝜕3𝑈

𝜕𝑅3
+                         

𝑈

𝑅

𝜕2𝑈

𝜕𝑋𝜕𝑅
+

𝑉

𝑅

𝜕2𝑈

𝜕𝑅2

+ 2
𝜕𝑉

𝜕𝑅

𝜕2𝑈

𝜕𝑅2
+ 3

𝜕2𝑈

𝜕𝑅2

𝜕𝑈

𝜕𝑋
+

𝜕𝑈

𝜕𝑅

𝜕2𝑉

𝜕𝑅2
+ 4

𝜕𝑈

𝜕𝑅

𝜕2𝑈

𝜕𝑋𝜕𝑅
+

1

𝑅

𝜕𝑈

𝜕𝑅

𝜕𝑉

𝜕𝑅
 +  

3

𝑅

𝜕𝑈

𝜕𝑋

𝜕𝑈

𝜕𝑅
] 

+𝐴α2 [
2

𝑅

𝜕𝑈

𝜕𝑅
(

𝜕𝑉

𝜕𝑅
+

𝜕𝑈

𝜕𝑋
) + 2

𝜕2𝑈

𝜕𝑅2
(

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑅
) + 2

𝜕𝑈

𝜕𝑅
(

𝜕2𝑉

𝜕𝑅2
+ 2

𝜕2𝑈

𝜕𝑋𝜕𝑅
)] 

+𝐴β [
2

𝑅
(

𝜕𝑈

𝜕𝑅
)

3
+ 6

𝜕2𝑈

𝜕𝑅2 (
𝜕𝑈

𝜕𝑅
)

2

] + 𝐴β′
[4

∂2𝑈

∂𝑋2 (
𝜕𝑈

𝜕𝑅
)

2
+ 2

𝜕2𝑈

𝜕𝑋𝜕𝑅

𝜕𝑈

𝜕𝑋

𝜕𝑈

𝜕𝑅
] − 𝐴𝑀𝑈(19) 

𝑈
𝜕𝑇

𝜕𝑋
+ 𝑉

𝜕𝑇

𝜕𝑅
+

𝜕𝑇

𝜕𝑡
=

𝐷

𝑃𝑟
(𝐸 +

4

3𝑁
) (

𝜕2𝑇

𝜕𝑅2
+

1

𝑅

𝜕𝑇

𝜕𝑅
)   (20) 
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𝑡 ≤  0:   𝑇 = 0,    𝑉 = 0, 𝑈 = 0       for all𝑋and𝑅 

𝑡 >  0:  𝑇 = 1,     𝑉 = 0, 𝑈 = 𝜆at𝑅 = 1   

𝑇 = 0,    𝑉 = 0,    𝑈 = 0     at𝑋 = 0 (21) 

𝑇 → 0,    𝑉 → 0,       𝑈 → 0,
𝜕𝑈

𝜕𝑅
→ 0as𝑅 → ∞  

where 

𝐴 =
1

[(1−𝜑)+𝜑
𝜌𝑠

𝜌𝑏𝑓
]

,𝐵 =
1

(1−𝜑)2.5,𝐶 = [(1 − 𝜑) + 𝜑
(𝜌𝛽𝑇)𝑠

(𝜌𝛽𝑇)𝑏𝑓
], 𝐷 =

1

[(1−𝜑)+𝜑
(𝜌𝐶𝑝)

𝑠
(𝜌𝐶𝑝)

𝑏𝑓
]

,𝐸 =
𝑘𝑛𝑓

𝑘𝑏𝑓
(22) 

4. Finite difference numerical solution  

 Eqns. (18) - (21) are a nonlinear, coupled dimensionless system of boundary layer flow 

equations which cannot be solved with analytical procedures. However, there are certain numerical 

procedures which provide a solution with greater accuracy. The implicit finite difference scheme 

(i.e., Crank-Nicolson type[61]) withunconditionally stableproperty is employed.The discretized 

finite difference equations for Eqns. (18) to (20)assume the form: 

 

𝑈𝑓,𝑔
ℎ+1−𝑈𝑓−1,𝑔

ℎ+1 +𝑈𝑓,𝑔
ℎ −𝑈𝑓−1,𝑔

ℎ

2∆𝑋
+

𝑉𝑓,𝑔
ℎ+1−𝑉𝑓,𝑔−1

ℎ+1 +𝑉𝑓,𝑔
ℎ −𝑉𝑓,𝑔−1

ℎ

2∆𝑅
+ 𝑉𝑓,𝑔

ℎ+1(𝐽𝑅) = 0 (23) 

𝑈𝑓,𝑔
ℎ+1 − 𝑈𝑓,𝑔

ℎ

∆𝑡
+ 𝑈𝑓,𝑔

ℎ
(𝑈𝑓,𝑔

ℎ+1 − 𝑈𝑓−1,𝑔
ℎ+1 + 𝑈𝑓,𝑔

ℎ − 𝑈𝑓−1,𝑔
ℎ )

2∆𝑋

+ 𝑉𝑓,𝑔
ℎ

(𝑈𝑓,𝑔+1
ℎ+1 − 𝑈𝑓,𝑔−1

ℎ+1 + 𝑈𝑓,𝑔+1
ℎ − 𝑈𝑓,𝑔−1

ℎ )

4∆𝑅
 

= 𝐴𝐶(𝐺𝑟)
𝑇𝑓,𝑔

ℎ + 𝑇𝑓,𝑔
ℎ+1

2
+ 𝐴𝐵

𝐽𝑅

4∆𝑅
(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓,𝑔−1
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ ) 

+𝐴𝐵
1

2(∆𝑅)2
(𝑈𝑓,𝑔−1

ℎ+1 − 2𝑈𝑓,𝑔
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ+1 + 𝑈𝑓,𝑔−1
ℎ − 2𝑈𝑓,𝑔

ℎ + 𝑈𝑓,𝑔+1
ℎ ) 
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+Aα1 [
1

4(∆𝑅)2(∆𝑡)
(𝑈𝑓,𝑔−2

ℎ+1 − 2𝑈𝑓,𝑔
ℎ+1 + 𝑈𝑓,𝑔+2

ℎ+1 − 𝑈𝑓,𝑔−2
ℎ + 2𝑈𝑓,𝑔

ℎ − 𝑈𝑓,𝑔+2
ℎ ) 

+
𝐽𝑅

2(∆𝑅)(∆𝑡)
(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓,𝑔−1
ℎ+1 − 𝑈𝑓,𝑔+1

