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NONLINEAR BEHAVIOUR OF LOSSY ACOUSTIC BLACK HOLES
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ABSTRACT

Sound absorption properties of acoustic black holes are
studied for high pressure amplitudes. The absorbers
consist of thin circular plates, each with a central
perforation, separated by annular air cavities. Radius of
the perforation of each plate depends on its position thus
forming a central channel with a gradually decreasing
radius. In our previous work, a linear equivalent fluid
model accounting for the variations of the effective
properties of air inside this channel was developed.
However, the FEM simulations show that flow resistivity
of the structure increases with the flow rate according to
Forchheimer’s law. This indicates that an extension of the
model is necessary for the incident waves of high
amplitude. In the current work, the measurements are
performed for continuous high amplitude sound. A
specially designed impedance tube is used for the
experiments. The measurements and modelling show that
the nonlinearity of acoustic black holes affects mostly the
low frequencies. At higher frequencies, the absorption
performance is weakly affected by the nonlinearity. This
opens a possibility of using these structures as effective
broadband absorbers of high amplitude sound.

Keywords: Acoustic Black Hole, sound attenuation, high
amplitude sound, acoustic nonlinearity

1. INTRODUCTION

Starting from a pioneering work by Mironov and Pislyakov
[1] the interest in acoustic absorbers with graded properties
also known as Acoustic Black Holes (ABH) is steadily
growing. ABHs typically consist of rigid annular thin plates
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separated by air cavities. Sound waves slowdown in the main
channel of the ABH due to variations of the admittance of its
walls. The latter is achieved by arranging the plates in such a
way that their central perforation decreases with the distance
from the surface of the absorber (see Figure 1).
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Figure 1. Schematic side view of the ABH absorber (Sample 1 from
[2]). The actual sample contains 25 plates with central perforation
radius gradually decreasing from 25 mm to 1 mm.

In lossy ABH [2] and similar “rainbow trapping” structures
reported earlier [3] sound absorption in the broad range of
frequencies is achieved due to thermoviscous losses in the
main channel and in the narrow annular cavities between the
plates. ABH absorbers are sturdy rigid structures, and this
makes them suitable for the use in hostile environments for
attenuation of high amplitude sound. For this, acoustical
properties of ABHs for high amplitude sound must be
studied. In the previous work [4] effective fluid model for
“pancake” absorbers [5], [6] has been developed and
extended to account for Forchheimer’s nonlinearity. A
deterioration of the absorption performance of the “pancake
absorbers” has been demonstrated in experiments and
confirmed by modelling. However, in some recent works e.g.
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[6]-[7] the microperforated panels and metamaterials were
designed that show the improvement of the absorption
performance at high SPL. In this work an extension of the
equivalent fluid model for ABH [2] is performed to include
nonlinear effects. The results of the nonlinear model are
compared with the measurements for Sample 1 [2]. Also, a
design is suggested which, according to the model, shows an
improvement of absorption at high SPL compared to the
linear results.

2. FLOW RESISTIVITY AND FORCHHEIMER’S
NONLINEARITY PARAMETER

Static flow resistivity o of the ABH absorber is calculated
numerically using FEM. Laminar flow is modelled with the
maximum Reynolds number much lower than 1000. The
flow velocity Vyat the inlet varies to provide the dependence
of flow resistivity on flow rate and approximate
Forchheimer’s parameter &

o = 0o(1 + £V) (1)

The flow rate varies within the following range
—eM -1m 2)
107" =<V, <107 —
S S

The limiting value of static flow resistivity oo is found
using linear interpolation as shown in Figure 2. Estimated
static flow resistivity value is co=12610 Pa s/m>.
Forchheimer’s nonlinearity parameter value obtained
from the simulations is £=7999 s/m. It should be noted
that the value of flow resistivity 6o obtained numerically
is higher than the one calculated for a channel with
gradually decreasing cross section using equation (4.8.9)
from [9]:

8nR? (L dx (3)

% L L r4(x)
where R is the radius of the tube, coinciding in our case
with the outer radius of the sample and L is the length of
the structure. If the radius of the channel decreases
linearly with the distance x from the sample surface, so
that
() = Ty — Tmax - Tmin X 4)

then for the dimensions of Sample 1 equation (3) results
in the following value for the flow resistivity of the
channel
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Figure 2. FEM results for flow resistivity dependence on flow
velocity. Markers — FEM results, line — linear approximation y=
9.0779 x 107x + 12610.
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However, flow resistivity calculated considering staircase
variations of the channel radius (as shown in Figure 1) and
assuming in-series arrangement of N=25 cylindrical
channels with decreasing radii 7, results in the higher flow
resistivity value

N
8n < R? Pas
=— ) —=1 — (6)
o= ; 5= 15585~

This is closer to the numerical result. In further
calculations, the variations of the flow resistivity along
the channel are considered for a staircase radius profile as
was also done in [2], however numerically obtained value
of Forchheimer’s nonlinearity parameter which does not
vary along the sample is used.

3. NONLINEAR GOVERNING EQUATIONS AND
THEIR NUMERICAL SOLUTION

The frequency domain model used to calculate the
dependence of absorption coefficient on incident pressure
amplitude is based on the one developed in [3] for “pancake
absorbers”. The significant difference however is that the
model for ABH accounts for the variations of the effective
density and effective compressibility of the structure with the
distance from its surface. As in [3], it is assumed that only
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effective density is affected by acoustic nonlinearity of
Forchheimer’s type.

