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Across many industries there is a need to develop products with improved vibro-acoustic performance.
Whether the aim is to reduce the radiated sound level in a vehicle cabin, or to minimise the vibration
level of sensitive components, the problem may be interpreted as an issue of power transmission from
vibration generating components to receiving structures. Interest thus lies in how best to modify a struc-
ture, typically the separating interface between active and passive components, to reduce transmitted
power. The ‘best’ modification is interpreted here as the one that achieves the greatest reduction in trans-
mitted power, for the smallest necessary modification. In the present paper we consider power transmis-
sion from a component-based perspective, and propose a sensitivity analysis to determine a) the
optimum structural modifications (e.g. added mass, stiffness or damping) and b) to which degrees of free-
dom these should be applied. Numerical and experimental examples demonstrate the proposed method.

� 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The optimisation of dynamic structures for improved vibro-
acoustic performance is prevalent in many sectors. Whether the
aim is to reduce the radiated sound level in a vehicle cabin, or to
minimise the vibration level of sensitive components, the problem
can be interpreted as an issue of vibrational power flow from the
generating component to the remaining structure. By reducing
the power flow from an active component (i.e. one that generates
vibration, e.g. pumps, motors, etc.) to a passive receiver (i.e. one
that simply transmits or radiates vibration), the available energy
that can excite the structure is reduced, thereby reducing the over-
all downstream response level.

As a quantity, power flow is a convenient variable to deal with
when tackling structural vibration problems. Complex interface
dynamics, represented by many degrees of freedom (DoFs, includ-
ing translational and rotational motions), are simplified to a single
frequency dependent scalar quantity. This can greatly simplify and
aid the interpretation of complex transmission problems.

The study of power transmission through built-up structures
has received much attention over the past decades, see for example
the notable works in [1–7]. Though, in recent years attention has
turned towards more flexible/detailed methods that are able to
provide greater information on the propagation of vibration
through a structure, for example, the class of methods known
widely as Transfer Path Analysis (TPA) [8]. This transition from
power-based methods, to more detailed analyses has been driven
largely by the availability of multi-channel acquisition systems
and the necessary computational power to process collected data,
but also the need to solve ever more challenging problems. Never-
theless, power-based methods remain a valuable tool for the anal-
ysis of complex structures and form the basis of many techniques
still used today, for example Statistical Energy Analysis (SEA) [9]
and its various extensions [10,11].

This paper concerns the use of power flow sensitivity to identify
optimum structural modifications. A power-based approach is cho-
sen as it simplifies the interface problem and thus provides a more
interpretable analysis. Our starting point is the equation for time
averaged complex power flow Q 2 C through a structural interface
c,

Q ¼ 1
2
gH
c vc ð1Þ

where: gc 2 CN is the contact force imparted on the receiver struc-
ture by a vibrating source, vc 2 CN is the coupled assembly velocity
whilst the source is operational, and �H is the Hermitian transpose
operator. From Eq. 1 it is clear that the power flow through an inter-
face is dependent on two factors: the strength of the source, and the
transmission characteristics of the source-receiver interface c.

We are interested in determining the optimum (i.e. the most
efficient) modification of a structure to reduce the power flow Q.
This optimum modification should provide the greatest reduction
in transmitted power, for the smallest change in the dynamic prop-
erties of the structure (e.g. added mass, stiffness or damping). This
‘optimum’ modification is beneficial in cases where design changes
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must be kept to a minimum, for example to avoid influencing other
key performance characteristics (e.g. handling/comfort in an auto-
motive case) or costly redesigns.

Toachieveanoptimummodification it isnecessary todeterminea)
what sort of structural modification should be applied and b) to what
part of the structure. The above is made possible by two sensitivity
relations, which represent the partial derivatives of the transmitted
power with respect to reactive (addedmass or stiffness) and resistive
(added damping) structural modifications (i.e. change of the receiver
structure’s impedance); @RðQÞ

@IðZRÞ and
@RðQÞ
@RðZRÞ (see Eq. 27 and 28).

In the present paper, these relations are derived in a component-
based form, i.e. based on measurements of the source and receiver
components in isolation. By implementing these relations, it is pos-
sible to identify not only the optimum DoFs to modify, but also the
type of modification necessary to achieve the greatest reduction in
transmitted power across a target frequency range. The derivation,
interpretation and application of these power flow sensitivity rela-
tions is the primary result of this paper.

