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Abstract  

A mathematical model is developed to study the onset of double-diffusion fluid flow 

through an infinite permeable channel with internal heat source and viscous dissipation effects 

under the influence of convection conditions. Darcy’s model is utilized for the considered isotropic 

and homogenous porous medium. A linear instability analysis is conducted and the longitudinal 

roll disturbances are examined. The dimensionless emerging eigenvalue problem is solved 

numerically using the fourth order Runge-Kutta scheme for longitudinal roll disturbances. Critical 

values of wave number and vertical thermal Rayleigh number are determined. A higher value of 

Gebhart number is observed to correlate significantly with the destabilizing phenomena in Hadley-

Prats flow. Concentration based internal heat generation also strongly modifies the critical thermal 

Rayleigh number. Also, it is found that, the horizontal mass flow and viscous dissipation exert a 

substantial influence on the onset of instability in the flow regime. Linear instability analysis 

indicates that, greater values of Lewis number in the porous medium stabilize the convection 

process for both values of mass diffusion parameter (𝐶𝑧). Enhancing 𝐶𝑧 from negative to positive 
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values diminishes the critical thermal Rayleigh (𝑅𝑧) value and consequently induces instability in 

the porous medium. Increased concentration-based internal heat generation generates the 

destabilisation process in the flow region. Extensive visualization and interpretation of the 

solutions relating to the onset of convection are provided. The study is relevant to geothermal, 

industrial manufacturing and chemical engineering transport processes.  

Key-Words: Thermo-convective instability; eigenvalues; critical wave number; Gebhart number; 

Lewis number; Rayleigh number; concentration-based internal heat generation; mass diffusion; 

geothermic.  

 

1. Introduction 

      Double diffusive (or thermohaline, if heat and salt are involved) thermo-convective instability 

in a horizontal infinite porous layer (material consisting of a solid with an interconnected void) 

saturated with the fluid has numerous applications including geothermal reservoirs Chen et al. [1], 

underground energy transport Bendrichi and Shemilt [2], groundwater transport Straughan [3], 

chemical engineering micro- or nano-scale devices Anderson et al. [4],  oil recovery Taslim and 

Narusawa [5], food processing, nuclear reactors cooling, waste disposal of nuclear reactors, 

thermal convection in clouds etc. In many of these systems, concentration-based internal heat 

generation with viscous dissipation (internal friction) effect contributes significantly. The 

important effects in thermohaline convection mechanism arise due to the rapid heat diffusion than 

the dissolved substances (species). However, in practical applications, the fluid layer was steadily 

and uniformly illuminated with light emitted by a sodium vapour lamp. This radiation acted as an 

internal heat source. Moreover, the above-mentioned convection mechanism is penetrative, which 

is modelled via an internal heat source. If concentration based internal heat source is implemented 

to the porous medium region, it gives the system which is equivalent in model such as salt gradient 

layer in solar pond. Usually, this type of convection process arises in sea water flow and mantle 

flow in the earth’s crust. In these applications, the porous medium is frequently simulated as a 

Darcian regime in which the flow is highly viscous and inertial effects are negligible. Further, 

many complex characteristics arise in such flows including linear and nonlinear hydrodynamic 

stability analysis, convection rolls, oscillatory behavior, thermal stratification, thermal dispersion, 

anisotropic percolation etc. A subset of these flows, known as 'Hadley-Prats flows,' was introduced 
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in the eighteenth century by George Hadley, a meteorologist, who provided a comprehensive 

framework for the dispersion of airstreams in atmospheric media. The fluid motion produced at 

the central regime of a porous regime in the neighborhood of the liquid layer due to the thermal 

differences in one dimensional flow can be formulated in terms of the Navier-Stokes equations. 

Later, thermal convection between two parallel infinite horizontal porous layers caused by 

temperature variations in the middle of the boundaries was examined by Horton and Rogers [6] 

and Lapwood [7] in their seminal studies and these investigations became the benchmarks for the 

thermo-convective hydrodynamic stability simulations.  

