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Abstract 

   The present analysis is performed to investigate the free convection MHD non-Darcy 

flow in hybrid nanofluid (TiO2/Cu-water) occupying a differentially heated square closed 

space. The non-dimensional governing equations for mass, momentum and energy are solved 

under boundary conditions by using the D2Q9-based Lattice Boltzmann Method. A key novelty 

of the work is the inclusion of an RSM-based sensitivity analysis. The current investigation has 

been done considering the variation in Rayleigh number (103 ≤ Ra ≤ 106), Darcy number 

(0.0001 ≤ Da ≤ 0.1) and Hartmann number (0 ≤ Ha ≤ 50). It has been shown that the diagonal 

length of an eddy is boosted as the Rayleigh number increases. In addition, it has been shown 

that the Nusselt number tends to drop as Ha values rise. From RSM, high Darcy parameter, 

low volumetric fraction and low Hartmann number are identified as the optimum functioning 

conditions for heat transfer rates. 

Keywords: Magnetic field; porous medium; heat transfer; hybrid nanofluid; Sensitivity 

analysis; Lattice Boltzmann Method. 

Nomenclature 

0B  Magnetic field intensity (Tesla) 
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pC  Specific heat capacity (J/kgK).  

C  Speed of lattice (m/s) 

ic  Discrete particle speed (m/s) 

Da Darcy number 

P  Pressure. (N m-2) 

Nu       Local Nusselt number 

eqf       Functions of equilibrium density distribution 

eqg       Equilibrium internal energy distribution. (K) 

k  Thermal conductivity (W/mK) 

f  Functions of density distribution. ( )1 kg m−
 

L       Width (m) 

Ra       Rayleigh number 

n       Lattices in the x direction 

g       Gravitational acceleration (m s-2) 

Ha       Hartmann (magnetic) number. 

refL       Cavity length (m) 

T       Temperature. (K) 

( , )u U V       Velocity components (m s-1)  

(X,Y)x       Lattice coordinates (m) 

      Greek Symbols 

  Difference 

x  Spacing between lattices. (m) 

    Thermal diffusivity. (m2 s-1) 

t  Time increment. (s) 

µ  Dynamic viscosity. (k g m-1 s-1) 

  Volumetric fraction 

   Non-dimensional temperature 

       Electrical conductivity. (Sm-1) 

       Flow-related relaxation time. (s) 

       Relaxation time for temperature. (s) 
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       Density. (kg m-3) 

       Kinematic viscosity. (m2 s-1) 

i       Weighting factor for flow 

Subscripts  

hnf   Hybrid nanofluid 

C   Cold 

H    Hot 

bf    Base fluid 

F   Fluid 

nf   Nanofluid 

 

1. Introduction  

 Heat transfer in porous media has extensive applications in diverse thermal engineering 

systems. Thermal transport in a heated cavity filled with a porous medium also plays a 

significant role in various technologies, such as filtration, the disposal of nuclear waste, 

biochemical reactor processing, geothermics, ink-jet printing, electronic cooling, food 

processing, energy storage, hybrid fuel cells, heat exchangers and many other areas [1-8]. 

Nowadays, magnetohydrodynamic (MHD) convection which exploits the electro-conductive 

properties of certain fluids, is also widely used in electromagnetic materials processing, nano-

magnetics, biomagnetic analysis devices and other systems [9-12]. A focused review of 

selective literature is addressed below of the works on magnetic fields, hybrid nanofluids, 

thermal/flow field visualization and RSM-based sensitivity analysis as a background of the 

present work. Thermal convection in an enclosure in the presence of an external magnetic field 

and thermal buoyancy force has been studied by several researchers [18-22] for controlling 

heat transfer by suspending nanoparticles in base fluids. Many metallic nanoparticles have been 

addressed [13-16]. These studies have considered both unitary (single nanoparticle) and hybrid 

(multiple distinct nanoparticle) nanofluids. Muneeshwaran et al. [17] discussed in detailed the 

role of hybrid nanofluid in enhancement of heat transport. Rahimi et al. [23] used the lattice 

Boltzmann technique to examine natural convection in a cuboid enclosure filled with CuO-

water nanofluid and concluded that the mean Nusselt number increases as the Rayleigh number 

increases and that with increment in Rayleigh number, a greater proportion of heat energy is 

absorbed by the circulation. Khan et al. [24] reported a Lattice Boltzmann simulation of natural 
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convection of hybrid nanofluid flow in an enclosure with the aspect ratios of 1, 2 and 0.5. They 

also examined entropy generation within various enclosures (square and rectangular). Hasan et 

al. [25] examined the natural convection of Cu-water nanofluid in a square enclosure filled 

with non-Darcy porous medium by using a multi relaxation time-based Lattice Boltzmann 

method (MRT-LBM). They simulated two different heat loading cases i. e. uniform 

temperature and sinusoidal temperature distributions and showed that regardless of Darcy 

number, higher thermal Rayleigh number boosted the Nusselt number. Safaei et al. [26] 

presented a numerical investigation of natural convection in a shallow enclosure filled with 

water based Al2O3 nanofluid under the influence of thermal radiation using a D2Q9 Lattice 