Methods for obtaining an optimal structural modification for
improved vibro-acoustic performance have long been researched.
Methods generally differ in what metric is used to quantify
vibro-acoustics performance, and whether passive [12,13] or active
[14,15] modifications are considered. Typical performance metrics
include power flow [14,15,13] and structural admittance
[16,17,12]. The most closely related work to that presented here
is the power flow sensitivity analysis described in [18]. The
approach proposed herein differs in two main respects. 1) In the
present study, vibration source activity is represented by the
blocked force [19], as opposed to free velocity or the assembly
interface force. This is advantageous as the blocked force has
become an internationally recognised standard for vibration source
characterisation [20]-, and is used widely across various industries
(notably the automotive sector as part of insitu [21] and
component-based TPA [8]). 2) The inclusion of distributed modifi-
cations (i.e. adding stiffness or damping between non-collocated
DoFs) is treated more carefully; in [18] only the influence of off-
diagonal impedance terms where considered, herein we consider
also the effect of the diagonal elements of the impedance matrix.

Having introduced the context of this paper, its remainder will
be organised as follows. Section 2 will outline some underlying
theory, specifically the concepts of blocked force and complex
power. Section 3 will go on to derive power flow sensitivity rela-
tions (Eqs. 25 and 26) for both local and distributed modifications.
Section 4 will present a numerical study for verification and inves-
tigatory purposes. An experimental study will be presented in Sec-
tion 5 before Section 6 draws some concluding remarks.
2. Theory

This section will begin by introducing the blocked force
approach to vibratory source characterisation before a
component-based representation of complex power is introduced.

2.1. Blocked force

In its standard form, the complex power (see Eq. 1) is formulated
in terms of the contact force gc . The contact force is dependent on
both the activity of the vibratory source, and the dynamics of the
receiver structure. This means that a change in either the source
or receiver will alter the contact force. Consequently, Eq. 1 is not
suitable for investigating the power flow in ‘virtual assemblies’,
i.e. where components are interchanged in search for an optimal
design. We are interested in reformulating the complex power such
that it is expressed in terms of component level quantities, enabling
it to be used in a virtual prototyping context. To do so we must
2

introduce appropriate descriptions of the assemblies active and pas-
sive properties. With regards to the active properties, the blocked
force provides an appropriate description.

The blocked force is a quantity that independently describes the
activity of a vibration source. It is an invariant source quantity that
is unaffected by the dynamics of neighbouring components.

The blocked force may be interpreted as the force required to
constrain the interface of a vibration source such that its velocity
(also displacement and acceleration) is zero. Alternatively, it may
be thought of as the force imparted by an infinitely rigid receiver
onto an operating vibration source. It is defined as,

�fc ¼ gcjvc¼0 ð2Þ
where the over-bar �� is used to denote a blocked force, as opposed
to an external force.

In recent years, the blocked force has become a popular means
of characterising vibration sources. Its popularity has been spurred
by the development of an in-direct method for its characterisation
[19], which avoids the challenging experimental requirements of a
direct measurement. The key equation behind a blocked force
characterisation is [19],

vb ¼ YCbc
�fc ð3Þ

where: YCbc 2 CM�N is the measured transfer mobility matrix of the
coupled (C) assembly, vb 2 CM is a measured operational velocity
vector (note that accelerance and acceleration may be used in place
of mobility and velocity), and �fc 2 CN is the vector of unknown
blocked forces. Here, lower-case subscripts b and c represent
remote receiver and coupling interface DoFs, respectively (see
Fig. 1). Note that the DoF set b may include the interface DoFs c
as a subset and that all variables are represented in the frequency
domain, with the frequency variable omitted for clarity.

Eq. 3 can be solved for the blocked force by inverting the mea-
sured mobility matrix. For N ¼ M, providing that the measured
mobility matrix is of full rank, a unique solution is found through
the inverse mobility matrix Y�1

Cbc ¼ ZCcb, where ZCcb 2 CN�N is an
assembly impedance matrix. For M > N, the pseudo-inverse may
be used in place of the classical matrix inverse to obtain
Yþ

Cbc ¼ ZCcb 2 CM�N , leading to a least squares solution of the prob-
lem. It is important when characterising the blocked force that a
complete interface description is used [22–24], i.e. a sufficient
number of DoFs are chosen at the interface c. If the interface
description is incomplete, the blocked force may no longer be
transferred between assemblies and used to predict the vibro-
acoustic response in a new assembly. It is also important that the
chosen indicator DoFs b are suitable, such that they are able to
maximally observe the interface dynamics. A criterion for choosing
indicator sensor positions is proposed in [25].