             Mono-diffusive convection between two horizontal parallel porous layers with internal 

heat generation has attracted the attention of many investigators. In this direction, the 

comprehensive linear instability analysis was discussed by Nield [8]. Further, the Nield’s analysis 

was extended by various researchers to incorporate the impact of viscous dissipation on transport 

characteristics. However, relatively few researchers were examined the thermal convection 

instability with the collective consequences of the viscous dissipation and internal heat generation 

effect. In this direction, the following are the available investigations on the physical problem 

considered above, as reported in the literature. Barletta et al. [9] described the case of inclined 

infinite horizontal porous layers suspended between two parallel isothermal boundaries with an 

internal heat generation effect. A linear instability analysis provides the adequate reasons for the 

disturbances of classical flow under the steady state conditions to be destabilized. Nield and Bejan 

[10] documented the practical applications of thermal instability analysis in porous medium for a 

range of various physical parameters in their monographs. Hill [11] examined the thermo-solutal 

instability in the horizontal porous layers by considering internal heat generation as a function of 

concentration. Weber [12] significantly studied the thermal instability analysis for vertical and 

horizontal thermal gradients, although this study confined to small horizontal thermal gradients 

only. However, the thermal convection analysis of double diffusive flow mechanism in permeable 

porous medium was elaborately discussed by Ingham and Pop [13], Vafai [14] and Nield and Bejan 

[10]. Mono-diffusive non-homogeneous flow with imposed thermal conditions at the walls 

induced due the basic flow (termed as Hadley-Prats flow) was studied by Weber [12] and Nield et 

al. [15]. Additionally, Nield et al. [15] analyzed the double diffusive saturated Hadley fluid flow 

under the inclined solutal and thermal gradients in an infinite horizontal porous layer. An extension 

of this study with horizontal mass flow was described by Manole et al. [16]. Barletta and Nield 
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[17] described the Hadley-Prats flow by considering horizontal concentration diffusion mechanism 

under inclined temperature gradients. These investigations correspond to the linear instability 

analysis including computation of critical physical parameter values controlling the flow 

characteristics in the complex flow systems including porous media with small porosity. Matta et 

al. [18] investigated the double diffusive Hadley-Prats flow with mass diffusion-based internal 

thermal generation in an infinite horizontal porous layer. Also, Matta et al. [19] studied the effect 

of gravitational field on the thermo-convective stability analysis. 

Viscous dissipation effect associated with frictional heating in fluids arises in many of the 

industrial processes including both internal and external convection flows such as thermal mixing 

devices, boundary layer coating systems, bioreactors, polymer processing, geochemical reservoir 

behaviour, proposed hydrogen storage in saline geological repositories etc. Viscous dissipation 

effect is significant in real viscous fluids and its inclusion therefore furnishes more accurate 

appraisal of the heat transfer behaviour in engineering problems. Real fluids exhibit energy loses 

through molecular collisions leading to the internal friction. The majority of convective fluid flow 

problems in horizontal porous layer are due to the temperature gradients in the middle of the 

boundaries and contribute to the resulting fluid flow instability. Thus, viscous dissipation effect is 

critical for the fluid flow problems in which there is not an external temperature gradient across 

the parallel boundaries for which the case of an infinite Brinkman parameter was used. Important 

studies on viscous heating (dissipation) in the thermal convection flows have been reported by 

Barletta and Nield [17, 20] and dissipation concept was extended to boundary layer studies by 

Gebhart [21]. Turcotte et al. [22] described the effect of viscous dissipation on the Bénard 

convection with an adiabatic temperature gradient. Their investigation meticulously described that, 

the presence of viscous dissipation effect significantly decreases the fluid motion and induces the 

stability. The thermo-convective flow features of Hadley-Prats fluid flow in a porous medium was 

reported by Barletta and Storesletten [23], Nield et al. [24], Barletta and Nield [25], Deepika and 

Narayana [26]. These studies showed that, the stability induced through viscous heating can be 

originated even in the absence of thermal buoyancy forces in a porous medium. Deepika and 