ℎ + 𝑈𝑓,𝑔−1
ℎ

)

+
𝑉𝑓,𝑔

ℎ

4(∆𝑅)3
(𝑈𝑓,𝑔+2

ℎ+1 − 2𝑈𝑓,𝑔+1
ℎ+1 + 2𝑈𝑓,𝑔−1

ℎ+1 − 𝑈𝑓,𝑔−2
ℎ+1 +𝑈𝑓,𝑔+2

ℎ − 2𝑈𝑓,𝑔+1
ℎ

+ 2𝑈𝑓,𝑔−1
ℎ −𝑈𝑓,𝑔−2

ℎ
)

+
1

2(∆𝑅)3
(𝑉𝑓,𝑔+1

ℎ − 𝑉𝑓,𝑔−1
ℎ

) (𝑈𝑓,𝑔−1
ℎ+1 − 2𝑈𝑓,𝑔

ℎ+1 + 𝑈𝑓,𝑔+1
ℎ+1 + 𝑈𝑓,𝑔−1

ℎ − 2𝑈𝑓,𝑔
ℎ

+             𝑈𝑓,𝑔+1
ℎ )

+
3

2(∆𝑋)(∆𝑅)2
(𝑈𝑓,𝑔

ℎ − 𝑈𝑓−1,𝑔
ℎ ) (𝑈𝑓,𝑔−1

ℎ+1 − 2𝑈𝑓,𝑔
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ+1 + 𝑈𝑓,𝑔−1
ℎ −            2𝑈𝑓,𝑔

ℎ

+ 𝑈𝑓,𝑔+1
ℎ ) 

+
1

4(∆𝑅)3
(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓,𝑔−1
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ ) (𝑉𝑓,𝑔−1

ℎ − 2𝑉𝑓,𝑔
ℎ + 𝑉𝑓,𝑔+1

ℎ ) 

+
1

2(∆𝑋)(∆𝑅)2
(𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ )(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓−1,𝑔+1
ℎ+1 − 𝑈𝑓,𝑔−1

ℎ+1 + 𝑈𝑓−1,𝑔−1
ℎ+1 +   𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓−1,𝑔+1
ℎ

− 𝑈𝑓,𝑔−1
ℎ + 𝑈𝑓−1,𝑔−1

ℎ ) 

+
𝑉𝑓,𝑔

ℎ 𝐽𝑅

2(∆𝑅)2
(𝑈𝑓,𝑔−1

ℎ+1 − 2𝑈𝑓,𝑔
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ+1 + 𝑈𝑓,𝑔−1
ℎ − 2𝑈𝑓,𝑔

ℎ + 𝑈𝑓,𝑔+1
ℎ ) 

+
𝑈𝑓,𝑔

ℎ 𝐽𝑅

4(∆𝑅)(∆𝑋)
(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓−1,𝑔+1
ℎ+1 − 𝑈𝑓,𝑔−1

ℎ+1 + 𝑈𝑓−1,𝑔−1
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓−1,𝑔+1
ℎ − 𝑈𝑓,𝑔−1

ℎ

+  𝑈𝑓−1,𝑔−1
ℎ ) 

+
3𝐽𝑅

4(∆𝑅)(∆𝑋)
(𝑈𝑓,𝑔

ℎ − 𝑈𝑓−1,𝑔
ℎ

) (𝑈𝑓,𝑔+1
ℎ+1 − 𝑈𝑓,𝑔−1

ℎ+1 + 𝑈𝑓,𝑔+1
ℎ − 𝑈𝑓,𝑔−1

ℎ
) 

+
𝐽𝑅

8(∆𝑅)3
(𝑉𝑓,𝑔+1

ℎ − 𝑉𝑓,𝑔−1
ℎ )(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓,𝑔−1
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ ) 

+
𝑈𝑓,𝑔

ℎ

2(∆𝑅)2∆𝑋
(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓−1,𝑔+1
ℎ+1 − 2𝑈𝑓,𝑔

ℎ+1 + 2𝑈𝑓−1,𝑔
ℎ+1 + 𝑈𝑓,𝑔−1

ℎ+1 − 𝑈𝑓−1,𝑔−1
ℎ+1  
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+𝑈𝑓,𝑔+1
ℎ − 𝑈𝑓−1,𝑔+1

ℎ − 2𝑈𝑓,𝑔
ℎ + 2𝑈𝑓−1,𝑔

ℎ + 𝑈𝑓,𝑔−1
ℎ − 𝑈𝑓−1,𝑔−1

ℎ )] 

+Aα2 [
𝐽𝑅

4(∆𝑅)2
(𝑉𝑓,𝑔+1

ℎ − 𝑉𝑓,𝑔−1
ℎ ) (𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓,𝑔−1
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ ) 

+
𝐽𝑅

2(∆𝑅)(∆𝑋)
(𝑈𝑓,𝑔

ℎ − 𝑈𝑓−1,𝑔
ℎ )(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓,𝑔−1
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ ) 

+
1

(∆𝑋)(∆𝑅)2
(𝑈𝑓,𝑔

ℎ − 𝑈𝑓−1,𝑔
ℎ )(𝑈𝑓,𝑔−1

ℎ+1 − 2𝑈𝑓,𝑔
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ+1 + 𝑈𝑓,𝑔−1
ℎ − 2𝑈𝑓,𝑔

ℎ +  𝑈𝑓,𝑔+1
ℎ )

+
1

2(∆𝑅)3
(𝑉𝑓,𝑔−1

ℎ − 2𝑉𝑓,𝑔
ℎ + 𝑉𝑓,𝑔+1

ℎ )(𝑈𝑓,𝑔+1
ℎ+1 − 𝑈𝑓,𝑔−1

ℎ+1 + 𝑈𝑓,𝑔+1
ℎ − 𝑈𝑓,𝑔−1

ℎ )  

+
1

2(∆𝑋)(∆𝑅)2
(𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ )(𝑈𝑓,𝑔+1

ℎ+1 − 𝑈𝑓−1,𝑔+1
ℎ+1 − 𝑈𝑓,𝑔−1

ℎ+1 + 𝑈𝑓−1,𝑔−1
ℎ+1

+ 𝑈𝑓,𝑔+1
ℎ − 𝑈𝑓−1,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ

+ 𝑈𝑓−1,𝑔−1
ℎ ) +

1

2(∆𝑅)3
(𝑉𝑓,𝑔+1

ℎ − 𝑉𝑓,𝑔−1
ℎ )(𝑈𝑓,𝑔−1

ℎ+1 − 2𝑈𝑓,𝑔
ℎ+1 + 𝑈𝑓,𝑔+1

ℎ+1 + 𝑈𝑓,𝑔−1
ℎ

− 2𝑈𝑓,𝑔
ℎ + 𝑈𝑓,𝑔+1

ℎ )]