Finally, it is important to note that the characterisation of
blocked force is an inverse problem. Inverse problems can be sen-
sitive to experimental error, and so an appropriate uncertainty
propagation maybe be necessary. A framework for propagating
experimental and source-based uncertainty through a blocked
force characterisation may be found in [26].

In the present paper we will use the blocked force to describe
the activity of a vibration source when considering vibrational
power transmitted through an interface.

2.2. Complex power

For a multi-contact system undergoing time harmonic motion,
the time averaged complex power Q is defined as [27],

Q ¼ 1
2
gH
c vc ð4Þ



Fig. 1. Diagrammatic representation of source-receiver (SR) assembly and blocked
force.
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where, gc is the interface contact force imparted on a receiver struc-
ture by the vibration source, vc is the interface velocity of the cou-
pled assembly, and �H represents the conjugate transpose
operation.

Unlike the contact force or interface velocity, the complex
power is a scalar value. This can be advantageous when dealing
with complex interface dynamics, as problem reduces to a single
value which can more easily be interpreted.

The real part of complex power describes the power transmit-
ted into the receiver structure and away from the interface. It is
this transmitted power that is proportional to the observed vibra-
tion levels in the receiver structure and of principle interest in
noise control applications. The imaginary part of complex power
describes the power that oscillates between kinetic and potential,
and remains ‘trapped’ at the interface. In the context of noise con-
trol, the oscillating power is typically of little interest [6].

We are interested in reformulating Eq. 4 in terms of component
level quantities (for clarity we omit the factor of 1=2 hereafter). To
do so we begin by expressing the coupled velocity in terms of the
blocked force �fc ,

Q ¼ gH
c YCcc

�fc: ð5Þ

Next we substitute the contact force gc for its inverse relation to the
coupled velocity,
3

Q ¼ Y�1
Rccvc

� �H
YCcc

�fc ¼ vH
c Y

�H
RccYCcc

�fc: ð6Þ

The coupled velocity can again be expressed in terms of the blocked
force,

Q ¼ YCcc
�fc

� �H
Y�H

RccYCcc
�fc ¼ �fHc Y

H
CccY

�H
RccYCcc

�fc: ð7Þ

Noting that the coupled mobility YC ¼ ½Y�1
S þ Y�1

R ��1
may readily be

expressed in terms of the source and receiver mobilities, Eq. 7
describes the complex power Q in terms of component level quan-
tities, i.e. the receiver mobility YR, the source mobility YS, and the
blocked force �fc .

In contrast to its standard form (see Eq. 4), Eq. 7 now facilitates
the virtual interchange of components. In the following section Eq.
7 will be used to derive a sensitivity relation for the power flow
through an interface due to a structural modification within the
receiver structure.

3. Power flow sensitivity

The focus of this section is to derive Eqs. 25 and 26, which
describe the sensitivity of transmitted power to a local or dis-
tributed structural modification of the receiver structure.

Whilst modifications at the coupling interface might be
expected to result in the greatest change in transmitted power,
in practice such modifications may not be possible, hence remote
DoFs away from the interface should also be considered. To enable
modifications made remote from the interface, i.e. within the recei-
ver, it is convenient to define interfacial power in terms of the glo-
bal force and velocity vectors, g and v. The interface contact force
and velocity can be related to the global force and velocity vectors
by the selection matrices Sv and Sf ,

vc ¼ I 0½ � vc

vb

� �
¼ Svv; ð8Þ

gc ¼ I 0½ � gc

gb

� �
¼ Sfg: ð9Þ

Using the above, the equation for complex power becomes,

Q ¼ gHSv ð10Þ

with S ¼ STf Sv , or in component form,

Q ¼ �fHYH
CY

�H
R SYC

�f ð11Þ
where YR and YC are now extend to include remote DoFs alongside

those at the interface, and the blocked force vector �f ¼ ½�fTc 0T�T is
zero-padded accordingly.

To obtain a power sensitivity relation wrt. a structural modifica-
tion, we begin by taking the complex differential of Eq. 11,

dðQÞ ¼ d �fHYH
CY

�H
R SYC

�f
� �

: ð12Þ

Note that a structural modification alters the receiver mobility YR

which in turn alters the coupled mobility YC . The source mobility
and blocked force are unaffected as they are invariant to the recei-
ver structure.