Boltzmann method. Ghalambaz et al. [27] studied the conjugate convective flow of hybrid 

nanofluid (Ag-MgO) in an enclosure filled with porous medium in the local thermal non-

equilibrium regime. In their study, the heat transfer rate was shown to increase with enclosure 

height. In addition, a similar analysis was conducted with a finite element method [28]. Hybrid 

nanofluid convection in a packed bed phase change material was explored by Selimefendigil 

et al. [35] who also investigate the effects of wind and a magnetic field in a 3D cavity with 

ventilation ports. Lattice Boltzmann method simulations of double-diffusive convection in 

closed geometries were explored by Kumar et al. [36]. Nanofluids as a new generation of 

nanoscale engineered fluent media have attracted a lot of research interest and have often been 

used in conjunction with other heat transfer enhancement techniques such as phase change 

materials (PCMSs)- see references [37-40]. There is growing evidence that nanofluids are more 

suitable for various heat transfer applications than conventional fluids. Many researchers have 

identified that one of the most important parameters in the thermal behavior of such fluids is 

the type of nanoparticle dispersed in the base fluid. [41-44] These investigations showed that 

nanofluids in combination with phase change materials and with internal geometric 

modifications in enclosures offer more advantages than other energy storage methods. [44-47]. 

These approaches are particularly beneficial in solar collector systems [48]. Further studies 

have explored rheological behaviour of hybrid carbon nanotube/titania nanofluids using RSM 

and artificial neural network (ANN) methodologies [49] (in which the algorithm is trained in 

such a way as to be able to automatically modify the input values and to estimate the largest 

heat transfer), ferromagnetic hybrid nanofluids in enclosures [50], thermal optimization in 

cavities with LBM and ANN techniques [51], magnetic rheological nanofluids in enclosures 

[52], mixed convection [53, 54] and oscillatory stratified convection flows [55].  
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A scrutiny of the literature has identified however, that magnetohydrodynamic (MHD) natural 

convention in a differential heated square chamber containing a non-Darcy porous medium 

saturated with hybrid nanofluid has not been examined thus far with a D2Q9-based lattice 

Boltzmann computational approach [56]. This is the novelty and focus of the current article. 

Additionally, in the present work an RSM sensitivity analysis is also performed to optimize 

thermal characteristics and hybrid TiO2-Cu/water nanofluid is considered. Detailed 

visualization of the thermal and flow characteristics is included and validation with earlier 

studies is also described. The current study has applications in emerging hybrid nano-magnetic 

fuel cell technologies and also electromagnetic nano-materials processing systems. 

2. Physical Model 

Fig. 1 presents the physical model to be simulated. The square enclosure is packed with 

non-Darcy porous medium saturated with magnetic hybrid titanium oxide-copper-water 

nanofluid and the horizontal walls (top and bottom) are both adiabatic, while the side walls are 

kept at temperatures of TH and TC, respectively. A static external magnetic field, Bo, is applied. 

 

    Fig 1. Schematic diagram of physical domain. 

3. Mathematical Formulations 

The unsteady laminar incompressible flow of MHD non-Darcy flow of hybrid nanofluids in an 

enclosure are examined through the partial differential equations as follows- see Refs. [2,5,29, 

56]- under a general inclined magnetic field, orientated at angle γ to the horizontal. 
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0
u v

x y

 
+ =

 
                                                                                                                    (1) 

[
𝜕𝑢̄

𝜕𝑡̄
+ 𝑢̄

𝜕𝑢̄

𝜕𝑥̄
+ 𝑣̄

𝜕𝑢̄

𝜕𝑦̄
] = −

1

𝜌ℎ𝑛𝑓

𝜕𝑝̄

𝜕𝑥̄
+ 𝜈ℎ𝑛𝑓 (

𝜕2𝑢̄

𝜕𝑥̄2 +
𝜕2𝑢̄

𝜕𝑦̄2) +
𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵0

2(𝑣̄𝑠𝑖𝑛𝛾𝑐𝑜𝑠𝛾 − 𝑢̄𝑠𝑖𝑛2𝛾)

  

−
1.75

√150

𝜌

𝑘1/2 𝑢̄√𝑢̄2 + 𝑣̄2 −
𝜈ℎ𝑛𝑓

𝐾
𝑢̄                                                                                         (2) 

         [
𝜕𝑣̄

𝜕𝑡̄
+ 𝑢̄

𝜕𝑣̄

𝜕𝑥̄
+ 𝑣̄

𝜕𝑣̄

𝜕𝑦̄
] = −

1

𝜌ℎ𝑛𝑓

𝜕𝑝̄

𝜕𝑦̄
+ 𝜈ℎ𝑛𝑓 (

𝜕2𝑣̄

𝜕𝑥̄2 +
𝜕2𝑣̄

𝜕𝑦̄2) −
𝜈ℎ𝑛𝑓

𝐾
𝑣̄ −

1

𝑘1/2 𝑣̄√𝑢̄2 + 𝑣̄2 1.75

√150
 

          +
(𝜌𝛽)ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝑔(𝜃̄ − 𝜃𝑐) +

𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵0

2(𝑢̄𝑠𝑖𝑛𝛾𝑐𝑜𝑠𝛾 − 𝑣̄𝑐𝑜𝑠2𝛾)                                                         (3) 

2 2

2 2

1

hnf

u v
t x y x y

    



      
+ + = +  

       
                                                                     (4) 

All the dimensionless parameters in the governing Equations (1) - (4) are written in the notation 

section following by below. 

refL
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x = ,

refL

y
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ref
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vL
v


= , 2
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ref

t
t

L


= ,

2

2

ref

f

L
p p
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= ,

ref

f

uL
u


=  

CH

C






−

−
= , 

4''f ref

f f f

gB q L
Ra

v k






= ,   Pr

f

f

v


= ,  

( )
f

f

P

k

C



= ,

''Lref

f

q

k
 =  

 0 ,
f

ref

f

Ha B L



=

2

ref

K
Da

L
= ,

1 75

150
Fc = −

.
 , 

''

f

q H
T

k
 =                         (5) 

Here u, v are non-dimensional velocity components, x, y are the dimensionless , Rayleigh 

number Ra,  is thermal diffusivity,  p is non- dimensional pressure, 𝑥, 𝑦 are coordinates, t is 

time, Ha is Hartmann number, 
hnf is the dynamic velocity of hybrid nanofluid, Fc is the 

Forchheimer drag coefficient, Pr is Prandtl number, 
hnf is hybrid nanofluid of the electrical 

conductivity,  Da is Darcy number  and  is dimensionless temperature.” 