+ +𝐴β [(𝐽𝑅)
(𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ )

3

4(∆𝑅)3

+ 3
(𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ )

2

4(∆𝑅)2

(𝑈𝑓,𝑔−1
ℎ+1 − 2𝑈𝑓,𝑔

ℎ+1 +   𝑈𝑓,𝑔+1
ℎ+1 + 𝑈𝑓,𝑔−1

ℎ − 2𝑈𝑓,𝑔
ℎ + 𝑈𝑓,𝑔+1

ℎ )

(∆𝑅)2
] 

+𝐴β′ [
(𝑈𝑓,𝑔+1

ℎ − 𝑈𝑓,𝑔−1
ℎ )

2

(∆𝑅)2

(𝑈𝑓−1,𝑔
ℎ − 2𝑈𝑓,𝑔

ℎ + 𝑈𝑓+1,𝑔
ℎ )

(∆𝑋)2
+

1

8

(𝑈𝑓,𝑔
ℎ − 𝑈𝑓−1,𝑔

ℎ )

(∆𝑋)

(𝑈𝑓,𝑔+1
ℎ − 𝑈𝑓,𝑔−1

ℎ )

(∆𝑅)
 

(𝑈𝑓,𝑔+1
ℎ+1 −𝑈𝑓−1,𝑔+1

ℎ+1 −𝑈𝑓,𝑔−1
ℎ+1 +𝑈𝑓−1,𝑔−1

ℎ+1 +𝑈𝑓,𝑔+1
ℎ −𝑈𝑓−1,𝑔+1

ℎ −𝑈𝑓,𝑔−1
ℎ + 𝑈𝑓−1,𝑔−1

ℎ )

(∆𝑋)(∆𝑅)
] − 𝐴𝑀 [

𝑈𝑓,𝑔
ℎ +𝑈𝑓,𝑔

ℎ+1

2
]   

       (24) 

𝑇𝑓,𝑔
ℎ+1 − 𝑇𝑓,𝑔

ℎ

∆𝑡
+ 𝑈𝑓,𝑔

ℎ
(𝑇𝑓,𝑔

ℎ+1 − 𝑇𝑓−1,𝑔
ℎ+1 + 𝑇𝑓,𝑔

ℎ − 𝑇𝑓−1,𝑔
ℎ )

2∆𝑋
+ 𝑉𝑓,𝑔

ℎ
(𝑇𝑓,𝑔+1

ℎ+1 − 𝑇𝑓,𝑔−1
ℎ+1 + 𝑇𝑓,𝑔+1

ℎ − 𝑇𝑓,𝑔−1
ℎ )

4∆𝑅
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=
𝐷

𝑃𝑟
(𝐸 +

4

3𝑁𝑟
) [

(𝑇𝑓,𝑔−1
ℎ+1 − 2𝑇𝑓,𝑔

ℎ+1 + 𝑇𝑓,𝑔+1
ℎ+1 + 𝑇𝑓,𝑔−1

ℎ − 2𝑇𝑓,𝑔
ℎ + 𝑇𝑓,𝑔+1

ℎ
)

2(∆𝑅)2

+ (𝐽𝑅)
(𝑇𝑓,𝑔+1

ℎ+1 − 𝑇𝑓,𝑔−1
ℎ+1 + 𝑇𝑓,𝑔+1

ℎ − 𝑇𝑓,𝑔−1
ℎ )

4(∆𝑅)
] 

              (25) 

The considered flow region is defined by the limits:𝑋𝑚𝑖𝑛 = 0, 𝑋𝑚𝑎𝑥 = 1, 𝑅𝑚𝑖𝑛 = 1 and 𝑅𝑚𝑎𝑥 =

20(where𝑅𝑚𝑎𝑥 implies to 𝑅 = ∞). The temperature Eqn. (25) and momentum Eqn. (24) are 

discretized for all internal mesh points (𝑓, 𝑔) at specific ‘𝑓 - level’ can be reduced to ‘tridiagonal’ 

and ‘penta-diagonal’ systems of equations are given by equations (26) & (27), respectively: 

𝐴1δ𝑓,𝑔−1
ℎ+1 + 𝐵1δ𝑓,𝑔

ℎ+1 + 𝐶1δ𝑓,𝑔+1
ℎ+1 = 𝐷1 (26) 

𝐴2Υ𝑓,𝑔−2
ℎ+1 + 𝐵2Υ𝑓,𝑔−1

ℎ+1 + 𝐶2Υ𝑓,𝑔
ℎ+1 + 𝐷2Υ𝑓,𝑔+1

ℎ+1 + 𝐸2Υ𝑓,𝑔+2
ℎ+1 = 𝐹2(27) 

At the (h+1)thlevel, ‘tridiagonal’ [61] and ‘penta-diagonal’ [62] algorithms are used to solve Eqns. 

(26) and (27). Here, 𝛿&Υ represent 𝑇&U, respectively. Details on these algorithms can be found 

in [61], [62]. The computational technique initially determines a solution for the temperature field 

(solving Eqn. (25) for 𝑇) then followed by the velocity field (solving Eqn. (24) for 𝑈). The 

generated 𝑈 & 𝑇 values are used explicitly to calculate 𝑉 from Eqn. (23). 

5. Validation test of the Crank-Nicolson numerical scheme 

A two-step process has been carried out for validating the implemented numerical 

procedure i. e. the Crank-Nicolson method. The primary step has been chosen to check the 

sensitivity of the mesh hence to ensure the accuracyof the scheme. In the secondary step, the 

numerical solutions are compared with simpler models from the scientific literature.  

5.1. Sensitivity test 
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A proper grid-system is explored by conducting a ‘mesh sensitivity test’ for the current 

investigation and it successfully offers an optimized and stable mesh. Table 3proposes an optimal 

grid-size (i.e., 100 X 500) with adequate accuracy (any additionalimprovement in the size of the 

mesh does not contribute to accuracy of the result). Similarly, ‘time sensitivity test’ suggests an 

appropriate time-step size Δ𝑡(𝑡 = ℎΔ𝑡, ℎ = 0, 1, 2, … ) = 0.01 as shownin Table 4.  