Applying the chain rule to Eq. 12, noting that interest lies in the
differential receiver mobility/impedance, yields,

dðQÞ ¼ �fHd ZR þ ZS½ ��H
� �

Y�H
R SYC

�f þ �fHY�H
C d ZH

R

� �
SYC

�f þ � � �
�fHY�H

C Y�H
R Sd ZR þ ZS½ ��1

� �
�f

ð13Þ

where we have substituted YC ¼ ZR þ ZSð Þ�1 and Y�1
R ¼ ZR for the

differential terms. Assuming that the coupled impedance matrix is
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square and its inverse exists, its complex differential can be re-
written as [28],

d ZR þ ZS½ ��1
� �

¼ �YCd ZR þ ZSð ÞYC

¼ �YCd ZRð ÞYC :
ð14Þ

Noting that dðAHÞ ¼ dðAÞH [28] and substituting the above into Eq.
13, yields,

dðQÞ ¼ ��fHYH
C d ZH

R

� �
YH

CY
�H
R SYC

�f þ �fHY�H
C d ZH

R

� �
SYC

�f � � � �
�fHY�H

C Y�H
R SYCd ZRð ÞYC

�f
ð15Þ

which after factoring out repeated terms simplifies to,

dðQÞ ¼ �fHYH
C �d ZH

R

� �
YH

CY
�H
R Sþ d ZH

R

� �
S� Y�H

R SYCd ZRð Þ
� �

YC
�f:

ð16Þ
Note that d ZRð Þ represents a small (complex) change in each ele-
ment of the receiver impedance matrix ZR, i.e. due to an infinitesi-
mal structural modification.

The structural modifications considered here can be described
as; local, where added mass or grounded stiffness/damping is
applied to a single DoF; or distributed, where added stiffness or
damping is applied between two DoFs. For a local modification,
d ZRð Þ reduces to a single entry matrix,

d ZRð Þ ¼

0 0 0 0
0 0 0 0
0 0 dðZRÞ 0
0 0 0 0

2
6664

3
7775

¼

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

2
6664

3
7775dðZRÞ

¼ PiidðZRÞ

ð17Þ

where dðZRÞ takes, in general, the form,

dðZRÞ ¼ d Rþ ixM þ K
ix

� �
: ð18Þ

For a distributed modification,

d ZRð Þ ¼

0 0 0 0
0 dðZRÞ �dðZRÞ 0
0 �dðZRÞ dðZRÞ 0
0 0 0 0

2
6664

3
7775

¼

0 0 0 0
0 1 �1 0
0 �1 1 0
0 0 0 0

2
6664

3
7775dðZRÞ

¼ PijdðZRÞ

ð19Þ

where Pij now represents a signed Boolean matrix and,

dðZRÞ ¼ d Rþ K
ix

� �
: ð20Þ

Substituting d ZRð Þ for the scaled single entry/Boolean matrix
Pijd ZRð Þ Eq. 16 becomes,

dðQÞ ¼ �fHYH
C PijS� PijY

H
CY

�H
R S

� �
d Z�

R

� �� Y�H
R SYCPijd ZRð Þ

� �
YC

�f:

ð21Þ
Eq. 21 describes the change in complex power due to a small (com-
plex) modification of the receiver at or between the ith and jth DoFs.
From Eq. 21 we can identify two sensitivity relations:
4

@Q
@ZR

���
ij
¼ ��fHYH

CY
�H
R SYCPijYC

�f ð22Þ

and

@Q
@Z�

R

���
ij
¼ �fHYH

C PijS� PijY
H
CY

�H
R S

� �
YC

�f: ð23Þ

The above relations describe the sensitivity of the complex power Q
with respect to a complex structural modification and its conjugate.
It is, however, more convenient to express the above in terms of the
real and imaginary parts, as opposed to complex conjugates. This
can be achieved using the following set of equations [29,30]:
@RðQÞ
@RðZRÞ ¼ R Aþ Bð Þ; @RðQÞ

@IðZRÞ ¼ I �Aþ Bð Þ ð24Þ
@IðQÞ
@RðZRÞ ¼ I Aþ Bð Þ; @IðQÞ

@IðZRÞ ¼ �R �Aþ Bð Þ

where Rð Þ and Ið Þ denote real and imaginary parts, respec-
tively, and A and B are given by Eq. 22 and 23.