In this case, the equations for the normalized particle
velocity (here all the notations are the same as those used
for equations (37)-(38) in [2] and explained in Table 1)

VX) = v(X) 22— ()

lOC

and normalized position dependent surface impedance of
the ABH

1 pX)
Z(X) =
00 = eV
are the following
Z' =iq(pm(X,V) — Cn(X)Z?) (7
V' =1iqC,,(X)VZ (®)

w . . .
where ¢ = kL, k = —is wavenumber in air.

Pm (X, V) )
_ 1
(0
O'(X V) —4iwpyn
—lwpo o2(X,V)r2(X)
8 P;
oX,V) = 2&)( E ) (10)

Equations (7)-(8) are solved with Veloc1ty boundary
conditions at the surface of the sample

2 (11

14+ Z(0Y

which coincides with equation (43) from [4] if the
normalisation by ¢, (X) is accounted for. The second
condition is applied at the hard backing of the sample

V(1) = 0. (12)

The absorption coefficient is calculated as

V(0) =

1-2(0)| (13)
|1+ 2(0)

and depends on the incident pressure amplitude P;due to

dependence of flow resistivity on it as described by
equation (10). Equations (7)-(8) with boundary conditions
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(11)-(12) are solved numerically using the method of
iterations. In more detail, the method is described in [3].

X Distance from the surface normalised to

sample length L
v Particle velocity in m/s
p Acoustic pressure in Pa

P; Incident pressure amplitude in Pa

bp Ratio of the channel surface area to that of the
sample

pm | Effective density of the material normalised
by air density

C,, | Effective compressibility of the material
normalised by compressibility of air

po | Density of air in kg/m?

c Sound speed in air in m/s

n Air viscosity in Pa X s

Table 1. List of notations.

4. RESULTS AND THEIR COMPARISONS WITH
MEASUREMENTS

We start with absorption coefficient predictions of the
linear model by setting £=0. In this case, equations (7)-(8)
are reduced to a single equation (8) from reference [2] for
the normalized position dependent admittance
I'X)=1/2(X).

Predicted absorption coefficient dependence on frequency
is shown in Figure 3. The first peak of the absorption
coefficient (denoted as 1) is predicted at 228Hz and the
second peak (denoted as 2) at 386 Hz. In the experiments
the frequency of the first peak is 224 Hz and that of the
second peak is 370 Hz. The nonlinear model was used to
predict the dependence of the peak absorption coefficient
values on incident pressure amplitude. The comparisons
with the measurements using pure tones are shown in
Figure 4a for the first peak and Figure 4b for the second
peak.

It can be observed that the model correctly captures the main
features of the absorption coefficient on incident pressure
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amplitude P;. The agreement with the data is very good for
relatively low values of P; However, the agreement
deteriorates for higher values.
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Figure 3. Absorption coefficient dependence on frequency,
structure with 25 plates, linear model prediction.
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This could be due to the nature of the model (iterations).
Another reason for disagreement could be the use of constant
value of Forchheimer’s nonlinearity parameter. As the flow
resistivity varies along the sample length (X dependence
shown in equation (10)), the same could be expected for
Forchheimer’s parameter £. However, FEM simulations and
the measurements could only give a value averaged over the
sample. Inaccuracies in FEM model for flow resistivity
which assumes laminar flow could contribute.

We now use the model to demonstrate the design which
shows improvement of sound absorption at high amplitude
of incident wave. For this we consider the structure with the
plate closest to the backing is removed.
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Figure 4. Absorption coefficient dependence on incident pressure
amplitude. a — first peak, 228 Hz model (line), 224 Hz
measurements (markers). b—second peak, 386 Hz model (line), 370
Hz measurements (markers).

The length of the structure is 96 mm and the minimum
perforation radius is 2 mm. According to the model
predictions, this small change in design leads to a
significant deterioration of the absorption in the low
frequency range. However, at higher amplitude of the
incident sound a much-improved absorption is achieved.
This is demonstrated in Figure 5.

5. CONCLUSIONS

The work presents the first results of modelling ABH
absorption coefficient at high amplitudes of incident
pressure wave. This model accounts for Forchheimer’s
nonlinearity responsible for the growth of flow resistivity
of the main profiled channel with incident pressure
arnpli1tude. As the flow resistivity affects mainly
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Figure 5. Absorption coefficient dependence on frequency for
increasing incident pressure values, model predictions. Structure
with 24 plates.

acoustical properties at low frequencies, a stronger
dependence of the first absorption coefficient peak on
incident pressure amplitude is predicted. This effect is
also confirmed in measurements. For =200 Pa the
absorption coefficient decrease is 40% (50% model
predictions) compared to its value for the low incident
pressure amplitude. For the second peak the observed
decrease is only 10% (20% model prediction). When
the last plate is removed from the structure, the model
predicts the improvement in absorption performance at
high amplitudes, as illustrated in Figure 5. Future work
will be focused on further experimental validations and on
extension of the model to explain reflection data for high
amplitude pulses. Particular attention will be given to the
designs achieving nearly total absorption of high
amplitude sound.
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