The changes in heat transfer rate at the horizontal boundaries can be calculated with a local 

Nusselt number. On the heated wall side, this takes the form: 



7 
 

 
 

1

nf

xf

k
Nu

k X



=

 
=  

 
                                (6) 

The related mean Nusselt number to be evaluated by integrating the temperature along the hot 

wall and cold wall: 

0ave

L

Nu dy
X


=

                                  (7) 

Using the scaling variables in Eqn. (5), the non-dimensional governing equations emerge as 

below: 

0=



+





y

v

x

u
                                                                                                                         (8) 

  ( )

2 2 2 2

2 2

2 2

1 75

150

hnf f

f hnf

hnf f hnf f
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 

 

   
  
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     
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            +Ha Pr sin cos sin          (9) 
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+
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𝜇ℎ𝑛𝑓

𝜇𝑓
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𝜌ℎ𝑛𝑓
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            +Ha2Pr (
𝜎ℎ𝑛𝑓

𝜎𝑓
) (

𝜌𝑓

𝜌ℎ𝑛𝑓
) (𝑢 𝑠𝑖𝑛𝛾𝑐𝑜𝑠𝛾 − 𝑣 𝑐𝑜𝑠2𝛾) −

1.75

√150

𝑣√𝑢2+𝑣2

√𝐷𝑎
                              (10)                                                                                                                        

2 2

2 2

hnf

f

u v
t x y x y

    



     
+ + = + 

     
                                                                              (11) 

The following boundary value conditions govern the solution of the previous system: 

0, 0, 0u v = = =        at  0t =  everywhere at 0t   

0, 0, 0u v
y


= = =


       for 0,y L=   and 0 x L                                (12) 
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, 0, 0h u v = = =          for 0x =   and 0 y L   

, 0, 0c u v = = =          for y L=   and 0 x L  . 

In the simulations, the special case of a transverse magnetic field (γ = 0) is considered. 

3.2. Hybrid Nanofluid Properties 

Mathematical formulations for water / TiO2 nanofluid and hybrid nanofluid water - Ti O2/Cu 

are given in the following equations: 

( )1nf bf p   = − +                                                                                                  (13) 

( )
2 2

1hnf Tio Tio Cu Cu bf      = + + −                                                                                   (14) 

here 𝜙 is the volumetric friction which is evaluate as;  
2Tio Cu  = +  

The nanofluid thermal heat capacity and hybrid nanofluid thermal heat capacity Eq. (16) have 

been computed following [30,31] as, 

( ) ( ) ( )( )1p p pnf p bf
C C C    = + −                                                                                 (15) 

( ) ( ) ( ) ( )( )
2

2

1p Tio p Cu p phnf Tio Cu bf
C C C C      = + + −                                                   (16) 

The coefficient of thermal expansion for nanofluid can be obtained via the formula:

( ) ( ) ( )( )1
nf p bf

    = + −                                                                                        (17) 

Therefore, the thermal expansion can be characterised as

( ) ( ) ( ) ( )( )
2 2

1Tio Cuhnf Tio Cu bf
      = + + −                                                             (18) 

The nanofluid thermal diffusivity (
nf ) is defined as 

( )
nf

nf

p nf

k

C



=                                                                                                           (19) 

The thermal conductivity of the nanofluid is represented in equation (19) by Maxwell-Garnetts 

model, as shown below. 
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( ) ( )
( ) ( )

2 2

2

bf p bf pnf

bf bf p bf p

k k k kk

k k k k k





+ − −
=

+ − −
                                                                                        (20) 

Thus, the thermal diffusivity of the hybrid nanofluid can be described by: 

( )
hnf

hnf

p hnf

k

C



=                                                                                                        (21) 

The hybrid nanofluid thermal conductivity is also evaluated using the Maxwell-Garnetts 

model, as show below:  

 

( )
( ) ( )

( )
( ) ( )

2 2

2 2

2 2

2 2

2 2 2

2

Tio Tio Cu Cuhnf

bf Tio Tio Cu Cu bf

bf

Tio Tio Cu Cu

bf Tio Tio Cu Cu bf

k kk
k k k k

k

k k
k k k k

 
  



 
  



 +
 = + + + −
 
 

 +
  + − + +
 
 

                                 (22) 

The nanofluid dynamic viscosity is based on the Brinkman model - Ref. [32]  

( )
2.5

1

bf

nf





=

−
                                                                                                         (23) 

Here 
bf is the viscosity of the base fluid. The effective dynamic viscosity of the hybrid 

Tio2/Cu -Water nanofluid is: 

( )
2

2.5

1 ( )

bf

hnf

Tio Cu




 
=

− +
                                                                                                 (24) 

The effective electrical conductivity of a unitary nanofluid is: 

 

3 1

1

2 1

p

bfnf

bf p p

bf bf






  


 