5.2. Comparison with former special cases 

A comparison study has been conductedto ensure accuracy of the numerical solutions for 

𝐶𝑓
̅̅ ̅ and 𝑁𝑢̅̅ ̅̅ . The present investigation for heat transfer and fluid flow from a stationary cylinder 

(𝜆 = 0)demonstrates very good correlation with earlier published results and hencegives the 

confirmation about the accuracy of the adopted numerical code i.e., Crank Nicolson type numerical 

scheme. At the primary stage of validation, impact of nano material (such as volume fraction, 𝜑), 

viscous and elastic nature of third-grade (α1, α2, β) are neglected in the absence of thermal 

radiation, magnetic field and supercritical conditions to examine only Newtoniancharacteristics of 

fluid flow (i.e., α1 = α2 = β = β′ = 0) and matching the obtained results with early published 

results of Rani and Kim [63] (𝛾 = 0). Figure 3(comparative study) illustratesgraphical comparison 

of the implemented (Crank-Nicolson type) numerical finite difference scheme; clearly excellent 

corroboration is achieved and confidence in the Crank-Nicolson code is verified.  

6. Graphical Results and Discussion 

6.1. Accuracy of adopted RK-EOS model 

Figures 4 and 5illustrate four curves for thermal expansion coefficient (𝛽𝑇)versus 

temperature for supercritical water at two different pressures for experimental data [64], Redlich-

Kwong-EOS [50], Van der Waals-EOS [52] and Ideal gas-EOS [65], respectively. However, for 

water, the coefficient of thermal expansion of perfect gas is evaluated as the inverse of the thermal 
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field (i. e, 𝛽𝑇 = 1 𝑇⁄ ). Figures 4 and 5 clearly indicate that, the RK-EOS model provides an 

accurate depiction of the experimental database. Further, it is remarked that, the coefficient of 

thermal expansion deviates near the critical point. In general, at smaller pressures, the𝛽𝑇of 

supercritical water (i.e., for liquids) enhances with temperature. On the other hand, for gases at 

smaller pressures, the coefficient of thermal expansion decays. Also, for smaller temperatures, a 

liquid like nature is noticed for high pressure isotherms whereas for larger temperatures, a gas like 

nature is observed. Further, for larger temperatures all isotherms tend to approach the ideal gas 

nature. Also, it is noticed that, when the working liquid is close to the critical point, the prediction 

of constant 𝛽𝑇 fails and moreover 𝛽𝑇 deviates at the exact critical point. Thus, the values calculated 

based on RK-EOS are more reasonable when compared to the VW-EOS and Ideal gas-EOS in 

supercritical region.    

The critical values of the water such as 𝑃𝑐 (critical pressure), 𝑉𝑐 (critical volume), 𝑇𝑐 

(critical temperature), 𝐷𝑐 (critical density),𝑀′ (critical mass), and 𝑍𝑐 (critical compressibility 

factor) are presented inTable 5(a). The 𝛽𝑇values calculated based on RK-EOS using Table 5(a) 

are shown in Tables 5(b) &5(c). 

The comparison of coefficient of thermal expansion values calculated based on RK-EOS 

[50] are compared with those values calculated based on empirical correlation [66], VW-EOS [52] 

and Ideal-gas equations [65] of state and are illustrated in Fig. 6 at 𝑇𝑟
∗ = 1.03 amd 𝑇𝑟

∗ = 1.58. It 

is observed from Fig. 6 that, the Nusselt number curve is plotted by employing RK-EOS (Ref. - 

Eqn. 28) lies very close to the experimental correlation curve. Thus, this comparison confirms the 

accuracy of the used RK-EOS model in the present study. Also, the results obtained based on RK-

EOS are reliable in the SCF region. 

𝑁𝑢𝑋

𝑅𝑎𝑋
1/4 =

4

3
{

7 𝑃𝑟

5(20+21𝑃𝑟)
}

1/4
+

4(272+315𝑃𝑟)

35(64+63𝑃𝑟)
{

𝑑

𝑙
𝑅𝑎𝑋

1/4
}

−1
     (28) 
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Table 1. Thermophysical propertiesof different nanoparticles ([53], [54], [58], [67] and [68]). 

 (𝜌)𝑠(kgq1`m-3) (𝑘)𝑠(Wm−1k−1) (𝐶𝑝)
𝑠
(kg−1k−1) (𝛽𝑇)𝑠 × 10−5(k−1) 

Ag 10,500 429 235 1.89 

 

Table 2. Dynamic viscosity and thermal conductivity of different shapes of nanoparticles ([53] 

and [68]). 

Model Shape of 

nanoparticles 

Dynamic viscosity Thermal conductivity 

(i) Spherical 𝜇𝑛𝑓 =
𝜇𝑏𝑓

(1 − 𝜑)2.5
 𝑘𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑠 + 2𝑘𝑏𝑓 − 2𝜑(𝑘𝑏𝑓 − 𝑘𝑠)

𝑘𝑠 + 2𝑘𝑏𝑓 + 𝜑(𝑘𝑏𝑓 − 𝑘𝑠)
 

(ii) Spherical 𝜇𝑛𝑓 = 𝜇𝑏𝑓(1 + 7.3𝜑 + 123𝜑2) 𝑘𝑛𝑓

𝑘𝑏𝑓
=

𝑘𝑠 + 2𝑘𝑏𝑓 − 2𝜑(𝑘𝑏𝑓 − 𝑘𝑠)

𝑘𝑠 + 2𝑘𝑏𝑓 + 𝜑(𝑘𝑏𝑓 − 𝑘𝑠)
 

(iii) Cylindrical 𝜇𝑛𝑓 =
𝜇𝑏𝑓

(1 − 𝜑)2.5 𝑘𝑛𝑓

𝑘𝑏𝑓
=

2𝑘𝑠 + 𝑘𝑏𝑓 − 2𝜑(𝑘𝑏𝑓 − 𝑘𝑠)

2𝑘𝑠 + 𝑘𝑏𝑓 + 2𝜑(𝑘𝑏𝑓 − 𝑘𝑠)
 

(iv) Cylindrical 𝜇𝑛𝑓 = 𝜇𝑏𝑓(1 + 7.3𝜑 + 123𝜑2) 𝑘𝑛𝑓

𝑘𝑏𝑓
=

2𝑘𝑠 + 𝑘𝑏𝑓 − 2𝜑(𝑘𝑏𝑓 − 𝑘𝑠)

2𝑘𝑠 + 𝑘𝑏𝑓 + 2𝜑(𝑘𝑏𝑓 − 𝑘𝑠)
 

 

Table 3. Grid independency test at𝑃𝑟
∗ = 1.086 and 𝑇𝑟

∗ = 1.10 in SCF region. 

