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Abstract: 

The present article numerically investigates the turbulent buoyancy-driven (natural 

convection) flow along a vertical plate with a low Reynolds turbulence two-equation k-ε model. 

The deployed turbulence model is appropriate for low Reynolds number (LRN) turbulent flow 

adjacent to a solid boundary, and the turbulence kinetic energy (TKE) and dissipation rate of 

TKE are estimated using the momentum equations and are solved simultaneously with the 

mean flow conservation equations. Two-dimensional time-dependent viscous incompressible 

turbulent flow is simulated. This flow domain is governed by a highly non-linear group of 

partial differential equations, namely the time-averaged continuity, momentum, and energy, 

and also the flow property 𝜈𝑡  is determined through TKE, and dissipation rate of TKE 

equations. Since these equations are not solvable using analytical methods, an implicit second 

order finite difference method is employed to solve the governing turbulent flow equations 

numerically. The simulated time-averaged velocity, temperature, TKE, and dissipation rate of 

TKE profiles along with friction factor and heat transfer rate are computed for different values 

of turbulent Reynolds (𝑅𝑒)  and Prandtl (𝑃𝑟)  numbers. Average velocity, temperature, 

turbulence energy, and dissipation rate under both transient and steady state conditions are 

decreased with increment in 𝑃𝑟 . There is a decrement in average transient velocity and 
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turbulence energy rates with increasing 𝑅𝑒 values, whereas the average temperature profile 

increases. Average steady temperature and turbulence energy profiles are also enhanced with 

rising values of 𝑅𝑒. The majority of researchers focus on laminar flow and thusfar turbulent 

flow has mainly been addressed through experiments only. To better elucidate the flow in this 

condition, the novelty of the present study is to utilize a numerical FDM procedure to probe 

more deeply into the turbulence characteristics in buoyancy-driven (natural convection) flow 

along a vertical plate with a low Reynolds turbulence two-equation k-ε model, as this topic is 

fundamental to many applications in science and engineering. Furthermore, the results of the 

turbulent flow simulations obtained from the current model are corroborated with existing 

results for the special case of laminar flow and a good correlation is achieved. 

Keywords: Turbulent flow, vertical plate, k-ε model, low Reynolds number (LRN), natural 

convection; implicit second order finite difference method. 

Nomenclature: 

 𝑥 :   Vertical coordinate in the path of average flow  

 𝑦 :   Horizontal coordinate normal to the plate 

𝑋 :  Dimensionless axial coordinate in the path of average flow  

 𝑌:   Dimensionless horizontal coordinate normal to the plate 

𝑢, 𝑣 :    Velocities along 𝑥  and 𝑦 directions respectively 

 �̅� , �̅� : Time average velocities along 𝑥  and 𝑦 directions respectively 

𝑢′, 𝑣′ :  Fluctuating velocities along 𝑥  and 𝑦 directions respectively 

𝑢′𝑣′̅̅ ̅̅ ̅̅  :   Turbulent shear stress   

𝑢′𝑇′̅̅ ̅̅ ̅̅  :   Longitudinal turbulent heat flux 

𝜏𝑤 : Total wall shear stress   

𝑈, 𝑉 :   Dimensionless velocities along 𝑥  and 𝑦 directions respectively 

𝜃 :       Temperature field 

�̅� :       Time-averaged temperature 

𝑇′:      Fluctuating temperature 

𝑇 :   Dimensionless temperature 

𝑡′ :      Time 

𝑡 :       Non-dimensional time   

𝑔 :      Gravitational field  

𝐺𝑟 :    Thermal Grashof parameter 
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𝑃𝑟 :    Turbulent Prandtl number 

𝐶1, 𝐶2 : Empirical constants 

𝐶𝑘:  Arbitrary Prandtl number-dependent coefficient 

𝑓1,  𝑓2, 𝑓𝜇 :  Damping functions 

𝑘 :      Time average turbulence energy  

𝜖 :      Time average turbulence energy dissipation rate 

𝐾 :     Dimensionless turbulence energy  

𝐸 :     Dimensionless turbulence energy dissipation rate  

𝑅𝑒 :   Turbulent Reynolds number 

𝐶𝑘 :    Arbitrary Prandtl number dependent coefficient. 

𝐶𝜇 :    Proportional constant 

𝐾𝑇 :    Thermal conductivity 

�̅�∞ :    Free stream velocity 

𝛽�̅� :   Volumetric thermal expansion coefficient 

𝐴   : Sub-diagonal entries of the tridiagonal matrix 

𝐵   : Main diagonal entries of the tridiagonal matrix 

𝐶   :  Super diagonal entries of the tridiagonal matrix 

𝐷   : Right-hand side matrix in Eq. (30) 

Greek symbols: 

𝛼𝑡:         Turbulent heat diffusivity 

𝜎𝑇 , 𝜎𝑘  : Turbulent Prandtl numbers for �̅�and 𝑘 

𝜎𝜖 :    Dissipation Prandtl number  

𝜇 :          Dynamic viscosity  

𝜇𝑡  :       Dynamic viscosity for turbulent flow 

𝜈, 𝜈𝑡  :    Laminar and turbulent kinematic viscosities respectively 

𝜌 :         Density 

Subscripts: 

𝑙, 𝑚 :     (𝑋, 𝑌) coordinate grid levels 

𝑤:         Surface condition 

∞:         Free stream condition   
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Superscripts: 

𝑛:         Time step level 

 

1. Introduction:  

Natural convection often known as “buoyancy-driven flow” is an important 

phenomenon in thermo-fluid dynamics. Density differences due to temperature gradients 

within the fluid flow mobilize free convection currents. Laminar and turbulent flows are 

present in many of the motions in nature and industry. In particular aspects of solar and stellar 

dynamics, geophysics of the earth's mantle, atmospheric flows, transport engineering (aircraft, 

naval, automotive), marine hydrodynamics, and other scientific fields all exhibit turbulent 

natural convection flows in various ways. Depending on the fluid under discussion and the 

geometrical parameters of the arrangement under study, natural convection flows can either be 

laminar or turbulent. Contrary to laminar flow, turbulent flow is characterized by changes in 

flow properties. With high transport momentum, energy, and mass of the turbulence, the flow 

becomes unpredictable, diffusive and dissipative. Mostly, laminar natural convection flow 

fields have been studied widely in the literature due to their simplicity in comparison with 

turbulent convective motions. The turbulent motion abundantly noticed in natural phenomena 

creates more complicated problems due to its complexity involved in solving mathematical 

equations. These turbulent flows have been investigated since the early twentieth century. Such 

flows find applications in the thermal energy storage systems, heat exchangers, propulsion duct 

near wall flows, electronic cabin cooling, thermal behavior in turbine nacelles [1], inverse 

buoyancy-driven heat transfer problems [2], heat transfer in rectangular geometries [3] and 

interaction of energy transfer in industrial metallurgical processes involving open channels [4] 

among many other technological systems.  