Narayana [27] described the linear stability analysis for the double diffusive flow with viscous 

dissipation effect through porous medium filled with Newtonian fluid. The study of viscous 

dissipation consequences in free convective flow is noteworthy in a range of devices that are 

related to a greater rotational velocity and gravitational field and in higher length scale problems. 
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However, when viscous dissipation effect involves, the temperature profile becomes nonlinear and 

due to this the boundary layer flow characteristics were modified and which in turn can influences 

the central flow characteristics. Ene and Sanchez-Palencia [28] discussed the viscous dissipation 

effect through energy equation and showed that, the dissipation effect is minimum but not 

negligible in case of natural convection flows. Many investigations including [23-29] have 

carefully studied the influence of viscous dissipation effect on fluid flow with stability analysis.  

Thirlby [30], Tveitereid and Palm [31] elaborately studied the thermal convection flow 

mechanism with internal heat generation effect with various physical conditions. In many of the 

practical applications, one can find that, the fluid layer being steadily and uniformly illuminated 

with light (thermal radiation) emitted by a sodium vapour lamp from above, in this case radiation 

acts as an internal heat source. However, the convection mechanism mentioned above is 

penetrative and can be modeled using the concept of an internal heat source. Internal heat sources 

can also arise in materials fabrication via localized heat spots and furthermore in 

geophysical/geothermal flows where the earth's mantle is heated internally. Schwiderski and 

Schwabh [32] and Trittond and Zarraga [33] provided limited results related to the experimental 

analysis of heat generation effects. Parthiban and Patil [34] analyzed the thermal instability with 

uncertain heated boundaries in the presence of heat generation and inclined thermal gradients. 

Parthiban and Patil [35] extended their investigation by considering an anisotropic porous layer 

with uniformly distributed internal heat generation. Their analysis was carried-out by deploying 

Galerkin scheme to model the influence of temperature gradients in a horizontal channel with non-

identical boundaries. Also, showed that, the initial convective process is encouraged with internal 

heat generation including horizontal temperature gradients and there is a sharp boost in the 

associated Rayleigh number for the higher values of horizontal thermal gradients. Matta et al. [36, 

37] studied the stability analysis on the thermal convection flow mechanism with mass flow and 

gravity variation effects. Also, Matta et al. [18] and Deepika et al. [38] discussed the effects of 

concentration-based internal heat generation on the thermal convection flow mechanism. 

The main aim and objective of this study is to examine the stability aspects of double 

diffusive Hadley-Prats flow in a porous medium with concentration-based internal heat generation, 

mass flow, temperature gradient and viscous dissipation effects. The considered physical effects 

were generalizes the previous studies of Krishnamurti [39] and Hill [11]. Krishnamurti [39] and 

Hill [11] flow models have gained widespread usage in modern geophysical fluid dynamics, 
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notably in the study of cumulus cloud convection. Kaloni and Qiao [42-44] extensively studied 

the Hadley-Prats nonlinear convection flow problems with different physical effects by using 

energy method. Also, Kaloni and Lou [45] studied the energy method to investigate nonlinear 

stability analysis for the viscoelastic fluid. Reshmi and Murthy [46] studied the onset of convective 

instability analysis of horizontal throughflow in a porous layer with inclined thermal and solutal 

gradients. Bhadauria [47] discussed the influence of internal heat source on the double-diffusive 

convection flow in a saturated porous layer under anisotropic conditions. Yadav et al. [48] 

explored the new flow model that deals with the effect of thermal conductivity and viscosity 

variations on the onset of double-diffusive nanofluid convection in a rotating porous medium layer. 