 

Grid size 

Average Nusselt number 

α1 = α2 = β′ = 0.01, β = 0.6, 𝜑 = 0.04. 

25X125 0.1515531000 

50X250 0.1538122000 

100X500 0.1578322000 

200X1000 0.1592252000 
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Table 4.Time-independency test at𝑃𝑟
∗ = 1.086 and 𝑇𝑟

∗ = 1.10 in SCF region. 

 

Time step size (∆𝑡) 

Average Nusselt number 

α1 = α2 = β′ = 0.01, β = 0.6, 𝜑 = 0.04 

0.1 0.1578331000 

0.08 0.1578332000 

0.05 0.1578330000 

0.02 0.1578333000 

0.01 0.1578322000 

Table 5(a). Critical values of water [64] to calculate the fluid parameters for the present numerical 

simulations. 

Compound 

chosen for study 

𝑃𝑐  

(MPa) 

𝑇𝑐 

(K) 

𝑉𝑐  

(cm3/mol) 

𝑀′ 

(kg/mol) 

𝐷𝑐  

(kg/m3) 

𝑍 

(-) 

 

Water 

 

22.090 

 

647.30 

 

55.95 

 

0.01801528 

 

322.0 

 

0.229 

 

Table 5(b). Thermal expansion coefficient in SCF region based on RK-EOS for different values 

of reduced pressure (𝑃𝑟
∗) with fixed 𝑇𝑟

∗ = 1.011. 

𝑃 

(MPa) 

𝑃𝑟
∗ 𝑇′ 

(K) 

𝑇𝑟
∗ (𝐶𝑝)

𝑏𝑓
 

(J/mol*K) 

(µ)𝑏𝑓 

(10-6 Pa*s) 

(𝑘)𝑏𝑓 

(W/m*K) 

(𝜌)𝑏𝑓 

(kg/m3) 

(𝛽𝑇)𝑏𝑓 

(1/K ) 

44 1.99 655 1.011 118.65 70.944 0.47046 605.12  0.00382088 

49 2.21 655 1.011 111.20  73.307 0.48352 622.09 0.00332480 

54 2.44 655 1.011 105.86 75.383 0.49521 636.51 0.00296705 

59 2.67 655 1.011 101.80 77.251  0.50591 649.13 0.00269430 

64 2.89 655 1.011 98.567 78.961 0.51585 660.39 0.00247798 

 

Table 5(c). Thermal expansion coefficient in SCF region based on RK-EOS for different values 

of reduced temperature (𝑇𝑟
∗) with fixed 𝑃𝑟

∗ = 1.086. 

𝑃 𝑃𝑟
∗ 𝑇′ 𝑇𝑟

∗ (𝐶𝑝)
𝑏𝑓

 (µ)𝑏𝑓 (𝑘)𝑏𝑓 (𝜌)𝑏𝑓 (𝛽𝑇)𝑏𝑓 
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(MPa) (K) (J/mol*K) (10-6 Pa*s) (W/m*K) (Kg/m3) (1/K ) 

24 1.086 684 1.05 144.59  27.927 0.12977 131.56 0.00832584 

24 1.086 689 1.06 131.02  27.929 0.12398 125.91 0.00736239 

24 1.086 694 1.07 120.48  27.976 0.11936 121.11 0.00663135 

24 1.086 704 1.08 105.11 28.154 0.11252 113.27 0.00558684 

24 1.086 714 1.10 94.377 28.407 0.10779 107.04  0.00486923 

 

 

Fig. 3 Comparative study on Newtonian fluid. 

Further validation with Rajesh et al. [69] is shown in Table 6 below and again excellent 

agreement with the present Crank-Nicolson numerical solutions is achieved.  

Table 6: Transient velocity of various nanofluids when𝑃𝑟 = 6.2, 𝐺𝑟 = 10, 𝑁 = 3, 𝜑 = 0.04, 𝑋 = 

1.0, 𝑡 = 0.2 

 Numerical results of Rajesh et 

al. (2016) [69] 

Numerical results of present 

study 

R U T U T 

1.2 0.7891 0.4808 0.7080 0.4626 
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1.4 0.5088 0.1812 0.5001 0.1684 

1.6 0.286 0.0548 0.214 0.0514 

1.8 0.1444 0.0137 0.1248 0.0123 

2.0 0.0665 0.0029 0.0565 0.0510 

 

 

                                         4 (a)                                                                      4 (b) 

Fig. 4(a) Comparison of volumetric coefficient of thermal expansion (β) of water based on VW-

EOS [52], perfect-gas assumption [65] and RK-EOS [50] with experimental values [64] at 25 

MPa and (b) an identical graph. 
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                                    5(a)                                                              5(b) 

Fig. 5(a) Comparison of volumetric coefficient of thermal expansion (β) of water based on VW-

EOS [52], perfect-gas assumption [65] and RK-EOS [50] with experimental values [64] at 40 

MPa and (b) an identical graph. 

 

Fig. 6 Local Nusselt number (𝑁𝑢𝑋) as a function of local Rayleigh number (𝑅𝑎𝑋) for carbon di-

oxide at 𝑇𝑟
∗ = 1.03 and 𝑃𝑟

∗ = 1.58  based on experimental correlation [66], RK-EOS [50], 

constant thermal expansion coefficient [65] and VW-EOS [52]. 
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6.2. Flow variables 

The variations in the flow fields (such as velocity and temperature) for supercritical 

thirdgrade nanofluidunder unsteady and steady-state conditions are investigated for the influential 

action of third-grade rheological parameter (β) and nanofluid volume fraction (𝜑). Also, the 

graphical results are drawn for variation in reduced pressure (𝑃𝑟
∗) and reduced temperature (𝑇𝑟

∗). 