Transient buoyancy-driven flow along a heated vertical geometry is one of the primary 

areas of interest for examining the fundamentals of turbulence with heat transfer. Many 

researchers focused on the study of the natural convection turbulent flow concept in the1970s 

and many experimental works [5-7] were conducted. Launder and Jones [8-9] presented an 

improved theoretical study for turbulent convective flow adjacent to the vertical plate. They 

considered the two-equation k-ε turbulence model and predicted the reverse-transition 

turbulence using low Reynolds number phenomena. Subsequently, many other theoretical and 
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computational studies were communicated [10-20] which have addressed a variety of 

configurations including vertical heated walls, channels, enclosures, and wall jets.  More 

recently Rath and Dash [21] reported a computational study of buoyancy-driven turbulent flow 

from a horizontal cylinder in a 3-dimensional domain. They have conducted numerical 

simulations for both turbulent and laminar regimes for different values of Rayleigh number and 

also developed a novel correlation of heat transport rate, which would be advantageous for 

industrial practitioners. Further, Acharya and Dash [22] investigated numerically the natural 

convection in turbulent flow from a hollow cylinder and solved the governing flow-field 

equations over a selected range of Rayleigh numbers. 

The above-mentioned studies are applicable to steady flows; however, in the vast 

majority of engineering problems, time-dependent flows occur. Unsteady flows arise in both 

external flows (e.g., helicopter rotor blades, coating dynamics) and internal flows (e.g., on 

turbomachinery blades, blade flutter prediction, and prevention, materials processing, etc). In 

such flow regimes, unsteadiness contributes strongly to the transition from laminar flow to 

turbulent flow, separated and vortical flows, etc. In view of these applications, several 

investigators have considered the unsteady turbulent boundary layer flow for different flow 

configurations [23-25]. Fan et al. [26] analyzed the transient turbulent flow in a near wall 

region using the improved low Reynolds number (LRN) k-ε model. They showed that the 

improved turbulence model (k-ε) is more accurate for the assessment of near wall regions in 

comparison to other turbulent models, such as k- 𝜔 , Spalart-Allmaras, Reynolds’ stress 

equation model (RSM), Mentor’s shear stress transport (SST) model, etc. Abe et al. [27] 

studied the time-dependent turbulent heat transfer in separating flows deploying also the LRN 

model with the Kolmogorov velocity scale. Bredberg and Davidson [28] presented a novel 

LRN model for the channel geometry and included transient results for fully developed flow.  

Bentaleb et al. [29] investigated numerically the transient turbulent flow in a channel and 

compared their computational results with experimental data. Further, Nie and Li [30] 

investigated the LRN model (k-ε) by modifying the fundamental k-ε turbulence model. They 

have shown that the proposed model applies to the entire fluid region and is more accurate than 

other turbulence models. Recently, Behara and Rathore [31] used the LRN turbulence model 

to simulate the 2-dimensional turbulence wall jet flow from a moving plate with a finite volume 

scheme. Wen et al. [32] studied the transition from laminar flow to turbulent flow within the 

boundary layer adjacent to an isothermal wall in a cubical cavity.  Further, recent research work 

related to LRN can be observed in the literature [33-36].  
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From the above discussions and literature survey, it can be concluded that the majority 

of natural convection studies have been limited to the laminar regime. Also, studies on 

turbulent natural convection flows have been confined to the steady-state region using different 

computational schemes and turbulence models. However, very few articles have addressed 

turbulent natural convection flows under transient conditions. Further, the experimental 

approach to resolve these complicated problems is costly and time consuming. Numerical 

methods are less expensive and have comparatively large flexibility for accommodating 

complex geometrical systems and boundary conditions. Motivated by significant applications 

of turbulent unsteady convection in engineering sciences, in the present article, we extend the 

earlier study of Lin and Churchill [12] from steady state to transient to examine turbulent “free 

convection flow past a vertical plate using the LRN k-ε turbulence model”. The time-averaged 

governing coupled equations are formulated and solved using the Crank-Nicolson second order 

implicit finite difference method. The obtained numerical results are visualized graphically and 

analyzed in terms of velocity, temperature, kinetic energy, dissipation rate, momentum, and 

heat transfer rates.  

2. Mathematical  model of the turbulent flow:   

Time-dependent free convective turbulent boundary layer flow along a stationary vertical plate 

is considered, as portrayed in Fig. 1. A geometry of rectangular shape is considered to describe 

the 2-dimensional plate flow domain in which the  𝑥 -axis is measured along the vertical 

direction and the 𝑦-coordinate is normal to the plate. At the initial time 𝑡′ = 0, the ambient 

average energy field(�̅�∞) and the wall temperature (�̅�𝑤) of the plate are the same. As time 

starts, i.e. 𝑡′ > 0, the average thermal field of the plate is increased to �̅�𝑤(> �̅�∞) and this 

difference preserved for all  𝑡′ > 0.  Therefore, as a result of temperature variations across the 

boundary layer near the plate, density changes occur and it interacts with the gravity field, then 

creates the turbulent convection flow over the vertical plate. The resulting family of two-

dimensional nonlinear time-averaged Navier-Stokes equations for the mass, momentum, and 

temperature is described according to the fluid flow and geometry using the Boussinesq 

approximation. With these assumptions, the governing “Reynolds averaged Navier-Stokes 

equations for turbulent flow” can be expressed as follows [12]: 
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Figure 1: Turbulent convective flow on a vertical plate. 

2.1 Governing equations: 

𝜕𝑢

𝜕𝑥
+

𝜕�̅�

𝜕𝑦
= 0                        (1) 

𝜕𝑢

𝜕𝑡′ +
𝜕

𝜕𝑥
(�̅��̅�) +

𝜕

𝜕𝑦
(�̅��̅�) = 𝑔𝛽(�̅� − �̅�∞) + 𝜈

𝜕2𝑢

𝜕𝑦2 −
𝜕

𝜕𝑦
(𝑢′𝑣′̅̅ ̅̅ ̅̅ )      (2) 

𝜕�̅�

𝜕𝑡′ +
𝜕

𝜕𝑥
(�̅��̅�) +

𝜕

𝜕𝑦
(�̅��̅�) = 𝛼

𝜕2�̅�

𝜕𝑦2 −
𝜕

𝜕𝑦
(𝑣′𝑇′̅̅ ̅̅ ̅̅ )        (3) 

The instantaneous fluid flow property (∅)  is decomposed as a sum of time average and 

fluctuating components, i.e. ∅ = ∅̅ + ∅′. Here the symbol ∅ denotes 𝑢, 𝑣, & 𝜃   ∅̅ indicates �̅�, 

�̅� & �̅� , and ∅′ indicates 𝑢′, 𝑣′& 𝑇′.                             