The sensitivity of the transmitted (real) power due to the appli-
cation of a reactive structural modification (i.e. additional mass
and/or stiffness) is then,
@RðQÞ
@IðZRÞ

���
ij

¼ I �Aþ Bð Þ

¼ I �fHYH
CY

�H
R SYCPijYC

�f þ �fHYH
C PijS� PijY

H
CY

�H
R S

� �
YC

�f
� �

¼ I �fHYH
C Y�H

R SYCPij þ PijS� PijY
H
CY

�H
R S

� �h i
YC

�f
� �

¼ I �fHYH
C Y�H

R SYCPij þ Pij I� YH
CY

�H
R

� �
S

h i
YC

�f
� �

:

ð25Þ

Similarly, considering the sensitivity of the transmitted (real) power
due to the application of a resistive structural modification (i.e.
additional damping),
@RðQÞ
@RðZRÞ

���
ij

¼ R Aþ Bð Þ

¼ R ��fHYH
CY

�H
R SYCPijYC

�f þ �fHYH
C PijS� PijY

H
CY

�H
R S

� �
YC

�f
� �

¼ R �fHYH
C �Y�H

R SYCPij þ PijS� PijY
H
CY

�H
R S

� �h i
YC

�f
� �

¼ R �fHYH
C �Y�H

R SYCPij þ Pij I� YH
CY

�H
R

� �
S

h i
YC

�f
� �

:

ð26Þ

By varying the ij indices of Pij, Eq. 25 and 26 can be used to identify
the DoFs at which a small local or distributed modification will have
the greatest influence on the transmitted power. This information
can be used to design an optimum structural modification for
reduced power flow.

3.1. Change in transmitted power

Once the power sensitivity has been determined it can be used
to identify the most effective location to apply a structural modifi-
cation. Following this, estimates can be made for the change in
transmitted power,

DRðQÞ � @RðQÞ
@IðZRÞ

���
ij
IðDZijÞ þ @RðQÞ

@RðZRÞ
���
ij
RðDZijÞ ð27Þ

At this point the structural modification DZij can be optimised to
achieve maximum reduction in transmitted power.

4. Numerical studies

In this section we present a numerical example demonstrating
the application of the sensitivity relations derived above.

We consider a simple source-receiver system; two beams cou-
pled end-to-end as illustrated in Fig. 2. The beams are modelled
by FE and are represented by their free interface mobilities; the
source beam is characterised by its interface mobility matrix
YScc 2 C2�2 where the two DoFs are a vertical translation and a cor-



Fig. 2. Numerical coupled beam-beam model.
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responding rotation, and the receiver is characterised by its full
mobility matrix YR 2 C22�22, which includes the interface DoFs
alongside 20 remote DoFs (translations and rotations at 10 posi-
tions). Each beam was modelled with the material properties,
q ¼ 7000 kg/m3; E ¼ 200� 109 Pa, g ¼ 0:1, and geometry lS ¼ 0:4
m, lR ¼ 0:7 m, wS ¼ wR ¼ 0:05 m and hS ¼ hR ¼ 0:01 m.

The source beam is excited internally by an 1 N force f i, repre-
senting the unknown operational forces present in a typical vibra-
tion source. As per the component-based paradigm, the source
activity (i.e. due to this internal force) is represented by the
blocked force obtained at its coupling interface. Based on the
component-level quantities described above, the complex power
can be calculated as per Eq. 7.

Examples of the translational blocked force (�fc) and component
mobilities (YS and YR) are shown in Fig. 3a and b. The real (trans-
mitted) and imaginary (oscillating) power Q is shown in Fig. 3c.
4.1. Finite difference verification

We begin by verifying the sensitivity expressions and inspect-
ing their form. Verification is achieved by comparison against a
finite difference approximation.
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Fig. 3. Top - translational blocked force at interface of source due to a 1 N internal
force. Middle - translational point mobility at interface for coupled assembly and
uncoupled source and receiver. Bottom - real (transmitted) and imaginary (stored)
power at the interface due to 1 N internal force.
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For the local resistive modification this is achieved by adding a
factor of 10�2 to the real part of the translational impedance at the
interface DoF (index 0),

ZRD ¼ ZR þ P0;0 � 10�2 ð28Þ
computing the power QD, and then approximating the sensitivity as
per,

@RðQÞ
@RðZRÞ

���
0;0

� RðQD � QÞ
10�2 : ð29Þ

For the reactive modification we use instead,

ZRD ¼ ZR þ iP0;0 � 10�2: ð30Þ
The resulting comparisons are shown in Fig. 4.