Yadav and Wang [49] described the convection thermal transport mechanism in a heat producing 

porous layer filled with a non-Newtonian fluid under nanofluid properties. Yadav [50] discussed 

the buoyancy‐motivated onset of convective nanofluid flow through an anisotropic porous layer 

with variable gravity and internal heating via numerical scheme. Capone et al. [51] described the 

influence of internal heating on the double-diffusive penetrative convective fluid flow through an 

anisotropic porous layer with throughflow. Yadav et al. [52] demonstrated the influence of 

convective double diffusion mechanism on the non-Newtonian Kuvshiniski fluid flow through a 

reactive porous layer. Similar study is performed by Yadav et al. [53] with Maxwell fluid under 

chemical reaction conditions. These investigations involve the parallel plate geometry with 

saturated porous medium (Darcy’s model) through linear instability analysis. The inclusion of 

concentration-based internal heat source is justified as it provides a good approach for considering 

salt gradient layers in geothermal and solar pond energy applications. Double diffusive convection 

enables the simultaneous consideration of heat and mass (species, e.g. salt) transfer induced by 

buoyancy effects. The general conservation equations are presented and then non-dimensionalized 

and converted into a robust eigenvalue problem with associated boundary conditions. Numerical 

solutions are obtained via Runge-Kutta (RK) scheme with shooting method. Particularly, viscous 

and concentration-based internal heat source on the onset of convection in double-diffusive 

Hadley-Prats flow is addressed.  

2. Mathematical formulation 

The considered physical configuration consists of a homogeneous infinite horizontal 

porous layer filled with a saturated Newtonian fluid between two iso-solutal and isothermal 

immovable plates separated by distance 𝑑. The tortuosity, non-Darcy, geochemical reaction and 
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thermal stratification effects are neglected. The considered porous medium is rigid (non-

deformable). The upward vertical axis is 𝑧′ and the horizontal axes are 𝑥′ and 𝑦′. The inlet flow 

velocity is 𝑢0 in the 𝑥′-direction. The plates therefore occupy the 𝑥′𝑦′ plane. The imposed 

horizontal temperature and solutal gradients are (𝛽𝜃𝑥
, 𝛽𝜃𝑦

) and  (𝛽𝐶𝑥
, 𝛽𝐶𝑦

) with internal heat 

source 𝑄′. However, the physical model is depicted in Fig. 1.  

 

Figure 1. The physical problem and coordinate system. 

 

A homogeneous concentration variation ∆𝐶 and normal thermal variation ∆𝜃 were 

considered at the horizontal boundaries of the channel. Temperature and concentration of the fluid 

varies from point to point when fluid flows between infinite horizontal porous parallel plates. 

Linear Oberbeck-Boussinesq approximations (density deviations are such that, they are 

sufficiently small and can be neglected with the exclusion of the buoyancy force terms) and 

Darcy’s law is deployed for the considered porous medium. The density 𝜌𝑓
′  of the fluid is obtained 

through the well-defined equation 𝜌𝑓
′ = 𝜌𝑜[1 − (𝜃′ − 𝜃𝑜)𝛾𝜃 − (𝐶′ − 𝐶𝑜)𝛾𝑐], where 𝜃′ is the 

temperature, 𝐶′ is the species concentration, 𝛾𝐶 and 𝛾𝜃 are coefficients of species and temperature 

gradients, 𝜌0 is the density when mass diffusion is 𝐶0 and temperature difference is 𝜃0. With these 
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assumptions, the representative transport equations for mass, momentum, species concentration 

(solutal diffusion) and heat (energy) of the considered physical problem with Darcy body force, 

viscous heating and concentration-based internal heat generation are defined as follows [18, 19, 

36, 37, 42, 43, 44, 45]: 

∇′. 𝑞′ = 0,                                                                                                                         (2.1)                                                          

𝜇

𝐾
𝑞′ + ∇′𝑃′ − 𝜌𝑓

′ 𝑔𝑘 = 0,                                                                                                   (2.2) 

∅ (
𝜕𝐶′

𝜕𝑡′ ) + 𝑞′. ∇′𝐶′ = 𝐷𝑚∇′2𝐶′                                                                                          (2.3) 

(𝜌𝑐)𝑚
𝜕𝜃′

𝜕𝑡′ + (𝜌𝑐𝑃)𝑓𝑞′. ∇′𝜃′ = 𝑘𝑚∇′2𝜃′ + (𝜌𝑐𝑃)𝑓
𝜗

𝐾𝑐
𝑞′. 𝑞′ + 𝑄′(𝐶′ − 𝐶0),                      (2.4) 

where Eq. (2.1) denotes the incompressibility condition (conservation of mass). Further, the 

conditions on the horizontal boundaries are defined as follows [18, 19, 36, 37, 42, 43, 44, 45]: 