To simplify the above equations (1)-(3), the Reynolds stress term 𝑢′𝑣′̅̅ ̅̅ ̅̅  and fluctuating 

temperature (𝑣′𝑇′̅̅ ̅̅ ̅̅ ) are given below as follows[12]. 

𝑢𝑖
′𝑢𝑗

′̅̅ ̅̅ ̅̅ =
2

3
𝑘𝛿𝑖𝑗 − 𝜈𝑡 (

𝜕𝑢𝑖̅̅ ̅

𝜕𝑥𝑗
+

𝜕𝑢𝑗̅̅ ̅

𝜕𝑥𝑖
)                                                       (4) 

In Eq. (4), the term 𝜈𝑡 refers to turbulent kinematic viscosity which is not a fluid property but 

is highly influenced by the turbulence state. As a result, 𝜈𝑡 will differ significantly from one 

point of the flow to the next. Also, 𝛿𝑖𝑗 is the Kronecker delta function (is one for 𝑖 = 𝑗 and zero 
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for  𝑖 ≠ 𝑗  ), and 𝑘  is the time mean turbulence kinetic energy which is defined as 𝑘 ≡

1

2
((𝑢′)2 + (𝑣′)2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ).  

For fluctuating temperature, the corresponding model is given by: 

    𝑢𝑗
′𝑇′̅̅ ̅̅ ̅̅ = −

𝜈𝑡

𝜎𝑇

𝜕�̅�

𝜕𝑥𝑗
                                                             (5) 

By incorporating the above Reynolds stress term (Eq. (4)) and fluctuating temperature (Eq. (5)) 

models into the governing Eqs. (1)-(3), the reduced governing equations can be written as 

follows: 

𝜕𝑢

𝜕𝑥
+

𝜕�̅�

𝜕𝑦
= 0                        (6) 

𝜕𝑢

𝜕𝑡′ +
𝜕

𝜕𝑥
(�̅��̅�) +

𝜕

𝜕𝑦
(�̅��̅�) = 𝑔𝛽(�̅� − �̅�∞)  + (𝜈 + 𝜈𝑡)

𝜕
2

𝑢

𝜕𝑦2              (7)                                          

𝜕�̅�

𝜕𝑡′ +
𝜕

𝜕𝑥
(�̅��̅�) +

𝜕

𝜕𝑦
(�̅��̅�) = (𝛼 +

𝜈𝑡

𝜎𝑇
)

𝜕
2

�̅�

𝜕𝑦2                                          (8)                  

The following are the initial and boundary conditions that represent the turbulent flow for the 

considered rectangular plate geometry. 

𝑡′ ≤ 0 and   ∀ 𝑥 & 𝑦;      �̅� = 0, �̅� = 0,    �̅� = �̅�∞     

𝑡′ > 0 and   at 𝑦 = 0;      �̅� = 0, �̅� = 0,    �̅� = �̅�𝑤                   (9) 

                    at  𝑥 = 0;     �̅� = 0, �̅� = 0,    �̅� = �̅�∞     

                    as 𝑦 → ∞ ;   �̅� → 0, �̅� → 0,   �̅� → �̅�∞     

2.1 Turbulence k-ε model: 

A two-equation model has been utilized to determine a robust numerical solution for 

natural convective turbulent flows along the isothermal vertical plate. The k-ε model is used to 

characterize turbulence flow in this study by computing turbulent viscosity (𝜈𝑡) at each location 

in the flow using the kinetic energy and dissipation rate. Regarding this, Launder and Jones [8] 

established a model for determining local values of 𝑘 and 𝜈𝑡 in a general turbulent velocity 

region without depending on the boundaries. Further, the various empirical coefficients 

involved in the two-equation model of turbulence are not guaranteed to be applicable to natural 

convection. However, the k-ε turbulence model has been successfully used to calculate 
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turbulent forced convection and has been shown to be applicable to free convection (buoyancy-

driven) flow also [8]. For the turbulent kinematic viscosity 𝜈𝑡, the following term is proposed 

in this k-ε model  which is proportional to the velocity scale 𝑘1/2 and the length scale 
𝑘

3
2⁄  

𝜖
, that 

is: 

𝜈𝑡 = 𝐶µ
𝑘2

𝜖
                                                                                   (10) 

In Eq. (10),  𝐶µ is an empirical constant. Also, 𝜖 is the time average dissipation rate of kinetic 

turbulent energy, which is defined as: 

𝜖 ≡ 𝜈
𝜕𝑢′

𝜕𝑦

𝜕𝑢′

𝜕𝑦

̅̅ ̅̅ ̅̅ ̅̅
                                                                                     (11)           

Using the Reynolds decomposition method, the transport equations for kinetic turbulent energy 

(𝑘)  and dissipation rate (𝜖)  can be derived from the N-S (Navier-Stokes) equations [43]. 

Accordingly, after Reynolds decomposition of the momentum equations, multiplying the 

corresponding fluctuating velocities, then taking the time average of the entire equation and 

introducing some of the following models [12], the equation for 𝑘  can be obtained. The 

emerging relationship is as follows: 

𝑢𝑗
′ (

1

2
𝑢𝑖

′𝑢𝑖
′)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
= −

𝜈𝑡

𝜎𝑘

𝜕𝑘

𝜕𝑥𝑗
                                                                          (12) 

Also, using Eqs. (4), (11), and (12) along with buoyancy term 𝑔𝛽𝑢′𝑇′̅̅ ̅̅ ̅̅  , the equation of 𝑘 can 

be written as: 

𝜕𝑘

𝜕𝑡′
+

𝜕

𝜕𝑥
(�̅�𝑘) +

𝜕

𝜕𝑦
(�̅�𝑘) = (𝜈 +

𝜈𝑡

𝜎𝑘
)

𝜕
2

𝑘

𝜕𝑦2 + 𝜈𝑡 (
𝜕𝑢

𝜕𝑦
)

2

− 𝜖 − 𝐶𝑘𝑔𝛽
𝜈𝑡

𝜎𝑇

𝜕�̅�

𝜕𝑦
                    (13) 

Here, in the present study, the considered buoyant production of 𝑘 is assumed to be negligible 

i. e. 𝐶𝑘 = 0 in Eq. (13) which is explained in [12]. Further, the equation for 𝜖 is also derived 

from the time average of the momentum equation with Reynolds’ decomposition. Because of 

this, the time average of the entire momentum equation is considered, by summing and 

introducing some models [12] as follows: 

𝑢𝑗
′𝜈

𝜕𝑢𝑖
′

𝜕𝑥𝑗
 
𝜕𝑢𝑖

′

𝜕𝑥𝑗

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
= −

𝜈𝑡

𝜎𝜖

𝜕𝜖

𝜕𝑥𝑗
                                                                (14) 
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2𝜈 (
𝜕𝑢𝑖