 
−  

 = +
   

+ − −      
   

                                                                                       (25) 

 Therefore, we can calculate the effective electric conductivity of the Tio2/Cu hybrid nanofluid 

as follows: 
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( )
( )

( ) ( )
( )

2 2

2

2 2 2 2

2

3

1

2

Tio Tio Cu Cu

Tio Cu

bf
hnf

bf Tio Tio Cu Cu Tio Tio Cu Cu

Tio Cu

bf bf

   
  



        
  

 

 +
 − +
 
 = +

   + +
   + − − +
   
   

      (26) 

Table 1: Nanoparticles and aqueous base fluid thermophysical properties- Ref. [31] 

 

 

 

 

 

 

4. Lattice Boltzmann Method 

The unsteady governing Eqs. (8–12) have been solved by the two-dimensional D2Q9 double 

population function lattice Boltzmann method and approximated using the Bhatnagar-Gross-

Krook (BGK) method. In this method, f (velocity) and g (temperature) are the two distinct 

functions. The corresponding D2Q9 lattice is seen in Fig. 2, based on Ref. [24]. The appropriate 

equations are: 

fluid field 

 ( ) ( ) ( ) ( )( ), , , ,eq

i i i i i i

t
f x C t t t f x t f x t f x t tF




+  +  = + − +                                       (27) 

Temperature field: 

 ( ) ( ) ( ) ( )( )
1

, , , ,eq

i i i i ig x C t t t g x t t g x t g x t


+  +  = − −                                             (28) 

Property Water 𝑻𝒊𝒐𝟐 Cu 

𝜌(kg𝑚−3) 997.1 4250 8,933 

𝛽(𝑘−1) 21 × 10−5 0.9× 10−5 1.67× 10−5 

k(W𝑚−1𝑘−1) 0.613 8.9538 401 

𝜎(Ω−1𝑚−1) 0.05 2.6 × 107 5.96 × 107 

𝐶𝑝(J𝑘𝑔−1𝐾−1 4179 686.2 385 
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                                                 Fig. 2: D2Q9 lattice model 

In Equations (27, 28), Ci denotes discrete lattice model velocity in the direction I, while x and 

t represent time and the spatial location of the fluid node, respectively. Also, if  is a function 

representing particle dispersion along different lattice directions, 𝛺 is the collision operator and 

Fi is the external force in the direction 

 of lattice velocity. 

  

2 2

2 4 2

3( ) 9( ) 3
1

2 2

eq i i
i i

S S S

C u C u u
f w

C C C

 
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                                                                      (29)

 









+=

2

' 31
S

i
i

eq

i
C

uC
Twg                                                                                                   (30) 

The thermal model of two populations uses the simulations and these are well-defined with the 

associated weighting factors as follows:      

1
1,2,3,4

9

4
0

9

1
5,6,7,8

36

i

i

w i

i

 
= 

 
 

= = 
 
 
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 

       (31) 
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Here ν is the kinematic viscosity and α is the thermal diffusivity which are related to the 

instantaneous relaxation time by a continuous Equation. (31): 

21
Δ

2
sc t 

 
= − 
 

 , 21
Δ

2
sc t 

 
= − 
 

      (33) 

Where 
3

s

c
c = .                                                                                                           (34) 

The external force, Fi is defined as: 

i

S

i
i CF

C

w
F .

2
=           (35) 

The total external physical force is given by: 

yx FFF +=           (36) 

LBM defines macroscopical quantities u, 𝜃 and   as follows: 

Density of flow: i

i

f =         (37) 

Momentum: i

i

u f C = i         (38) 

Temperature: gi

i

 =         (39) 

5. The validation and grid independence 

In order to reduce computational costs and investigate the impact of the mesh size grid 

independence tests have been performed using MATLAB-based LBM. Five different grid sizes 

have been investigated in order to make the right choice. Grid size (101 * 101) was determined 
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to be optimal for continuing the current work based on the results shown in Table 2 and Fig.  

2. This is due to the fact that the mean Nusselt number value remains constant after a certain 

grid size. The research conducted by Ref. [28] supports the findings presented. Table 3 displays 

the results of the comparison, which ensures confidence in the BM code accuracy. 

Table. 2. Grid independence test Ra = 103 

Grid Size 

 (Mean Nu) 

Present 

 

Ref. Mehryan et al. 

[33] 

 

Error 

50×50 13.388 13.392  

100×100 13.567 13.569 1.32 

150×150 13.602 13.608 0.28 

200×200 13.620 13.622 0.10 

 

                 The grid test is less than 1% percentage error. therefore, the grid during test is 101 

* 101. For Nusselt number rightly 1.00, so a grid size test of 101 *101 is accurately used to 

separate the domain. 

                                     Table. 3. Compare analysis of Ra vs. Nu. 

Ra 
                Nuave   

Mehryan et al.[33] Current study 

104 2.251 2.253 

 105 4.598 4.594 

106 8.976 8.982 

 

6. Results and Discussion 

The influence of Rayleigh number 3 610 10Ra  , Darcy number 0.0001 0.1Da  , 

Hartmann number  0 100Ha  ,  streamline, isotherm and local Nusselt number distribution 

of the differential heated square chamber hybrid nanofluids in MHD natural convection flow 
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are visualized in Figs 3-12. Additionally for further validation the LBM results are compared 

with the earlier study of Abdelmalek et al. [34] in Fig. 3. Very good correlation is observed for 

the streamline (iso-velocity) and isotherm contours confirming confidence in the accuracy of 

the LBM code. 