𝑧′ = −
1

2
𝑑: 𝑤′ = 0, 𝐶′ = 𝐶0 +

∆𝐶

2
− 𝛽𝐶𝑥

𝑥′ − 𝛽𝐶𝑦
𝑦′, 𝜃′ = 𝜃0 +

∆𝜃

2
− 𝛽𝜃𝑥

𝑥′ − 𝛽𝜃𝑦
𝑦′

 𝑧′ =
1

2
𝑑: 𝑤′ = 0, 𝐶′ = 𝐶0 −

∆𝐶

2
− 𝛽𝐶𝑥

𝑥′ − 𝛽𝐶𝑦
𝑦′, 𝜃′ = 𝜃0 −

∆𝜃

2
− 𝛽𝜃𝑥

𝑥′ − 𝛽𝜃𝑦
𝑦′

}              (2.5) 

In the above Eqs. (2.1)-(2.5), the seepage (Darcy velocity or superficial velocity, also known as 

the filtration velocity) velocity vector is 𝑞′ = (𝑢′, 𝑣′, 𝑤′) , 𝑃′ denotes the pressure, subscripts 𝑓 

and 𝑚 designate respectively the fluid and porous medium. Additionally, 𝜇,  𝑐, 𝑘𝑚, 𝐷𝑚, 𝑔, 𝐾, 𝑘,

𝜗, ∅ , 𝑐𝑝  and 𝜌0 represent the dynamic viscosity, specific heat of solid, thermal conductivity, 

solutal (molecular) diffusivity, gravitation field, isotropic permeability of porous medium, vector 

along 𝑧′-direction, kinematic viscosity, porosity of the medium, specific heat of fluid and density 

of the fluid medium. The following dimensionless variables and parameters are now invoked [18, 

19, 36, 37, 42, 43, 44, 45]: 

(𝑥, 𝑦, 𝑧) =
1

𝑑
(𝑥′, 𝑦′, 𝑧′)  ,   𝑡 =

𝛼𝑚𝑡′

𝑎𝑑2
 ,    (𝑢, 𝑣, 𝑤) = 𝑞 =

𝑑𝑞′

𝛼𝑚
,    𝑃 =

𝐾(𝑃′+𝜌0𝑔𝑧′)

𝜇𝛼𝑚

𝜃 =
𝑅𝑧(𝜃′−𝜃0)

∆𝜃
 ,       𝐶 =

𝐶𝑧(𝐶′−𝐶0)

∆𝐶
 ,       𝑄 =

𝑑2𝑄′𝑅𝑧∆𝐶

𝑘𝑚∆𝜃𝐶𝑧
 ,       𝛼𝑚 =

𝑘𝑚

(𝜌𝑐𝑝)𝑓
 ,         𝑎 =

(𝜌𝑐)𝑚

(𝜌𝑐𝑝)𝑓

}         (2.6) 

where (x, y, z) represents the dimensionless Cartesian coordinates, 𝑡 be the non-dimensional time, 

(u, v, w) indicates the dimensionless velocity components, P be the non-dimensional pressure,   

be the dimensionless temperature, C be the dimensionless solutal concentration, Q be the 

concentration-based internal heat generation parameter,  𝛼𝑚 be the thermal diffusivity of the fluid 
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and 𝑎 is defined as the ratio of thermal capacity of the porous medium to the liquid medium. Using 

the non-dimensional variables defined in Eq. (2.6), the governing Eqs. (2.1)-(2.5) are reduced to 

the following form: 

∇. 𝑞 = 0,                                                                                      (2.7) 

𝑞 + ∇𝑃 − (
1

𝐿𝑒
𝐶 + 𝜃) 𝑘 = 0 ,                                                             (2.8) 

(
∅

𝑎
)