′

𝜕𝑥𝑘

𝜕𝑢𝑖
′

𝜕𝑥𝑘

̅̅ ̅̅ ̅̅ ̅̅
+

𝜕𝑢𝑘
′

𝜕𝑥𝑖

𝜕𝑢𝑘
′

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅
) = 𝑐1

𝜖

𝑘
𝑢𝑖

′𝑢𝑗
′̅̅ ̅̅ ̅̅                                                                           (15) 

2[𝜈
𝜕𝑢𝑖

′

𝜕𝑥𝑗

𝜕𝑢𝑖
′

𝜕𝑥𝑘

𝜕𝑢𝑗
′

𝜕𝑥𝑘

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
+ (𝜈

𝜕2𝑢𝑖
′

𝜕𝑥𝑗𝜕𝑥𝑘
)

2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
] = 𝑐2

𝜖2

𝑘
                                                                    (16) 

𝑔𝛽𝜈
𝜕𝑢𝑗

′

𝜕𝑥𝑘

𝜕𝑇′

𝜕𝑥𝑘

̅̅ ̅̅ ̅̅ ̅̅
≅ 0                                                                             (17) 

Also, using the above Eqs. (14)-(17) and with the help of Eq. (4), the equation of 𝜖 can be 

written as [43]: 

𝜕𝜖

𝜕𝑡′ +
𝜕

𝜕𝑥
(�̅�𝜖) +

𝜕

𝜕𝑦
(�̅�𝜖) = (𝜈 +

𝜈𝑡

𝜎𝜖
)

𝜕
2

𝜖

𝜕𝑦2 + 𝐶1
𝜖𝜈𝑡

𝑘
(

𝜕𝑢

𝜕𝑦
)

2

− 𝐶2
𝜖2

𝑘
                           (18)            

After deriving the equations for 𝑘 and 𝜖, the corresponding initial and boundary conditions for 

the Eqs. (13) and (18) together with Eqs. (6)-(8) can be written as follows: 

𝑡′ ≤ 0 and   ∀ 𝑥 & 𝑦;     �̅� = 0, �̅� = 0,   𝑘 = 0,   𝜖 = 0,    �̅� = �̅�∞     

𝑡′ > 0 and   at 𝑦 = 0;     �̅� = 0, �̅� = 0, 𝑘 = 0,   𝜖 = 0,    �̅� = �̅�𝑤                   (19) 

                    at  𝑥 = 0;    �̅� = 0, �̅� = 0, 𝑘 = 0,   𝜖 = 0,    �̅� = �̅�∞     

                   as 𝑦 → ∞;    �̅� → 0, �̅� → 0, 𝑘 → 0,   𝜖 → 0,  �̅� → �̅�∞     

The above model is suitable only for large values of turbulence Reynolds number which is 

defined as: 

𝑅𝑒 =
𝑘2

𝜈𝜖
                                                                           (20) 

However, certain adjustments are required if the above model holds true near the wall when 

𝑅𝑒 is of small value.  

2.2 Generalisation of the k-ε model for near-wall treatment: 

 The low Reynolds number (LRN) turbulence model aids in understanding the physics 

near the wall for time-dependent wall-bounded average flows. The LRN is distinguished by the 

direct effect of the molecular viscosity on the turbulent motion. Throughout the flow region, 

the average Reynolds number varies from one point to the next point. When the flow 

approaches the wall of the vertical plate, the local turbulent 𝑅𝑒 decreases. Shuja et al. [37] and 



11 
 

 
 

Ahmed Abed [38] found that the effects of molecular viscosity are important if the turbulent 

Re is low. Due to this reason, for understanding the nature of the turbulent fluid flow near the 

plate with a low Re, some modifications are necessary. Hence, Jones and Launder [8] suggested 

that the governing equations hold true and guarantee in the region adjacent to the wall if the 

LRN k-ε method employs the wall functions (𝑓1, 𝑓2 and 𝑓µ)  and a few more destruction (D) 

and generation (G) terms. In the vicinity of the wall, the wall function 𝑓µ  diminishes the 

magnitude of time average flow, 𝑓1 amplifies the rate of dissipation and 𝑓2 accounts for the 

degradation of isotropic turbulence in the LRN region. The values of damping functions used 

in the current study are based on [12] and are  𝑓1 = 1, 𝑓2 = 1 − 0.3 exp(−𝑅𝑒2)  and 𝑓µ =

exp (
−2.5

1+
𝑅𝑒

50

). Jones and Launder [8] advised adding a destruction term 𝐷 = −2𝜈 (
𝜕𝑘

1
2⁄

𝜕𝑦
)

2

to the 

𝑘-equation (Eq. 13) and a generation term 𝐺 = 2𝜈𝜈𝑡 (
𝜕2𝑢

𝜕𝑦2)
2

to the 𝜖 equation (Eq. 18). The 

empirical functions used in the LRN k-ε methods were originally designed for steady wall 

bounded turbulent flows, however in the present investigation, these have been extended to 

unsteady turbulent flows.  

Therefore, using the above generalization of the k-ε model, the equations for 𝑘 and 𝜖 are given 

below. 

𝜕𝑘

𝜕𝑡′ +
𝜕

𝜕𝑥
(�̅�𝑘) +

𝜕

𝜕𝑦
(�̅�𝑘) = (𝜈 +

𝜈𝑡

𝜎𝑘
)

𝜕
2

𝑘

𝜕𝑦2 + 𝜈𝑡 (
𝜕𝑢

𝜕𝑦
)

2

− 𝜖 − 2𝜈 (
𝜕𝑘

1
2⁄

𝜕𝑦
)

2

                              (23) 

𝜕𝜖

𝜕𝑡′
+

𝜕

𝜕𝑥
(�̅�𝜖) +

𝜕

𝜕𝑦
(�̅�𝜖) = (𝜈 +

𝜈𝑡

𝜎𝜖
)

𝜕
2

𝜖

𝜕𝑦2 + 𝐶1
𝜖𝜈𝑡𝑓1

𝑘
(

𝜕𝑢

𝜕𝑦
)

2

− 𝐶2𝑓2
𝜖2

𝑘
+ 2𝜈𝜈𝑡 (

𝜕2𝑢

𝜕𝑦2
)

2

             (22) 

where 𝜈𝑡 = 𝐶µ
𝑘2

𝜖
𝑓𝜇 denotes the turbulent eddy viscosity.                                      

Now, defining the dimensionless variables listed below: 

𝑋 = 𝐺𝑟−1 𝑥

𝑙
  ,     𝑌 =

𝑦

𝑙
 ,    𝑈 =

𝐺𝑟−1𝑢 𝑙

𝜈
,   𝑉 =

�̅�𝑙

𝜈
 ,  𝑡 =

𝜈𝑡′

𝑙2 ,   𝑇 =
�̅�−�̅�∞

�̅�𝑤−�̅�∞
  

𝐺𝑟 =
𝑔𝛽�̅�𝑙3(�̅�𝑤−�̅�∞)