 

             Ref.  [34]                                                      LBM simulation  

                

 

          Ref.   [34]                                                       LBM simulation 

               

 

 

            Fig.3. Comparison of contour plots for streamlines and isotherms with Abdelmalek et 

al. [34] for Ra = 104, Da = 0.01. 
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The validation in Fig. 3 produces similar results to Ref. [34] with certain changes to the 

boundary conditions and geometry, but without the magnetic field (i. e. zero Hartmann number) 

and with infinity Darcy number. 

6.1 The impact of parameters on thermofluid characteristics 

Fig.4. (a-d) depicts the streamlined contours for the TiO2-Cu/water hybrid nanofluids for 

distinct values of the Rayleigh number. At the lowest Rayleigh number a clockwise rotating 

vortex is formed in the interior of the enclosure. As the Rayleigh number increases along the 

horizontal axis, the vorticity grows, resulting in more compact flow close to the horizontal 

walls, and hence improved heat transfer in the region. The central single vortex bifurcates into 

two cells with increasing Rayleigh number, and these are significantly skewed with the larger 

vortex near the left wall and the smaller near the right wall. Thermal buoyancy therefore 

strongly modifies the internal flow structure and morphs the circulation which is biased towards 

the left wall.  

 

(a)                                                            (b) 
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(c)                                                            (d) 

Fig.4. streamlines various for Ra, with Pr=6.2, Ha=5, Da=0.1. (a) Ra = 103, (b) Ra=104, (c) 

Ra = 105, (d) Ra=106 

Fig.5(a-d) illustrates at lower Rayleigh numbers isotherms run generally parallel to the vertical 

boundaries. However, with a greater Rayleigh number the isotherms are likewise significantly 

tilted towards the upper right corner cold wall and the bottom left corner hot wall. Increasing 

hybrid nanofluid relative to viscous force as simulated in the Rayleigh number clearly 

significantly modifies both the streamline and isotherm morphologies. Isotherms also become 

increasingly sigmoidal (as Ra increases from 105 to 106) from the lower left corner to the upper 

right corner and are more prominently compressed against both the left hot wall and right wall. 

This effect is maximized for the highest Rayleigh number (Ra=106). Heat transfer within the 

enclosure is therefore very substantially modified with increase in thermal buoyancy which 

modifies thermal convection currents to distort both velocity and temperature distributions.  

Fig. 6(a-d) shows that increasing applied magnetic field (higher Hartmann number) markedly 

affects the flow and thermal fields within the cavity. First, it apparently suppresses flow 

intensity. A peanut-like asymmetric vortex lattice is created when magnetic field is absent (zero 

Hartmann number). With increasing Hartmann number, the elevation in Lorentzian magnetic 

body force produces an asymmetric oval vortex which migrates towards the lower left and 

upper right corner of the cavity and is increasingly orientated diagonally. Progressively, the 

internal circulation is gradually changed, the vortex stretching toward the upper wall and the 

lower side of the wall and becoming more asymmetric. The streamline contours are 
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increasingly constricted and this is most prominent at very high Hartmann numbers, in the 

lower left and upper right corners of the enclosure.  

 

(a)                                                            (b) 

 

(c)                                                             (d) 

Fig.5.  isotherms various for Ra, Pr=6.2, Ha=5, Da=0.1. Ra = 103, (b) Ra=104, (c) Ra = 105, 

(d) Ra=106. 
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(a)                                                            (b) 

(c)                                                        

(d) 

Fig .6. Streamlines for various (a) Ha = 0, (b) Ha=20, (c) Ha = 30, (d) Ha= 50 with Pr=6.2, 

Ra = 105, Da=0.1. 

In Figs. 7(a–d), the isotherms are exhibited a sigmoidal structure from the down left side corner 

to the upper right-side corner of the cavity. The clustering in isotherms towards the left and 

right walls is also intensified with rising Ha. The magnetic field, therefore, increases heat 

transfer in the regime whereas it suppresses internal circulation i.e., damps the flow. The 

isotherms on the left and right walls are progressively crowded with increment in Ha and there 

is relaxation at the middle zone, although the sigmoidal topology is preserved.  As hybrid 

nanofluid motion in the enclosure is impeded with the stronger magnetic field, greater work is 

expended in dragging the hybrid nanofluid against the transverse magnetic field. This is 
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dissipated as thermal energy and heats the enclosure generating a modification in isotherm 

contours and boosting temperatures. 

Figures 8(a-d) depicted the streamline curves for hybrid TiO2-Cu/water nanofluids for distinct 

values of Darcy number. With increasing Da values, the single vortex cell is distorted into a 

peanut structure (dual vortex). As the Darcy number increases along the horizontal axis, the 

vortices increase in rotation towards the left lower end and the right upper end resulting in an 

elliptical trajectory in the middle of the horizontal walls in a clockwise direction. The topology 

is greatly skewed from the lower left to the upper right corners at intermediate Darcy numbers 

but at higher Darcy number the peanut vortex structure aligns horizontally across the enclosure. 

As the Darcy number increases (higher permeability of the porous medium), the Darcian and 

Forchheimer drag forces are reduced in the regime. This modifies strongly the central vorticity 

and accelerates the flow leading to greater intensity of circulation.  

 

(a)                                                            (b) 
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(c)                                                           (d) 

Fig 7. Isotherms for various (a) Ha = 0, (b) Ha=20, (c) Ha = 30, (d) Ha= 50 with Pr=6.2, 

Ra = 105, Da=0.1. 