For the distributed resistive modification we again add a factor
of 10�2 to the real part of the translational impedance, this time
including both an interface and remote DoF (indices 0 and 10),

ZRD ¼ ZR þ P0;10 � 10�2 ð31Þ

where P0;10 � 10�2 now includes off-diagonal coupling terms (see
Eq. 21). The power QD is computed and the sensitivity approxi-
mated as per,

@RðQÞ
@RðZRÞ

���
0;10

� RðQD � QÞ
10�2 : ð32Þ

For the distributed reactive modification we use instead,

ZRD ¼ ZR þ iP0;10 � 10�2: ð33Þ
The resulting comparisons are shown in Fig. 5.

Figs. 4 and 5 verify the local and distributed sensitivity relations
presented above. Positive sensitivity values indicate that a positive
modification (e.g. additional damping ZD ¼ R or mass ZD ¼ ixM)
will increase the transmitted power. A negative sensitivity indi-
cates a reduction in transmitted power. For an added stiffness,
the resulting impedance change is negative (e.g.
ZD ¼ K=ix ¼ �iK=x) and so the interpretation of the sensitivity
Fig. 4. Top - transmitted power sensitivity wrt. local resistive modification; dashed
line - Eq. 26, solid line obtained by finite difference approximation. Bottom -
transmitted power sensitivity wrt. local reactive modification; dashed line - Eq. 25,
solid line obtained by finite difference approximation.



Fig. 5. Top - transmitted power sensitivity wrt. distributed resistive modification;
dashed line - Eq. 26, solid line obtained by finite difference approximation. Bottom -
transmitted power sensitivity wrt. distributed reactive modification; dashed line -
Eq. 25, solid line obtained by finite difference approximation.

Fig. 6. First three modes of beam-beam system with labelled node positions (0
being the interface).

Fig. 7. Transmitted power sensitivity wrt. local reactive modification at the nth
nodal point.

Fig. 8. Transmitted power sensitivity wrt. local resistive modification at the nth
nodal point.
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above is reversed; a negative sensitivity indicates an increase in
power, and positive sensitivity a decrease in power.

A sensitivity peak followed by a trough indicates that for a pos-
itive impedance modification we get a downward shift in the res-
onant frequency of the structure and therefore the frequency of
maximum transmitted power. This is an expected result. An ‘M’
shaped trend indicates a lowering of the peak transmitted power
through a broadening of the resonance. i.e. energy is spread across
neighbouring frequencies.

Comparing local vs distributed modifications, we see that the
power sensitivity has changed considerably. For a distributed mod-
ification the second resonance has become the most sensitive to
structural modification. This result suggests that by selecting
which DoFs a modification is applied between, the effectiveness
of a modification can be targeted towards a particular mode.

4.2. Influence of modification location

Having verified the sensitivity relations and considered the inter-
pretation of their form, we can investigate the influence of their
6

location on power flow sensitivity. For the simple beam-like struc-
ture considered here, the results presented below are somewhat
expected. However, such expectations are limited to structures of
simple form, whilst the sensitivity relations are general and can be
applied to arbitrarily complex systems where intuition fails us.

We begin by considering local modifications of both resistive
and reactive form. Shown in Fig. 7 and 8 are the power flow sensi-
tivities obtained as we move the modification between the cou-
pling interface (node 0) and the beam end (node 10), considering
only the translational DoFs. From Figs. 7 and 8 it is seen that a max-
imum change in power for the first and second mode is achieved
when a resistive modification (e.g. a grounded damper) is applied
to the endmost node. This corresponds to the position of maximum
deflection (see Fig. 6). In contrast, application of either modifica-
tion to the 7th node has a minimal effect. As expected, this location
corresponds to a region of small deflection.

Shown in Fig. 9 and 10 are the (resistive and reactive) sensitiv-
ities obtained for distributed modifications between the 0th (i.e.
interface) DoF and the remaining nodes. Note that the 0 node trace
is equivalent to the 0 node local modification in Figs. 7 and 8.

It is shown that for both resistive and reactive modifications we
are able to obtain a much greater sensitivity (and therefore more



Fig. 9. Transmitted power sensitivity wrt. distributed reactive modification
between the interface and nth nodal point.

Fig. 10. Transmitted power sensitivity wrt. distributed reactive modification
between the interface and nth nodal point.

Fig. 11. Transmitted power sensitivity wrt. distributed reactive modification
between the 5th and nth nodal point.

Fig. 12. Transmitted power sensitivity wrt. distributed reactive modification
between the 5th and nth nodal point.

Fig. 13. Photo of experimental test rig.