𝜈2
  ,   𝐾 =

𝑘𝑙2𝐺𝑟−2

𝜈2
 ,   𝐸 =

𝜖𝑙4𝐺𝑟−2

𝜈3
  , 𝑃𝑟 =

𝜈

𝛼𝑡
  , 𝛼𝑡 =

𝐾𝑇

𝜌𝐶𝑝
                               (23) 

Introducing Eq. (23) into Eqs. (6)-(8), (19), and (21)-(22), the two-dimensional turbulent free 

convective dimensionless governing equations are given as follows:  
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Equation of continuity: 

𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0                     (24) 

Equation of momentum: 

𝜕𝑈

𝜕𝑡
+

𝜕

𝜕𝑋
(𝑈𝑈) +

𝜕

𝜕𝑌
(𝑉𝑈) = (1 +

𝜈𝑡

𝜈
)

𝜕2𝑈

𝜕𝑌2
+ 𝑇                                                                                   (25) 

Equation of energy: 

𝜕𝑇

𝜕𝑡
+

𝜕

𝜕𝑋
(𝑈𝑇) +

𝜕

𝜕𝑌
(𝑉𝑇) = (

1

𝑃𝑟
+

𝜈𝑡

𝜈𝜎𝑇
)

𝜕2𝑇

𝜕𝑌2
                                                                            (26) 

Equation of kinetic energy: 

𝜕𝐾

𝜕𝑡
+

𝜕

𝜕𝑋
(𝑈𝐾) +

𝜕

𝜕𝑌
(𝑉𝐾) = (1 +

𝜈𝑡

𝜈𝜎𝑘
)

𝜕
2

𝐾

𝜕𝑌2 +
𝜈𝑡

𝜈
(

𝜕𝑈

𝜕𝑌
)

2

− 𝐸 − 2 (
𝜕𝐾

1
2⁄

𝜕𝑌
)

2

                                (27)                               

Equation of kinetic energy’s dissipation rate: 

𝜕𝐸

𝜕𝑡
+

𝜕

𝜕𝑋
(𝑈𝐸) +

𝜕

𝜕𝑌
(𝑉𝐸) = (1 +

𝜈𝑡

𝜈𝜎𝜖
)

𝜕
2

𝐸

𝜕𝑌2 + 𝐶1
𝐸𝜈𝑡

𝜈𝐾
(

𝜕𝑈

𝜕𝑌
)

2

− 𝐶2[1 − 0.3 exp(−𝑅𝑒2)]
𝐸2

𝐾
+

2
𝜈𝑡

𝜈
(

𝜕2𝑈

𝜕𝑌2)
2

                      (28)                 

where  
𝜈𝑡

𝜈
= 𝐶µ𝑅𝑒 exp (

−2.5

1+
𝑅𝑒

50

) is the non-dimensional eddy viscosity. The constant values of     

𝐶µ , 𝐶1 , 𝐶2 , 𝜎𝑇 , 𝜎𝑘 and 𝜎𝜖 are given by 0.09, 1.45, 2.0, 0.9, 1.0 and 1.3 respectively. 

 The following are the dimensionless initial and boundary conditions obtained by substituting 

dimensionless variables given in Eq. (23) to Eq. (19): 

𝑡 ≤ 0 and   ∀ 𝑋 & 𝑌;     𝑈 = 0, 𝑉 = 0, 𝐾 = 0,   𝐸 = 0,    𝑇 = 0     

𝑡 > 0 and   at 𝑌 = 0;     𝑈 = 0, 𝑉 = 0, 𝐾 = 0,   𝐸 = 0,    𝑇 = 1                   (29) 

                   at  𝑋 = 0;    𝑈 = 0, 𝑉 = 0, 𝐾 = 0,   𝐸 = 0,    𝑇 = 0     

                   as 𝑌 → ∞;   𝑈 → 0, 𝑉 → 0, 𝐾 → 0,   𝐸 → 0,   𝑇 → 0     
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3. Numerical approach: 

Transient dimensionless governing (24)-(28) of turbulent flow along with boundary 

conditions Eq. (29) are solved computationally by using a finite difference approach. Except 

for unsteady terms, the two-time step level of the Crank-Nicolson scheme is employed for each 

convective and diffusion terms. Further, the central divided difference scheme is applied to the 

convective term 
𝜕φ

𝜕𝑌
. Rani et al. [40] employed the Crank-Nicolson scheme in their boundary 

layer study and gave the complete procedure for solving the non-linear coupled partial 

differential equations in the case of laminar flows. The same procedure can be extended to 

solve the present investigated coupled non-linear turbulent flow equations. However, the main 

steps involved in this numerical procedure are given below.  

The solutions of Eqs. (24)-(29) are determined in the considered geometry in which 

𝑋𝑚𝑖𝑛 = 0, 𝑋𝑚𝑎𝑥 = 1.0, 𝑌𝑚𝑖𝑛 = 0 and 𝑌𝑚𝑎𝑥 = 20. Here 𝑌𝑚𝑎𝑥 is assumed to be away from the 

average momentum and temperature turbulent boundary layers. The initial mesh size of 

100 × 500 is employed to obtain the numerical values of unsteady time average velocity, 

energy, turbulent kinetic energy (TKE), and its dissipation rate profiles. These mesh results 

vary in the second decimal with that of 50 × 250  and differ in the fifth decimal with 

200 × 100. Thus, for all numerical computations, a mesh (grid) design of 100 × 500 has 

been finalized, i.e., with mesh sizes of 0.04 and 0.01 along the 𝑌 and  𝑋 paths, respectively. 

Additionally, the time dependence's step size has been chosen to be ∆𝑡 =  0.01. Further, for 

unsteady solutions of the average turbulent flow variables, the absolute difference between the 

flow fields at two successive intervals is smaller than 10−5 for all mesh sizes. Initially, the 

temperature field is obtained by solving the energy Eq. (26). Then velocity 𝑈 is computed from 

the Eq. (25) by using known values of 𝑇. Similarly, kinetic energy (𝐾) and dissipation rate (𝐸) 

are also determined from the Eqs. (27) and (28) using the results of Navier-Stokes Eqs. (24) 

and (25). At the (𝑛 + 1)th computation, the finite difference versions of Eqs. (25)-(28) can be 

represented in the tridiagonal formula, which is given below: 

𝐴φ𝑙,𝑚−1
𝑛+1 + 𝐵φ𝑙,𝑚

𝑛+1 + 𝐶φ𝑙,𝑚+1
𝑛+1 = 𝐷                                                (30) 

In the above Eq. (30), symbol φ  indicates the dependent variables 𝑈 , 𝑇 ,  𝐾 , and 𝐸 . 

Consequently, Eq. (30) generates a tridiagonal expression at each inner node on a particular 𝑙-

level. A Thomas scheme is used to solve these expressions. Also, the velocity, 𝑉 is calculated 

directly from Eq. (24) using the obtained values of 𝑈.  Till to reach the convergence criteria 
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10−5  for all flow field variables, this procedure is repeated for all successive 𝑙-levels with 

longer time steps. 