Fig. 9 (a-d) illustrates that at lower Darcy numbers, isotherms run generally parallel to the 

vertical boundaries, since the porous medium permeability is smaller and heat conduction 

between solid fibers is greater. However, with a greater Darcy number the isotherms are 

significantly tilted towards the upper right corner cold wall and the bottom left corner hot wall. 

Increasing permeability of the porous medium permits greater percolation space for the hybrid 

magnetic nanofluid (Darcy number is proportional to permeability) and this clearly 

significantly modifies both the streamline and isotherm morphologies. Isotherms also become 

increasingly sigmoidal (high Darcy number value) from the bottom left corner to the upper top 

corner and are more strongly compressed against both the left hot wall and right wall. This 

effect is maximized for the highest Darcy number. Heat transfer within the enclosure is 

therefore very substantially modified with a reduction in the porous drag forces. 

 

 

(a)                                                      (b) 
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(c)                                                      (d) 

Fig 8. streamlines various for Da, Pr=6.2, Ha=5, Ra = 105. (a) Da = 0.0001, (b) Da=0.001, 

(c) Da = 0.01, (d) Da= 0.1. 

           ` 

 

(a)                                                           (b) 
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(c)                                                  (d) 

Fig 9. Isotherms various for Da, Pr=6.2, Ha=5, Ra = 105  (a) Da = 0.0001, (b) Da=0.001, 

(c) Da = 0.01, (d) Da= 0.1. 

Fig.10 demonstrates that raising the Rayleigh number significantly enhances the magnitude of 

the Nusselt number i. e. thermal buoyancy force progressively elevates heat conveyed to the 

boundary.  The Nusselt number is also boosted as we progress from the upper of the heated left 

wall to the base of the chamber since the profile changes from a vertical line to a decaying 

negative slope. This shows that as we go from the top of the cavity to the bottom along the left 

hot wall, thermal convection rises relative to thermal conduction. Greater heat transmission to 

the boundary is produced from the magnetic nanofluid in the interior. The temperature 

difference across the enclosure will inevitably contribute to the natural convection currents in 

the regime. The wall temperatures can therefore also be manipulated to achieve regulation in 

the heat transferred to the boundaries.  

Fig.11 shows that as magnetic field intensity is increased i.  e. with greater Hartmann numbers, 

the Nusselt number strongly increases. Since stronger magnetic field generates heat in the 

regime, there is a boost in heat transfer rate to the wall. Convective currents are also enhanced 

with magnetic field although the flow is damped. Again, Nusselt number is boosted as one 

moves from the top of the left heated wall to the bottom. Clearly the external magnetic field 

can be used to strongly manipulated heat transfer characteristics not only in the interior but also 

at the boundaries. This is important for thermal management since in fuel cells (and magnetic 

batch processors), degradation can be induced via thermal fields at the walls leading to 
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corrosion and other effects. Manipulation of the external magnetic field provides therefore a 

useful thermal control mechanism.  

                        

Fig .10. Plots of Nu vs. Ra for Ha = 5, Da = 0.1, Pr = 6.2 

                  

Fig. 11. Local Nusselt various Ha for Da = 0.1, Ra = 105, Pr = 6.2, 
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            Fig. 12. Local Nusselt vs. Da for Ha =10, Pr = 7, Ra =105. 

Fig .12 shows that despite the local Nusselt number initially increasing close to the top hot wall 

of the left, with a reduction in Darcy number from Da = 0.1, 0.001, and 0.01, with a subsequent 

reduction to Da = 0.0001, this trend is reversed. Only in the vicinity of the top of the left wall 

does lower permeability (lower Darcy number) produce a higher Nusselt number. As we further 

descend along the hot wall, local Nusselt number magnitudes for Da = 0.1 exceed those 

computed for Da = 0.01. Therefore, further down the boundary, for the highest permeability 

(the largest value of the Darcy number), the heat transfer rate to the hot wall is generally 

enhanced. Higher permeability implies lower percentage presence of solid fibers. This 

contributes greatly to the modification in thermal conduction heat transfer and greater thermal 

convection afforded to the percolating magnetic hybrid nanofluid at higher Darcy number. 

Again, the inclusion of a porous medium in the enclosure provides designers with a robust 

technique for modifying heat transfer to the boundaries.    

7.Optimization procedure 

7.1 Response surface methodology (RSM) analysis 

RSM is a technique for sensitivity analysis [26]. The three principal control factors in the 

present study, i.e. Hartmann Number (Ha), Darcy parameter (Da) and volumetric fraction ( ) 

are chosen as RSM parameters specified with (-1) low, (0) medium, and (+1) high levels, 
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respectively. RSM throws light on the connection between other response variables and factors. 

The prescribed values of the variables of value is given in Table 4. Using statistical software, 

the regression equations with quadratic polynomials are studied to determine the coefficients 

and their impact on transport characteristics e. g. Nusselt number. 