Here, other parameters are kept constant such as𝛼1 = 𝛼2 = 0.01 and modified third-grade 

parameter 𝛽′ = 0.01, radiative parameter 𝑁 =  0.01 and magnetic strength 𝑀 =  0.001. Steady-

state graphs of U &𝑇 for variation of β&𝜑 over a moving cylinder(𝜆 = 1)and stationary 

cylinder(𝜆 = 0) are also depicted. With various values of reduced temperature, reduced pressure, 

third-grade parameter and volume fraction, numerically results for heattransfer rate (Nusselt 

number) and skin friction coefficient are also illustrated in graphs.The current investigation 

considers the Agnanoparticles with viscoelastic third-grade fluid as base fluid.‘0 ≤ 𝜑 ≤ 0.04’ is 

the particular range for volume fraction of the silver nanoparticles, since they 

undergosedimentation after𝜑 > 8%. Here, spherically shaped nanoparticles with specific dynamic 

viscosity and thermal conductivity as referred from model (i) in Table 2are considered. Physical 

interpretation of the results is provided at length in the following discourse.  

Relative results on supercritical third-grade nanofluid for stationary and moving cylinder 

The numerically simulated comparative values of thermo-convective flow of thirdgrade 

nanofluid from stationary and moving cylinder under supercritical conditions are analyzed 

graphically. The considered geometry is circular cylinder in 2D flow-domain and subject to the 

boundary conditionsprescribed in Eqn. (11), 𝜆 = 0 or 1. Also, the subsequent paragraphs 

emphasize highlights in the hydrodynamic and heat transfer characteristics of thirdgrade nanofluid 

in both situations (i.e., 𝜆 = 0 &1) in SCF region.  
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(i) Transient results for stationary (λ = 0)cylinder 

The time-dependent dimensionless velocity (U) profiles of thirdgrade nanofluid with 

Agnanoparticles for different𝑃𝑟
∗, 𝑇𝑟

∗, 𝛽&𝜑values at (1, 1.15) are illustrated in Fig. 7 (a), 7(b) 

&7(c)respectively. From all the figures in the SCF region, it is observed that the U curves retain a 

specific trend i.e., at an initial time (t<< 1) all curves are close enough to overlap each other (where 

conduction is the dominating factor); later,however, they deviate from each other (where 

convection is dominating) to reach the ‘peak value’. With further elapse in time velocity profiles 

assume the steady-state position. A marked decrement in the magnitude of the overshoot of the 

velocity (𝑈) curves is noted for higher values of 𝑇𝑟
∗or 𝑃𝑟

∗(refer Figs. 7(a) & (b)), the cause for this 

reduced overshoot is the ‘velocity diffusion’ term, based on Eqn. (19). Therefore, greater resistance 

is offered to the supercritical thirdgrade nanofluid flow in the vicinity of the temporal maximum 

of𝑈. From Fig. 7(c), the 𝑈 profile of thirdgrade nanofluid in SCF region at 𝜑 = 0.02showsa 

decreasing trend with magnifying values of𝛽 i.e., third-grade fluid with higher 𝛽 has more viscous 

and lesser elastic nature which manifests in retardation in the boundary layer flow and a thicker 

hydrodynamic boundary layer thickness. Similarly, 𝑈curves of supercritical nanofluid at constant 

𝛽 = 0.6, are observed to be augmented with amplifying 𝜑 (volume fraction). Here, more 

nanoparticles are present for greater𝜑implying greatercollision between the particles hence 

accelerating the fluid velocity and producing a thinner momentum boundary layer thickness. In 

both circumstances i.e., with intensifying 𝜑 or 𝛽 values, the time for attaining steady statevalues 

is almost the same. It is clearly observed that with variation in 𝛽, the gap between the curve is 

more pronounced than for variation in 𝜑. 
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                              7(a)                                                                               7(b) 

 

7(c) 

Fig. 7 Transient velocity profile at different (a) reduced temperature; (b) reduced pressure; 

(c)third-grade fluid parameter and volume fraction for λ = 0. 

 



31 
 

 
 

 

                              8(a)                                                                               8(b) 

 

 

8(c) 

 

Fig. 8 Transient temperature profile at different (a) reduced temperature; (b) reduced pressure; 

(c) third-grade fluid parameter and volume fraction for λ = 0.  
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9(c) 5 

 6 

Fig. 9 Time-independent velocity profile at different (a) reduced temperature; (b) reduced 7 

pressure; (c) third-grade fluid parameter and volume fraction for λ = 0. 8 
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                                  10(a)                                                                               10(b) 

 

 

10(c) 

Fig. 10 Time-independent temperature profile at different (a) reduced temperature; (b) reduced 

pressure; (c) third-grade fluid parameter & volume fraction for λ = 0. 
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11(c) 

 

Fig. 11 Time-independent velocity profile from moving cylinder at different (a) reduced 

temperature; (b) reduced pressure; (c) third-grade fluid parameter & volume fraction for λ = 1. 
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  12(a)                                                        12(b) 

 

 

12(c) 

 

Fig. 12 Coefficient of average skin friction at different (a) reduced temperature; (b) reduced 

pressure; (c) third-grade fluid parameter and volume fraction for λ = 0. 
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                                         13(a)                                                                         13(b) 

 

 

13(c) 

 

Fig. 13 Coefficient of average heat transfer at different (a) reduced temperature; (b) reduced 

pressure; (c) third-grade fluid parameter & volume fraction for λ = 0. 
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Unsteady temperatureprofiles(T) forthirdgrade nanofluid withvariation of𝑇𝑟
∗, 𝑃𝑟

∗,𝛽and𝜑, at 

(X=1, R=1.15) are depicted in Figs. 8(a), (b) & (c). As the flow starts (t<< 1), the T curves 

(observed from all figures) overlap one another (i.e., conductionis the dominant heat transfer 

mode). Thereafter they diverge from each other (i.e., free convectionis the dominant heat transfer 

mode)achieveTmax (temporal maximum value) and subsequently attain the time-independent state. 

At any specific location of the boundary layer flow region, transient behavior exhibited by all theT 

curves is similar. These observations are also remarkably similar for variations in all parameters 

such as 𝑇𝑟
∗, 𝑃𝑟

∗, β and  𝜑 (refer toFigs. 8(a), (b) & (c)). Figures 8(a) & (b), indicate that the 

magnitude of the temperature isenhanced distinctly by varying 𝑇𝑟
∗&𝑃𝑟

∗ at constant 𝜑&β. This 

temperature variation in the supercritical region of nanofluid is expected since enhancing 𝑇𝑟
∗or 

𝑃𝑟
∗leads to a reduction in 𝐺𝑟 (Grashof number) and increment in 𝑃𝑟 (Prandtl number), which intern 

augments the temperature.  