4. Result and discussion: 

4.1 Verification of current findings with current solutions: 

Lin and Churchill [12] noted that, in the k-ε model 𝜈𝑡 is equated to zero could be used 

for laminar flows. Accordingly, the comparison results are shown. Hence, the obtained steady-

state simulated time-mean energy and velocity fields of turbulent flow are compared with the 

existing laminar results reported by Takhar et al. [39]. The present obtained turbulent flow 

results limited to the laminar case are the same as previous results [39] as shown in Fig. 2 and 

as well in Table-1, confirming the accuracy of the present approach. 

 

 

 

 

 

 

 

 

 

Figure 2: Comparison of the present result with the existing solution of Takhar et al. [39] with 

fixed 𝑃𝑟 = 0.7  and 𝑅𝑒 = 0.0. 

𝑷𝒓 Temporal maximum time 

(𝒕) of 

  𝑈                         𝑇 

Maximum velocity  

      (𝑈) at 𝑋 = 1.0 

𝑪𝒇
̅̅ ̅ 𝑵𝒖̅̅ ̅̅  

Takhar et al. [39] 

0.50 3.90 4.30 0.51 0.80 0.52 

0.75 6.04 5.88 0.28 0.65 0.98 

1.0 7.13 8.77 0.15 0.44 1.11 
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Present results: With considering 𝑹𝒆 = 𝟎. 𝟎 

0.50 3.90 4.31 0.51 0.8 0.52 

0.75 6.05 5.88 0.28 0.65 0.97 

1.0 7.13 8.77 0.14 0.44 1.11 

Table 1: Validation of present results with  Takhar et al. [39]. 

 

4.2 Analysis of numerical results: 

4.2.1 Effect of turbulence Re on turbulent flow fields: 

Time-mean velocity field: The simulated time average velocity field 𝑈 versus 𝑡 is shown in 

Fig. 3(a). Initially, it is apparent that all 𝑈 profiles are merging due to conduction dominating 

the heat transfer. Further, as time progresses the velocity profile attains its maxima, decreases 

gradually, and attains asymptotically the steady state. It has been noted that unsteady turbulent 

flow velocity declines by increasing the Re since the momentum and turbulent kinetic energy 

production in the flow direction increase as the Re enhances [41]. Figure 3(b) indicates the 

steady-state turbulent velocity profile with varying values of 𝑅𝑒. As noticed from the graph, 

the initial velocity flow field starts with zero, reaches its maximum values, and decreases 

monotonically to zero along the  𝑌 direction. Further, it has been noted that, as 𝑅𝑒 raises, the 

time-independent velocity profile decreases near the hot wall region. However, the same 

velocity profile shows the reverse trend in the region which is away from the hot surface wall 

as 𝑅𝑒 increases. This is due to fact that the effect of turbulent kinetic energy on the velocity 

field is less near the wall as compared with the turbulence energy dissipation rate. Also, the 

effect of these two turbulence parameters, k, ε, on the velocity profile produces opposite trends 

in the region away from the wall. 
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Figure 3: Velocity profiles of the turbulent flow for various values of 𝑅𝑒 at (a) unsteady state; 

(b) steady state with fixed 𝑃𝑟 = 0.9. 

 

Time-mean temperature profile: The unsteady time average temperature field is shown in 

Fig. 4(a). As noticed from the figure, the temperature field increases as 𝑅𝑒 increases. Further, 

the temperature field attains its maxima gradually, shortly thereafter diminishes and again 

reaches maxima, then decreases, increases, and finally attains the steady state; an oscillatory 

profile is observed at larger times which is eventually eliminated.  Figure 4(b) describes the 

steady-state time mean temperature profile with altered values of turbulence Re. The average 

energy curves commence at the heated vertical plate at 𝑇 = 1, and decrease monotonically to 

zero in 𝑌direction. Also, the steady-state temperature profile increases as 𝑅𝑒 increased and this 

trend is sustained throughout the flow domain. However, the same trend is not observed in the 

velocity profile (Fig. 3(b)).  
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Figure 4: Temperature profiles of the turbulent flow for various values of 𝑅𝑒 at (a) unsteady 

state; (b) steady state with fixed 𝑃𝑟 = 0.9. 

 

Time-mean turbulent kinetic energy (TKE):  The unsteady time-mean kinetic energy profile 

is shown in Fig. 5(a) with varying values of 𝑅𝑒. It is noticed that the TKE field increases with 

time, oscillates finitely, and eventually attains a steady state asymptotically. From Fig. 5(a) it 

is perceived that the transient nature of the TKE field is not well confirmed for different 𝑅𝑒 

values, however, after reaching the steady state, the TKE field shows significant oscillation.  

The details about the steady state variation of TKE are depicted in Fig. 5(b). It has been noted 

that the TKE profile increases drastically in the vicinity of the hot wall and then distributes 

progressively for varying values of 𝑅𝑒. Further, as 𝑅𝑒 increases, the simulated results of the 

TKE field increasingly demonstrate a wavy nature with higher amplitude. Since 𝑅𝑒 is directly 

proportional to TKE (ref Eq. (20)), therefore the TKE magnitudes increase as 𝑅𝑒 increases 

which leads to an increase of velocity in the flow region. Further, these trends are corroborated 

by earlier studies [41].  

 



18 
 

 
 

 

Figure 5: Turbulent kinetic energy profiles for various values of 𝑅𝑒 at (a) unsteady state; (b) 

steady state with fixed 𝑃𝑟 = 0.9. 

 

Time-mean dissipation rate of TKE (turbulence energy dissipation rate): Time-mean 

simulated transient dissipation rate of the TKE field is portrayed in Fig. 6(a). The dissipation 

rate of the TKE field declines with the amplifying values of turbulent 𝑅𝑒. This is attributable 

to the enhancing values of 𝑅𝑒 which decrease the velocity and turbulent production since 𝑅𝑒 

is inversely proportional to the dissipation rate of TKE which is observed in Eq. (20). Initially, 

the rate of dissipation field increases gradually and reaches its peak value and after slight 

fluctuation, tends to the steady state.  Figure 6(b) demonstrates the time average steady state 

profile of the dissipation rate of TKE at 𝑋 = 1 against 𝑌. Firstly, the rate of dissipation field 

starts with zero value, progresses slowly and after attaining its peak value, eventually reaches 

the free stream condition. Also, the dissipation rate field decreases until reaches its maxima as 

an increasing function of 𝑅𝑒 in the neighborhood of the solid hot plate. However, for the same 

increasing values of 𝑅𝑒 a reverse trend is noticed away from the wall. 
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Figure 6: Dissipation rate of TKE profiles for various values of 𝑅𝑒 at (a) transient state; (b) 

steady state with fixed 𝑃𝑟 = 0.9. 