𝜕𝐶

𝜕𝑡
+ 𝑞. ∇𝐶 =

1

𝐿𝑒
∇2𝐶,                                                                                       (2.9) 

𝜕𝜃

𝜕𝑡
+ 𝑞. ∇𝜃 =  ∇2𝜃 + 𝐺𝑒 𝑞. 𝑞 + 𝑄𝐶 ,                                                                   (2.10)  

where  denotes the ‘del’ operator and 2 is the Laplacian operator. Also, the prescribed 

dimensionless boundary conditions at the horizontal walls are taken as follows: 

𝑧 = −
1

2
∶     𝑤 = 0,    𝐶 =

𝐶𝑧

2
− 𝐶𝑥𝑥 − 𝐶𝑦𝑦,     𝜃 =

𝑅𝑧

2
− 𝑅𝑥𝑥 − 𝑅𝑦𝑦,

 𝑧 =
1

2
∶     𝑤 = 0,    𝐶 = −

𝐶𝑧

2
− 𝐶𝑥𝑥 − 𝐶𝑦𝑦,     𝜃 = −

𝑅𝑧

2
− 𝑅𝑥𝑥 − 𝑅𝑦𝑦

}                                (2.11) 

In the above Eqs. (2.7)-(2.11), the vertical, horizontal thermal and solute Rayleigh numbers are 

denoted as 𝑅𝑧, 𝐶𝑧 , 𝑅𝑥 , 𝑅𝑦 ,  𝐶𝑥  and 𝐶𝑦 respectively, 𝐺𝑒 represents the Gebhart number, 𝐿𝑒 

indicates the Lewis number, M  represents the Peclet number and these parameters are defined as 

follows:   

𝑅𝑧 =
𝜌0𝑔𝛾𝜃𝐾𝑑∆𝜃

𝜇𝛼𝑚
 ,  𝐶𝑧 =

𝜌0𝑔𝛾𝐶𝐾𝑑∆𝐶

𝜇𝐷𝑚
 ,  𝑅𝑥 =

𝜌0𝑔𝛾𝜃𝐾𝑑2𝛽𝜃𝑥

𝜇𝛼𝑚
 ,   𝐶𝑥 =

𝜌0𝑔𝛾𝐶𝐾𝑑2𝛽𝐶𝑥

𝜇𝐷𝑚
,   𝑅𝑦 =

𝜌0𝑔𝛾𝜃𝐾𝑑2𝛽𝜃𝑦

𝜇𝛼𝑚
,           

𝐶𝑦 =
𝜌0𝑔𝛾𝐶𝐾𝑑2𝛽𝐶𝑦

𝜇𝐷𝑚
,   𝐺𝑒 =

𝛾𝜃𝑔𝑑

𝑐
,     𝐿𝑒 =

𝛼𝑚

𝐷𝑚
,         𝑀 =

𝑢0𝑑

𝛼𝑚
                     (2.12)  

From the above boundary condition Eq. (2.11), it is evident that, the vertical thermal and solutal 

Rayleigh numbers appear in boundary conditions in dimensionless form. The conditions on the 

temperature and concentration at boundaries of both plates physically represent the linear 

variations in the thermal and concentration fields.    

3. Steady state solutions  

The Eqs. (2.7)-(2.10) possess the basic steady state solutions subject to the conditions at 

the horizontal boundaries and which are defined follows: 
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𝜃𝑠 = 𝜃 ̃(𝑧) − 𝑅𝑥𝑥 − 𝑅𝑦𝑦,                                  𝐶𝑠 = 𝐶 ̃(𝑧) − 𝐶𝑥𝑥 − 𝐶𝑦𝑦 ,                   (3.1)   

(𝑢𝑠 , 𝑣𝑠 , 𝑤𝑠  ) = (𝑢(𝑧), 𝑣(𝑧) , 0),                     𝑃𝑠 = 𝑃(𝑥, 𝑦, 𝑧)                    (3.2) 

The steady state solution produces: 