For that reason, it is noteworthy to remark that 𝐺𝑟  takes a prominent role when compared 

to 𝑃𝑟in supercritical thirdgrade nanofluid flow. From Fig. 8(c), it is observed that as 𝛽 increases, 

temperature is enhanced. The reason behind this observation is that higher 𝛽the viscous nature of 

the fluid which improves thermal diffusion and results in a thicker thermal boundary layer. A 

contrary result is witnessed for the variation in 𝜑 (refer Fig. 8(c)). Greater 𝜑 value adds 

morenanoparticles to the flow-field hence there will be more heat transfer. The gap between the T 

curves with𝛽 variation is highas compared to variation in 𝜑 indicating a greater sensitivity of the 

temperature field to viscoelasticity rather than Nanoscale effects. The time required to reach the 

peak value increases with augmentation in any of the parameters (i.e., β, 𝜑, 𝑇𝑟
∗ and 𝑃𝑟

∗).  

(ii)Steady-state results for stationary (λ = 0)cylinder 
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The steadystate𝑈 −profiles for thirdgrade nanofluid with variations in 𝑇𝑟
∗,𝑃𝑟

∗, 𝛽 and 

𝜑against radial coordinate at 𝑋 =  1.0are depicted in Figs. 9(a), (b) & (c). The velocity curves of 

the nanofluid followa consistent trend for the variation in parameters (𝑇𝑟
∗,𝑃𝑟

∗, 𝜑 and β). In all cases 

(i.e., increasing 𝛽 or 𝜑 or 𝑇𝑟
∗ or𝑃𝑟

∗), velocity of the fluid is elevated to the maximum (𝑈𝑚𝑎𝑥) value 

and thereafter decays gradually to zero velocity (i.e., 𝑈 =  0). Magnitude of 𝑈𝑚𝑎𝑥 decreases with 

increasing 𝛽 or 𝑇𝑟
∗ or𝑃𝑟

∗,  whereas with augmenting 𝜑, it is almost constant. By varying any of the 

parameters, the steady-state velocity curves change with increasing trend after a certain radial 

coordinate,𝑅. It is evident that the variation in the fluid velocity is more pronouncedwith different 

𝑇𝑟
∗ values, as compared to 𝑃𝑟

∗ variation. As 𝑇𝑟
∗ or 𝑃𝑟

∗ enhances, the velocity diffusion intensifies. 

Hence, a modification in velocity magnitudes arises. For increased 𝑃𝑟
∗ and 𝑇𝑟

∗, the convection 

currents are intensified very close to a hot cylindrical surface, however this effect is stifled further 

away from the hot surface. Consequently, the larger𝑈magnitudes are witnessed adjacent to the hot 

wall. 

 Likewise, the steady-state plots are drawn for temperature variations by varying different 

parameters (i.e., 𝑇𝑟
∗,𝑃𝑟

∗,β and 𝜑)in Figs. 10(a), (b) & (c), respectively). Here also, all T profiles 

for different 𝑇𝑟
∗ or𝑃𝑟

∗or 𝛽 or 𝜑follows the same path i.e., initially attaining the highest value 𝑇 =

 1(i.e., boundary condition maintained at hotter surface of the cylinder) and as we move away 

from the cylinder T curves are suppressed to the lowest value (i.e., 𝑇 =  0 in the free stream). 

Also, heat transfer by the conductive mode is dominated at the starting time. Impact of 𝑇𝑟
∗ 

or𝑃𝑟
∗variations on temperature of flow regime is more effective than 𝛽 or 𝜑. A significant 

observation from these figuresis that the thickness of thermal boundary layer increases for 

intensifying 𝛽 or 𝑇𝑟
∗ or𝑃𝑟

∗; however, the reverse trend is observed with respect by augmenting 𝜑. 

From Figs. 10(a) & (b), effect of 𝑇𝑟
∗ is significantly more impactful relative to that of 𝑃𝑟

∗.  
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(iii) Steady-state results for moving (λ = 1)cylinder 

Figures 11(a), (b) & (c)visualize the numerically results forsteady-state U (non-

dimensional velocity) values of the thirdgrade nanofluid for moving (𝜆 = 1)cylinder (with 

velocity 𝑢0along the radial direction) in the SCF region with varying values of 𝑇𝑟
∗,𝑃𝑟

∗, β and 𝜑, 

respectively. Here, elevation in velocity of the viscoelastic nanofluid is observed. All the results 

on velocity of the fluid flow with varying different parameters are similar with results related to 

the case of stationary cylinder as witnessed from Figs. 7(a), (b) & (c). The key observations which 

can be made are; (i) the velocity curves initiate with 𝑈 = 1and attain the 𝑈𝑚𝑎𝑥(peak steady-state 

velocity) then fall to 𝑈 = 0 (the minimum value), (ii) the magnitude of the attained velocity at all 

cases (i.e., at different parameter variations) is greater compared to those computed at stationary 

cylinder.  

7. Results on coefficients of heat transfer and skin friction 

 To satisfy the design criteria in material processing, cooling/heating techniques, energy 

and waste management, there is a crucial demand for the calculation ofheat transfer rate 𝑁𝑢̅̅ ̅̅ and 

skin friction coefficient𝐶𝑓
̅̅ ̅. In the current problem, non-Newtonian supercritical thirdgrade 

nanofluid, the Nusselt number and skin friction coefficient will therefore also provide very useful 

insights into the wall gradient conditions. The dimensionless equations to calculate 𝐶𝑓
̅̅ ̅ and 𝑁𝑢̅̅ ̅̅  are 

specified through following equations. 

 

 

𝐶𝑓
̅̅ ̅ =

𝐵

𝑅𝑒
∫ (

𝜕𝑈

𝜕𝑅
)

𝑅=1
𝑑𝑋

1

0
 (29) 

𝑁𝑢̅̅ ̅̅ = −𝐸 ∫ (
𝜕𝑇

𝜕𝑅
)

𝑅=1
𝑑𝑋

1

0
(30) 
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where𝑅𝑒 =
𝑢0𝑟0

𝑣𝑓
is the local Reynolds number.  