4.2.2 Effect of Turbulent Prandtl number (𝑷𝒓) on turbulent flow fields. 

Time average velocity field: The simulated time-dependent average velocity field with the 

effect of 𝑃𝑟 is depicted in Fig. 7(a).  The transient velocity profiles have a similar turbulent 

nature as described in Fig. 5(a), i. e. with increasing 𝑃𝑟 values, there is a decrease in 𝑈 profile.  

It is noted that the average velocity field diminishes with rising 𝑃𝑟 since the effect of viscous 

(momentum) diffusion is amplified for high values of 𝑃𝑟  whereas thermal diffusivity is 

reduced. A similar decreasing trend can be observed in Fig. 7(b) which is drawn against 𝑌. 

This trend for the effect of 𝑃𝑟 on the velocity field for laminar flows has also been reported by 

Rani et al. [40]. 
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Figure 7: Turbulent velocity profiles for various values of 𝑃𝑟 at (a) transient state; (b) steady 

state with fixed 𝑅𝑒 = 400. 

Time average temperature field: Figure 8(a) shows the unsteady simulated time-mean 

temperature profile for different values of  𝑃𝑟. Initially, with time the temperature profile of 

turbulent flow is elevated suddenly, attains the maxima and decreases again, then increases and 

later reaches a steady state. The computed time-mean steady-state temperature profile is shown 

in Fig. 8(b) at 𝑋 = 1 against 𝑌. The average thermal profile is maximum at the vertical hot 

plate (𝑇 = 1) 𝑎𝑡 𝑌 = 0, and decreases monotonically to zero. Further average temperature 

profile decreases as 𝑃𝑟 increases, since, increasing 𝑃𝑟 leads to a decrease in turbulent diffusion 

terms, resulting in a depletion in heat transfer. This is demonstrated by the definition of 

turbulent Prandtl number 𝑃𝑟 =
𝜈

𝛼𝑡
 (ref Eq. (23)) and further elaborated by Mahdi et al. [42]. 
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Figure 8: Turbulent temperature profiles for various values of 𝑃𝑟 at (a) unsteady state; (b) 

steady state with fixed 𝑅𝑒 = 400. 

Time-average turbulent kinetic energy (TKE): Figure 9(a) discloses computer generated 

time-average unsteady TKE profile for different trails of 𝑃𝑟. The TKE field reaches its maxima 

as well as minima smoothly, it repeats up to some time, and then it turns to a steady state. 

Figure 9(b) shows the simulated time-average steady-state TKE profiles for various values of  

𝑃𝑟. These also commence from the origin, attain the maxima and minima, then finally decays 

to zero. Here also, the TKE profile diminishes as 𝑃𝑟 enhances. Since 𝑃𝑟 =
𝜈

𝛼𝑡
 , which shows 

that increasing 𝑃𝑟 diminishes the thermal diffusion and then retards the growth of TKE [42]. 

Overall, the steady-state TKE profile shown in Fig. 9(b) is noticed to have a wavy nature for 

different values of 𝑃𝑟, which is similar to the effect of 𝑅𝑒 on TKE as shown in Fig. 5(b). 
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Figure. 9: TKE profiles for various values of 𝑃𝑟 at (a) transient state; (b) steady state with 

fixed 𝑅𝑒 = 400. 

Average dissipation rate of TKE: For different values of 𝑃𝑟,  the simulated dissipation rate 

of unsteady time average TKE is shown in Fig. 10(a). The dissipation rate profile originates 

from the origin, touches the peak value i.e., attains the maxima, and then descends to the 

minima, later reaching the steady state. Further, at 𝑋 = 1 against 𝑌, the time-mean steady state 

dissipation rate profile is shown in Fig. 10(b). The steady state dissipation rate profile starts its 

path from the origin and moves to peak value, later it returns down and gradually reaches zero. 

Also, from Fig. 10, it is noticed that the dissipation rate profile in both transient and steady 

state cases decreases with enhancing the values of 𝑃𝑟 since increasing 𝑃𝑟 retards the thermal 

diffusion, hence dissipation rate decreased. In both plots, the oscillatory nature of the turbulent 

flow is captured.  
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Figure 10: Dissipation rate of TKE profiles for different values of 𝑃𝑟 at (a) transient state; (b) 

steady state with fixed 𝑅𝑒 = 400. 

4.3 Average momentum rate (𝑪𝒇) and heat transfer rate (𝑵𝒖̅̅ ̅̅ ): 

Turbulent flow analysis of the average momentum and the heat transfer rate is important from 

an engineering perspective. The friction factor i.e. the local skin friction coefficient is given 

below [8]: 

𝐶𝑓 =
2𝜏𝑤

𝜌𝑢∞
2                                                                                          (31) 

Here 𝜏𝑤 is the total wall shear stress for turbulent flow and is expressed as:  

𝜏𝑤 = 𝜇 (
𝜕𝑢

𝜕𝑦
)

𝑦=0
− 𝜌𝑢′𝑣′̅̅ ̅̅ ̅̅                                                                     (32) 

Using Eq. (4) and inserting the non-dimensional variables available in Eq. (23), the above Eq. 

(32) can be expressed in dimensionless form as follows: 

𝜏𝑤 =
𝜇𝐺𝑟(𝜇+ 𝜇𝑡 )

𝑙2𝜌
(

𝜕𝑈

𝜕𝑌
)

𝑌=0
                                                               (33) 

Rewriting Eq. (31) using Eq. (33) and considering  
2𝜈𝐺𝑟(𝜈+ 𝜈𝑡)

𝑢∞
2 𝑙2

  be the characteristic of the 

turbulent shear stress, then the local turbulent skin friction coefficient can be written as: 

𝐶𝑓 = (
𝜕𝑈

𝜕𝑌
)

𝑌=0
                                                                            (34) 

The average turbulent momentum transfer coefficient can be obtained after the integration of 

Eq. (34) from 𝑋 = 0 to 𝑋 = 1 along the wall and emerges as:   
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𝐶𝑓
̅̅ ̅ = ∫ (

𝜕𝑈

𝜕𝑌
)

𝑌=0
𝑑𝑋

1

0
                                                                  (35) 

The local turbulent heat transfer rate is calculated as follows: 

𝑁𝑢 =
𝑙𝑞𝑤

(�̅�𝑤−�̅�∞)𝐾𝑇
                                                                         (36) 

Here, local energy-flux density,  𝑞𝑤  is given by 𝑞𝑤 = −𝐾𝑇 (
𝜕�̅�

𝜕𝑦
)

𝑦=0
= −𝐾𝑇

�̅�𝑤−�̅�∞

𝑙
(

𝜕𝑇

𝜕𝑌
)

𝑌=0
. 