J.W.R. Meggitt Applied Acoustics 211 (2023) 109463
optimal modification) by using a distributed modification. As for a
local modification, the sensitivity of a distributed modification
appears proportional to the relative deflection between the two
nodes of the modification. This can be seen by inspecting the node
10 trace of Figs. 9 or 10 and comparing the relative deflections of
modes 1 and 2 (Fig. 6). Mode 1 shows a large relative deflection
between nodes 0 and 10 with a normalised amplitude in excess
of 1, whilst mode 2 remains less than 0.5. The sensitivities of
modes 1 and 2 mirror this result. In contrast, the relative deflection
between nodes 0 and 6 suggests large sensitivity for mode two and
a low sensitivity for mode 1. These results are confirmed by Figs. 9
and 10.

Shown in Figs. 11 and 12 are the sensitivities obtained when
treating node 5 as the fixed end of the modification. They further
confirm the main conclusion of this numerical study; power flow
sensitivities are proportional to the relative deflection between the
two ends of the modification. Though this result is somewhat intu-
itive, for a complex structure it is not immediately obvious which
of the modifiable DoFs is optimal. The proposed sensitivity rela-
tions provide a means of identifying, without need for intuition,
the optimal DoFs for modification.
7
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5. Experimental case study

In this section we investigate the application of the proposed
sensitivity analysis to an experimental case-study. The system
understudy is shown in Fig. 13. It consists of a 3 footed vibration
source (a perspex plate with an attached servo-motor) coupled
resiliently to a steel frame-like receiver structure. To determine
the transmitted power, and its sensitivity to structural modifica-
tion, blocked forces are first identified at the base of each resilient
coupling (such that the coupling elements are considered part of
the source, and the frame alone is considered the receiver struc-
ture) using the in-direct method outlined in Section 2. The blocked
force identification uses only response measurements made at the
interface such that Eq. 3 takes the form,
vc ¼ YCcc
�fc ð34Þ
Fig. 15. On-board validation of blocked force without (a) and with (b)
regularisation.
from which �fc is determined by matrix inversion. Due to the highly
resonant characteristics of the assembly, some regularisation is
introduced to alleviate issues of ill-conditioning at certainty fre-
quencies. A singular value discarding scheme was adopted,
whereby any singular values kn below a threshold of
0:02�maxðkÞ were set to zero. This threshold was obtained
through trial and error by comparing measured and reconstructed
(using blocked force) responses.

Each interface connection is initially represented by 4 transla-
tional z DoFs, spaced about the resilient coupling attachment point,
as illustrated in Fig. 14. These 4 DoFs are transformed using the
Finite Difference (FD) method [31] to obtain the translational z
and rotational x=y DoFs at the centre of each connection point.
In-plane x=y and rotational z DoFs were neglected. This was justi-
fied as previous works on a similar assembly have show that such a
resiliently coupled system transmits vibration primarily through
vertical translations, with x=y rotations becoming important at
higher frequencies [22].

As required by Eq. 7 and 25–26, the uncoupled receiver mobility
YR is also measured, using the same interface representation
described above. In addition to the 12 interface DoFs (9 after the
FD transformation), a further 11 translational z DoFs are included
across the receiver structure. These are included to investigate
the effect of a modification’s position on the power flow sensitivity.
Fig. 14. Photo of interface instrumentation.
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5.1. Blocked force and complex power

Shown in Figs. 15a and 15b are the on-board validation results
of the blocked force (a response prediction made using the blocked
Fig. 16. Complex power (top - real, bottom - imaginary) obtained using the blocked
force (Eq. 7) and contact force (Eq. 4).



J.W.R. Meggitt Applied Acoustics 211 (2023) 109463
force, compared against a direct measurement) obtained without
and with the aforementioned regularisation, respectively. It is clear
that the applied regularisation improves the overall agreement.
This regularisation scheme is applied to all matrix inversion
required hereafter. Above 2 kHz we begin to see the effect of
instrumentation noise floor; this is due to the resilient coupling
attenuating high frequencies.

Shown in Fig. 16 are the real (top) and imaginary (bottom) parts
of the complex power obtained using the invariant blocked force
(blue, using Eq. 7) and the contact force (orange, using Eq. 4). As
expected, the two formulation for complex power yield near iden-
tical results. Highlighted in grey are two frequency ranges that
demonstrate considerable power flow. These ranges will be subject
to the proposed sensitivity analysis to determine optimum struc-
tural modifications.