Table.4. Important determinant factors and ranges of values  

KEY 

FACTORS 
SYMBOLS 

LEVELS 

-1 0 1 

(LOW) (MEDIUM) (HIGH) 

Ha  X1 20 30 50 

Da  X2 0.001 0.01 0.1 

  X3 0.01 0.03 0.05 

The calculated RSM model accuracy is tested using the ANOVA (ANalysis Of VAriance) data 

in Table5 [25]. As long as the p-value is less than or equal to 0.05, the results are deemed 

statistically significant at 88% confidence interval. The influence of the Darcy number (Da), 

Hartmann number (Ha), and volumetric fraction (  ) on natural convection in the non-Darcy 

porous medium enclosure is explored. Table 5 shows the dimensionless parameters utilised in 

this simulation: 

Table.5. The levels of factor values as well as their experimental results for Nu* 

Run 

order 

Code values  Values of parameters  

Nu* 

 

X

1 
X2 X3 Ha Da    

1 -1 -1 -1 20 0.001 0.01 3.161313  

2 1 -1 -1 50 0.001 0.01 3.785506  

3 -1 1 -1 20 0.1 0.01 6.04095  

4 1 1 -1 50 0.1 0.01 3.99039  

5 -1 -1 1 20 0.001 0.05 2.9716  

6 1 -1 1 50 0.001 0.05 2.700872  

7 -1 1 1 20 0.1 0.05 5.698121  
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8 1 1 1 50 0.1 0.05 3.631295  

9 -1 0 0 20 0.01 0.03 5.166674  

10 1 0 0 50 0.01 0.03 3.619565  

11 0 -1 0 30 0.001 0.03 2.98724  

12 0 1 0 30 0.1 0.03 5.034516  

13 0 0 -1 30 0.01 0.01 4.753309  

14 0 0 1 30 0.01 0.05 4.411888  

15 0 0 0 30 0.01 0.03 4.582364  

16 0 0 0 30 0.01 0.03 4.582364  

17 0 0 0 30 0.01 0.03 4.582364  

18 0 0 0 30 0.01 5 4.582364  

19 0 0 0 30 0.01 5 4.582364  

20 0 0 0 30 0.01 5 4.582364  
 

The face-centered CCD - central composite design is utilised for the RSM analysis [25]. The 

number of the runs in these “experiments” is computed using the formula 2F + 2F + P, where 

N is the number of aspects and P denotes the number of design centre points. The design of the 

current analysis which has three parts involves eight factorial points, six axial points and six 

nodes. As shown in Table 5, the numerical experimental design has therefore twenty runs in 

total which corresponds to nineteen degrees of freedom. 

Table.6. ANOVA data 

SOURCE 

DEGREE 

OF 

FREEDOM 

ADJUSTED 

SUM OF 

SQUARES 

ADJUSTED 

MEAN 

SQUARE 
F-VALUE P-VALUE 

Model 9 14.6044 1.62271 16.81 0.000 

Linear 3 11.3548 3.78494 39.20 0.000 

Ha 1 3.5490 3.54898 36.76 0.000 

Da 1 7.1748 7.17479 74.31 0.000 

Q 1 0.5129 0.51293 5.31 0.044 

Square 3 5.4641 1.82137 18.86 0.000 
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Ha*Ha 1 0.0000 0.00001 0.00 0.994 

Da*Da 1 3.7911 3.79112 39.27 0.000 

Q*Q 1 0.0322 0.03225 0.33 0.576 

2-Way Interaction 3 1.9964 0.66548 6.89 0.008 

Ha*Da 1 1.8554 1.85536 19.22 0.001 

Ha*Q 1 0.1165 0.11645 1.21 0.298 

Da*Q 1 0.0303 0.03027 0.31 0.588 

Error 10 0.9655 0.09655   

Lack-of-Fit 5 0.9655 0.19310 * * 

Pure Error 5 0.0000 0.00000   

Total 19 15.5699    

 

The influence of run circumstances for the dependent variable Nu* may be determined using 

regression coefficients. The statistical analysis findings are presented in Table 6. The high R2 

values for Nu* (93.80%) in Table 6 suggest that this model is acceptable for computing the 

Nusselt number values, as can be shown from the testing procedures and statistical analysis. It 

is possible to infer that the model fits well with the experimental data despite the fact that R2-

adj quantities for Nu* (88.22% respectively) are smaller than R2. 

7.2. Comparison between means and model estimation: 

The residual plots in Fig. 13. provide the data needed to assess the fitted model correctness. On 

the normal probability plot [26] it is evident that data is primarily scattered along the straight 

line. The residual histogram also confirms that the residuals are normal. According to this plot 

of fitted against residual values, the model maximum error is 0.5. These all contribute to the 

fitted model accuracy within the given co-domain of parameters. Table 5. shows the RSM 

model's ANOVA accuracy outcomes. If the p-value is less than 0.05, the numerical significance 

of a parameter is mentioned. The quadratic terms of all three key parameters are not significant. 

Therefore, those variables are removed from the model. The model coefficient of correlation 

is determined as 99.98%. This helps to ensure the model accuracy. 
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According to the response surface methodology (RSM), which yields uncoded units: 

* 

 

 

Nu = 3.45 + 0.0026 Ha + 196.1 Da - 16.8  

                    - 0.000008 Ha*Ha - 1580 Da*Da + 271 *

                        - 0.602 Ha*Da - 0.398 Ha*  + 58 Da*

                          (40)                      

The response variables Nu* are visualised as functions of Ha, Da and   in Fig.13 using contour 

residual plots and 3-D surface plots. Fig. 13 (a) demonstrates the influence of Ha and Da on 

Nu*. The maximum rate of heat transfer (Nu*) is recorded for the middle level of Ha to the 

higher level of Da. The effect of   and Da is depicted in Fig. 13. (b). The greater level of the 

right middle to left middle level of the whole Da maximises Nu*. It is therefore easiest to 

transmit heat to the enclosure boundary when Da and   are high (see Fig. 13 (c)). Nu* reaches 

a minimum value, at which point it begins to rise again. 