Thus, using the non-dimensional variables given in Eq. (23), the turbulent local Nusselt number 

using Eq. (36), can be written as: 

𝑁𝑢 = − (
𝜕𝑇

𝜕𝑌
)

𝑌=0
                                                                     (37) 

Integration of Eq. (37) from 𝑋 = 0  to 𝑋 = 1  along the wall gives the following average 

turbulent Nusselt number (energy transfer rate): 

𝑁𝑢̅̅ ̅̅ = − ∫ (
𝜕𝑇

𝜕𝑌
)

𝑌=0
𝑑𝑋

1

0
                                                             (38) 

The above Eqs. (35) and (38) are evaluated through the approximated five-point formula and 

later, the integrals are computed by utilizing a Newton-Cotes integration scheme.  

4.3.1 Effect of 𝑹𝒆 on turbulent average momentum (𝑪𝒇) and heat transfer (𝑵𝒖̅̅ ̅̅ ) rates: 

Figure 11 illustrates the variation of the average friction parameters for various values 

of 𝑅𝑒. The simulated average skin-friction coefficient of the turbulent flow profile on 𝑅𝑒 has 

been plotted against time 𝑡 and is displayed in Fig. 11(a). It is observed that, 𝐶𝑓 augmented 

with time, attains its peak value, and becomes asymptotically steady. Also skin friction 

coefficient is observed to attain the steady state with time increasing for the first (𝑅𝑒 =

200, 250)  and last (𝑅𝑒 = 300, 350) two values. It is also noticed that the 𝐶𝑓  reduces for 

enhancing the values of 𝑅𝑒. This is due to the fact that with the increase of 𝑅𝑒, the interaction 

between the shear stress and flow speed changes, and the same result is noted in [41]. The 

simulated 𝑁𝑢̅̅ ̅̅  for turbulent flow has been drawn in Fig. 11(b) against 𝑡 with the impact of 𝑅𝑒. 

It reveals that the turbulent heat transfer decreases for increasing values of 𝑅𝑒 since it is directly 

connected to the formula 𝑁𝑢̅̅ ̅̅  with a negative sign of temperature profile (Eq. (38)). Therefore, 

the average energy profile plotted in Fig. 4 is in line with this result. The heat transfer rate field 

is high at the initial time near the plate, later decreases and eventually tends to a steady state.  
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Figure 11: (a) Average surface friction coefficient, 𝐶𝑓; (b) turbulent heat transfer rate, 𝑁𝑢̅̅ ̅̅  

profiles for different values of 𝑅𝑒 with fixed 𝑃𝑟 = 0.9. 

4.3.2 Effect of 𝑷𝒓 on 𝑪𝒇 and 𝑵𝒖̅̅ ̅̅ : 

Figure 12 depicts the average friction factors for various values of 𝑃𝑟. The simulated 

average surface-friction coefficient of turbulent flow relating to 𝑃𝑟 has been plotted against 

time 𝑡 and is presented in the Fig. 12(a). It is observed that, 𝐶𝑓 is augmented with time, attains 

its maxima, as well as minima, and continues to ascend in magnitude until it becomes 

asymptotically steady. It is also noticed that the 𝐶𝑓 diminishes for amplifying values of 𝑃𝑟, 

since 𝑃𝑟  is the ratio of viscosity to thermal diffusion, hence increasing 𝑃𝑟  enhances the 

viscosity, which leads to diminishes the skin friction coefficient. Also, this result is consistent 

with the average velocity profiles plotted in Fig. 7 which are directly connected to the formula 

𝐶𝑓 which involves the velocity profile (Eq. (35)). Further, the simulated 𝑁𝑢̅̅ ̅̅  has been drawn 

against 𝑡 with the impact of 𝑃𝑟 as shown in Fig. 12(b). It is evident that the 𝑁𝑢̅̅ ̅̅   values i. e. 

heat transfer rates at the plate, increase for increasing values of  𝑃𝑟. This is because an increase 

in 𝑃𝑟  leads to the rate of heat transmission being intensified by the spatial decay of the 

temperature field near the heated surface, which effectively yields an increase in the 𝑁𝑢̅̅ ̅̅ . 
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Figure 12: (a) Average surface friction coefficient, 𝐶𝑓; (b) heat transfer rate turbulent profiles, 

𝑁𝑢̅̅ ̅̅  for various values of 𝑃𝑟 with fixed 𝑅𝑒 = 400. 

5. Conclusions: 

In this article, a numerical study of transient buoyancy-driven turbulent boundary layer 

flow from a semi-infinite vertical plate with the help of the LRN two-equation k-ε turbulence 

method has been presented. The governing turbulent flow-field equations have been solved 

with associated boundary conditions using a robust implicit finite difference Crank-Nicholson 

scheme. The numerical results have been displayed graphically and analyzed in terms of 

velocity, temperature, turbulent kinetic energy, dissipation rate, and friction factors for 

different values of turbulence low Reynolds (𝑅𝑒) and Prandtl (𝑃𝑟) numbers. From the present 

turbulent flow analysis, the following conclusions can be made. 

➢ The solutions of transport equations for turbulent kinetic energy and its dissipation rate 

are used to estimate the local value of turbulent viscosity, 𝜈𝑡. 

➢ The average transient velocity and turbulence energy rate profiles decrease, and the 

temperature profile increases by increasing 𝑅𝑒 values. 

➢ The average steady temperature and turbulence energy profiles increase with increment 

in values of 𝑅𝑒. 

➢ The average velocity, temperature, turbulence energy, and dissipation rate under both 

transient and steady state conditions decrease with amplifying values of 𝑃𝑟. 

➢ The average turbulent momentum and the heat transfer rates are decreased by increasing 

𝑅𝑒 values. 
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➢ The average turbulent momentum is reduced and the average Nusselt number (wall heat 

transfer rate) is elevated with rising 𝑃𝑟 values.  

The LRN two-equation k-ε turbulence method and implicit Crank Nicholson finite 

difference numerical approach has been shown to yield physically viable results for two-

dimensional turbulent buoyancy-driven convection boundary layer flows. The present research 

work on Newtonian turbulent boundary layer flows may be further extended to non-Newtonian 

fluids with different physical and chemical effects for various geometries [44-49]. Also, it is 

envisaged that the current study may be broadened to explore the application of the LRN 

turbulence modeling approach to other areas of engineering sciences such as chemical 

engineering, coating flows, etc. Additionally, the present simulations are also of interest in 

micromixing techniques which occur at small time scales as predicted by the TKE and its 

dissipation rate which has been noted by  Guichao et al. [50]. Furthermore, turbulent natural 

convection flows constitute one of the most fundamental topics in engineering fluid dynamics. 

Such flows feature in meteorology via atmospheric circulation induced by solar radiation. The 

present computations may also be relevant to other areas including the refrigeration of 

electronic components [51], ventilation of rooms, cooling of electronic devices, and airflow in 

buildings to reduce noise exposure [52], wedge-induced oblique detonations [53] and 

optimization of ducted propeller hovering performance [54]. Efforts in these areas consotute a 

rich pathway for future implementation of the present numerical approach.  
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