The rate of variation in the skin friction coefficient with reduced temperature(𝑇𝑟
∗), reduced 

pressure (𝑃𝑟
∗), supercritical thirdgrade nanofluid parameter (𝛽) and the volume fraction (𝜑)at 𝜆 =

0are illustrated in Figs.12(a), (b) & (c), respectively. All skin friction coefficient (𝐶𝑓
̅̅ ̅) profiles 

show increasing an trend tothe peak value, drops to smaller value then as time elapses attain the 

constant value. Higher skin friction values are observed with increment in 𝑃𝑟
∗ and lower 𝐶𝑓

̅̅ ̅values 

are induced by elevating 𝜑 i.e., volume fraction of the nanoparticles. Also, from Fig. 12(c), it is 

evident that skin friction (dimensionless surface shear stress) are more sensitive to β variation than 

𝜑, i.e., the gap between the 𝐶𝑓
̅̅ ̅ curves is more for 𝛽 variation. With increment in 𝛽, 𝐶𝑓

̅̅ ̅magnitudes 

descend i.e., decelerated thirdgrade nanofluid flow is induced (thicker momentum boundary layer) 

which are verified through Fig. 7(c).This is attributable to 𝛽augmenting the viscoelastic nature of 

the thirdgrade nanofluid. Figure 12(c) also displays resultswith varying 𝜑 i.e., for higher𝜑 (greater 

percentage doping of nanoparticles), the skin friction (𝐶𝑓
̅̅ ̅) exhibited by the fluid is enhanced 

(Figure7(c)supports this result) and this is attributable to the enhanced ballistic collisions 

associated with greater concentrations of nanoparticles.  

 The heat transfer characteristics at 𝑅 = 1 of the hot surface of stationary cylinder (𝜆 = 0) 

for supercritical thirdgrade nanofluid flow with variations in 𝑇𝑟
∗,𝑃𝑟

∗, 𝜑 and 𝛽 are shown through 

Figs. 13(a), (b) & (c), respectively. At early times, 𝑁𝑢̅̅ ̅̅  curvesare strongly reduced to lower values, 

and this behaviour intensifieswhen the time-independent state (i.e., constant value) occurs. At the 

initial stages of the flow, 𝑁𝑢̅̅ ̅̅ curves are overlapped with each other due to the thermal conduction 

effect on heat transfer rates. It is witnessed from the Figs. 13(a) and 13(b) that a contrary relation 

can be observed for 𝑁𝑢̅̅ ̅̅  values pertaining to  𝑃𝑟
∗ and  𝑇𝑟

∗ variations. This observation is associated 

with the fact that in the SCF region of the third grade nanofluid, the temperature values enhance 



41 
 

 
 

for augmenting 𝑃𝑟
∗ or 𝑇𝑟

∗; hence a decrement is noticed in 𝑁𝑢̅̅ ̅̅  . (Refer to Eqn. (30) and Fig. 8). 

With increasing 𝛽 (supercritical thirdgrade nanofluid parameter), (𝑁𝑢̅̅ ̅̅ ) diminishes. The effect of 

𝛽 on heat transfer of third-grade fluid is therefore to inhibit heat transferred to the cylinder surface 

which concurs with the trends in Fig. 13(c). Higher 𝛽 value implies formation of stronger bonds 

between the fluid particles (greater elastic forces) which results in an elevation in thermal 

conduction effect and therefore temperature of the supercritical nanofluid regime (refer Fig. 8(c)). 

Therefore, the thermal boundary layer of supercritical nanofluid flow is increased and a slower 

rate of heat transfer to the hot cylinder. Also, for enhanced 𝜑 (volume fraction) value, 𝑁𝑢̅̅ ̅̅  takes 

greater values due to the increased number of nanoparticles in the nanofluid, of supercritical 

nanofluid there will be more rate of heat transfer (refer Figs. 8(c)& 13(c)). 

8. Concluding remarks 

A numerical investigation has been conducted to study the transient magnetohydrodynamic 

free convective flow of supercritical thirdgrade nanofluid from a vertical moving/stationary hot 

cylinder with thermal radiation. The influential actions of third-grade fluid parameter, reduced 

pressure,reduced temperature and volume fraction of nanoparticles in the presence of constant 

magnetic and thermal radiation effect are studied in supercritical region.A numerical implicit finite 

difference scheme (Crank-Nicolson type)has been deployed to solve the transformed, 

dimensionless coupled nonlinear momentum and energy boundary layer equations. Mesh 

independence and benchmarking with previous studies are included. Thethermofluid 

characteristics are scrutinized by varying different parameters. The major findings of the present 

numerical study may be listed as follows: 

➢ RK-EOS model based thermodynamic model has been introduced to more accurately 

analyze the convective flow behaviors of supercritical thirdgrade nanofluid. 
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➢ The values of 𝛽𝑇 as calculated for the water based nanofluid on RK-EOS are closerto the 

experimental values than those based on the ideal gas assumption and VW-EOS. 

➢ For thirdgrade nanofluid under supercritical conditions, unsteady velocities increase, and 

temperature values decrease, as volume fraction of the nanofluid is elevated. 

Correspondingly, with higher values of third-grade fluid parameter, velocity decreases and 

temperature is enhanced at transient times.   

➢ A relative increase in heat transfer of the nanofluid flow is observed from the case of the 

moving cylinder to that of the stationary cylinder.  

➢ Heat transfer characteristics of non-Newtonian supercritical nanofluid are enhanced with 

lower third-grade fluid parameter and increased volume fraction. Also, skin friction values 

are boosted with a decrement in third-grade fluid parameter value and increment in 

nanoparticle volume fraction.  

➢ For higher values of reduced temperature and reduced pressure, lower velocity values are 

noticed. But the reverse observation can be found with respect to temperature. 

➢ Lower heat transfer and skin friction characteristics are observed at increasing values of 

reduced temperature and reduced pressure.  

The present study has provided some useful insights into external supercritical magnetic nanofluid 

boundary layer flows. Also, the considered numerical technique (‘Crank‐Nicolson scheme’) has 

been shown to be an efficient, accurate methodology for simulating viscoelastic characteristics. 

However viscous dissipation, Newtonian heating, and hydrodynamic slip conditions have been 

neglected. Furthermore, there are alternative rheological models e. g. micropolar, polar (couple 

stress) and viscoplastic models which may be explored. Efforts in these directions are currently 

ongoing and will be communicated immediately.  
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