Table.7. Model Summary 

 

                             a)                                                                         b) 

S R-sq R-sq(adj) R-sq(pred) 

0.310727 93.80% 88.22% 45.32% 
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                                                                        c) 

Fig.13. Contour plot of Nu* 

 

                                             Fig.14. Residual plots for Nu* 

7.3. Analysis of sensitivity entails 

In this section, the heat conversion rate is considered to be a function of temperature. The 

sensitivity analysis reveals the response variable changes when the key factors increase in 

importance. The magnitude of sensitivity values at specific levels of the parameters may be 
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utilized to establish the relative influence of the important components which is beneficial to 

engineers and designers. A positive correlation follows logically from a positive sensitivity.  

The sensitivity total function of the heat transfer rate is calculated as given below: 

* 

 

 

Nu = 3.45 + 0.0026 Ha + 196.1 Da - 16.8  

                    - 0.000008 Ha*Ha - 1580 Da*Da + 271 *

                   - 0.602 Ha*Da - 0.398 Ha*  + 58 Da*

                           (41) 

1 2 3

1 2 3

1 2 3

= 0.0026 0. 0.398

196.1 0. 31

 0.000016 602 ,

602 60 58

16.8 0.398 5

,

.8 542

avg

avg

avg

Nu
X X X

Ha

Nu
X X X

Da

Nu
X X X


− −




= − +




= − − + +



−



−

                                  (42) 

The sensitivity functions are not dependent on Ha. When Ha is at the middle level (Ha = 0), 

the sensitivity of Nu* to varied amounts of Da and   is listed in Table .7. A boost in the 

response variable occurs when a positive sensitivity value increases the factor variable, and the 

opposite is also true. Using bar charts the sensitivity may be easily shown. Nu* has a sensitivity 

seen in Fig.14. Evidently volumetric friction is always a positive sensitivity for Nu. When the 

Darcy number is low (Da = 0.001), the sensitivity of Nu* to Da is negative for medium levels 

of volumetric fraction parameter (  = 0.01 and 0.03). However, the sensitivity is positive when 

  is at an increased level (  = 0.05). An increase in the negative sensitivity of Nu* with Da is 

observed when the level of   changes from 0.01 to 0.05.  At all levels of  , the greatest 

positive sensitivity of Nu* is towards   and the greatest positive sensitivity is towards Ha. 

(Fig. 15(b), When the Darcy number (Da = 0.01) is at the medium level, Ha and Da sensitivities 

are different. However, the constant positivity sensitivity of Nu* towards   is clearly elevated. 

When the Darcy number is (0.1), Nu* has a constant positive sensitivity to Ha and   at all 

levels (see Fig.15 (c)). 
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                                   a)                                                                                b) 

                                   

                                                                      c)                                                  

                                         Fig.15. Bar chart showing of sensitivity of Nu* 

Table.7. The Nusselt number (Nu*) of the sensitivity analysis  

 Ha Da Q  Sensitivity  

Order 1X  2X  3X  
1

avgNu

X




 

2

avgNu

X




 

3

avgNu

X




 

1 0 -1 -1 -0.002462 175.460 -23.262 

2 0 -1 0 -0.010422 176.620 -12.422 

3 0 -1 1 -0.018382 177.780 -1.582 
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4 0 0 -1 -0.007880 147.020 -22.740 

5 0 0 0 -0.015840 148.180 -11.900 

6 0 0 1 -0.023800 149.340 -1.060 

7 0 1 -1 -0.062060 -137.380 -17.520 

8 0 1 0 -0.070020 -136.220 -6.680 

9 0 1 1 -0.077980 -135.060 4.160 

 

8. Conclusions 

The natural convection in magnetohydrodynamic (MHD) hybrid TiO2-Cu/water nanofluid in a 

non-Darcy saturated porous medium differential heated cavity has been examined theoretically 

and numerically with a lattice Boltzmann method. An RSM sensitivity analysis has also been 

conducted. Tiwari-Das, Maxwell-Garnetts and Brinkman relations have been deployed for the 

hybrid nanofluid properties. Mesh independence and validation with previous non-magnetic, 

purely fluid investigations has also been included. The current simulations have shown that: 

a) The Nusselt number rises as the Rayleigh number increases whereas it is depleted with 

elevation in Hartmann number (magnetic field parameter). 

b) Increasing Darcy number encourages stronger flow circulation due to the associated 

larger permeability of the porous medium. It also morphs the isotherm distributions. In 

addition, the Nusselt number is suppressed at larger values of Darcy number. 

c) Based on RSM sensitivity analysis and ANOVA data, a high Darcy number, low 

nanoparticle volume fraction and low Hartmann number provide the optimum 

functioning conditions to produce the best wall heat rate (Nusselt number). 

d) Nusselt number based on RSM is greatest when the Darcy number is low (Da =0.001). 

e) The maximum heat transfer rate (Nusselt number) obtained from the statistical RSM 

experiment by prescribing Ha=20, Da=0.0580 and ϕ = 0.010. 

f) The minimum heat transfer rate is obtained from the statistical experiment by fixing 

Ha=50, Da=0.001 and ϕ = 0.050. 
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g) The judicious combination of external magnetic field, porous medium permeability and 

thermal buoyancy effect can be used to successfully manipulate vortex flow 

characteristics and thermal distributions within enclosures.  

The current study has demonstrated that high thermal performance is achievable using 

magnetic hybrid nanofluids combined with porous media, in for example fuel cells. LBM and 

RSM have been shown to be powerful numerical tools for simulating complex enclosure flows 

of nanofluids. However, attention has been restricted to Newtonian nanofluids. Future work 

may explore non-Newtonian electroconductive hybrid nanofluids.  
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