5.2. Power flow sensitivity

Having determined the complex power flow through the inter-
face, we are interested in identifying the optimum location and
type of structural modification required to reduce the transmitted
power. We apply Eqs. 27 and 28 across the two frequency ranges
highlighted in Fig. 16. Fig. 17 corresponds to the frequency range
150–250 Hz, with a) showing the power flow sensitivity due to a
local resistive modification, and b) a local reactive modification.
Fig. 18 corresponds to the frequency range 600–750 Hz, with a)
Fig. 17. Power flow sensitivity over the frequency range 150–250 Hz due to local
resistive (a) and reactive (b) modifications at different measurement positions (n).

Fig. 18. Power flow sensitivity over the frequency range 600–750 Hz due to local
resistive (a) and reactive (b) modifications at different measurement positions.
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and b) similarly representing resistive and reactive modifications,
respectively.

A total of 14 potential modification positions (nodes) are con-
sidered (these are included in the measurement of YC and YR).
Nodes 1–3 are the translational z interface DoFs (corresponding
sensitivities are plot in orange), nodes 4–14 (also translational z)
are spread over the receiver structure.

The results of Fig. 17 indicate that the greatest change in trans-
mitted power is obtained by a reactive modification of the 3rd
interface DoF. To reduce the transmitted power, this reactive mod-
ification should yield a negative modification impedance, i.e. it
should be an added stiffness. If only a resistive modification were
possible, Fig. 17a indicates that applying this to the interface would
have little effect. Rather, node 4 would see the greatest reduction
in power.

The results of Fig. 18 indicate that the greatest change in trans-
mitted power between 600–750 Hz is obtained through modifica-
tion of nodes 5 and 14, and that this is the case irrespective of
whether the modification is resistive or reactive. Interestingly,
Fig. 18a suggests that a resistive modification to the interface
nodes 1 and 3 would in fact be detrimental, causing an increase
in transmitted power. This sort of unexpected result gives reason
to using a sensitivity-based analysis, such as Eqs. 25 and 26, to
determine an optimum structural modification, as opposed to
intuition.
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6. Conclusions

Structural modifications can be used to reduce the power trans-
mitted from vibrating machinery to connected receiver structures.
An optimal structural modification, defined here as one that pro-
vides a large reduction in transmitted power for a minimal change
in the dynamics of the receiver structure, is beneficial in many cir-
cumstances. We can identify an optimal modification by consider-
ing the derivative (i.e. sensitivity) of transmitted power, with
respect to the impedance of the receiver structure. To this end,
we derive a pair of sensitivity Eqs. 27 and 28, relating the real part
of complex power (i.e. transmitted power) to resistive and reactive
modifications of the receiver. An important advantage of the pro-
posed sensitivity relations is that they are derived in terms of
component-level quantities, meaning the analysis can be extended
to virtual systems which do not necessarily exist physically. The
sensitivity relations enable analysis of both local (e.g. where added
mass or grounded stiffness/damping is applied to a single DoF) and
distributed (e.g. where added stiffness/damping is applied
between two DoFs) modifications. An arbitrary number of modifi-
cation DoFs can be considered in the analysis, including both inter-
face and remote positions. Rank ordering of the resulting
sensitivities can be used to determine which DoF, when modified,
will yield the greatest change in transmitted power. From this
information, more focused optimisations studies could be used to
design bespoke modifications for an even greater reduction in
transmitted power.

Based on an in-direct force estimation, the proposed method is
subject to the same limitations and sources of error. In fact, the
presence of multiple matrix inversions in the resulting expressions,
likely means that the sensitivity relations themselves have an
increased susceptibility to experimental error.

Numerical studies on a coupled beam-beam structure verify the
theory and provide some interpretation of the sensitivity plots. In
general, it is observed that the greatest change in power is
obtained when the relative deflection between the two ends of a
modification is at a maximum. An experimental case study utilis-
ing a simple vibration source further demonstrates the application
the sensitivity relations. It illustrates how the optimal modification
position to reduce power flow depends on both frequency and the
type of modification considered, e.g. the optimal location for added
stiffness might have no effect if a damping modification is used
instead. Furthermore, it demonstrates the presence of perhaps
unintuitive results, such as an increase in power flow by adding
damping to an interface.

In summary, the proposed sensitivity analysis for structural
power flow provides a useful tool for vibro-acoustic design optimi-
sation. It enables design engineers to make informed decisions
with regards to optimal structural modifications, without having
to rely on intuition which for complex problems is often unreliable.
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