𝑢𝑠 = −
𝜕𝑃

𝜕𝑥
 ,                           0 = −

𝜕𝑃

𝜕𝑦
              (3.3) 

0 = −
𝜕𝑃

𝜕𝑧
+ [

1

𝐿𝑒
(�̃�(𝑧) − 𝐶𝑥𝑥 − 𝐶𝑦𝑦) + (�̃�(𝑧) − 𝑅𝑥𝑥 − 𝑅𝑦𝑦 )]         (3.4) 

𝐷2�̃�(𝑧) = −𝐿𝑒[𝐶𝑥𝑢𝑠 + 𝐶𝑦𝑣𝑠]             (3.5) 

𝐷2�̃�(𝑧) =  −𝑢𝑠𝑅𝑥 − 𝑣𝑠𝑅𝑦 − 𝐺𝑒(𝑢𝑠
2 + 𝑣𝑠

2) − 𝑄(�̃�(𝑧) − 𝐶𝑥𝑥 − 𝐶𝑦𝑦 )        (3.6) 

where, 𝐷 =
𝑑

𝑑𝑧
, the net mass flow in 𝑥-direction is  ∫ 𝑢(𝑧)

1

2
−1

2

𝑑𝑧 = 𝑀 and in 𝑦-direction is 

∫ 𝑣(𝑧)
1

2
−1

2

𝑑𝑧 = 0. Peclet number 𝑀 represents the strength of mass flow. Basic steady state 

solutions are therefore extractable for velocity, thermal and concentration in the porous medium: 

𝑢𝑠 = (𝑅𝑥 +
𝐶𝑥

𝐿𝑒
) 𝑧 + 𝑀 ,              𝑣𝑠 = (𝑅𝑦 +

𝐶𝑦

𝐿𝑒
) 𝑧,                  𝑤𝑠 = 0,        (3.7) 

�̃� = −𝐶𝑧𝑧 + 𝐴 ,                                  �̃� = −𝑅𝑧𝑧 + 𝐵,           (3.8) 

where in Eq. (3.8), the unknowns A and B are defined as below: 

𝐴 =
𝜆1

24
(𝑧 − 4𝑧3) +

𝑀𝐶𝑥𝐿𝑒

8
(1 − 4𝑧2) ,  

𝐵 =
(𝜆2−𝑄𝐶𝑧)

24
(𝑧 − 4𝑧3) −

𝑀𝑅𝑥

8
(4𝑧2 − 1) +

𝜆1𝑄

24
(

𝑧5

5
−

𝑧3

6
+

7𝑧

240
) −

𝑄𝑀𝐿𝑒𝐶𝑥

8
(

𝑧2

2
−

𝑧4

3
) +

5𝑀𝐶𝑥𝐿𝑒𝑄

384
−

𝐺𝑒

12
[𝜆3 (𝑧4 −

1

16
) + 4𝑀𝜆4 (𝑧3 −

𝑧

4
) + 6𝑀2 (𝑧2 −

1

4
)],  

𝜆1 = 𝐶𝑥
2 + 𝐶𝑦

2 + 𝐿𝑒(𝐶𝑥𝑅𝑥 + 𝐶𝑦𝑅𝑦) ,          𝜆2 = 𝑅𝑥
2 + 𝑅𝑦

2 + (
𝑅𝑥𝐶𝑥+𝑅𝑦𝐶𝑦

𝐿𝑒
),  

𝜆3 = (
𝐶𝑥

𝐿𝑒
+ 𝑅𝑥)

2

+ (
𝐶𝑦

𝐿𝑒
+ 𝑅𝑦)

2

,                𝜆4 = (
𝐶𝑥

𝐿𝑒
+ 𝑅𝑥).          (3.9) 

However, the fluid flow governed by Eq. (3.7) is termed as Hadley-Prats flow. 

4. Disturbance equations 
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In this section, the basic steady state solutions are perturbed as 𝑞 = 𝑞𝑠 + �̅�, 𝜃 = 𝜃𝑠 + �̅�,  

𝐶 = 𝐶𝑠 + 𝐶̅,  and 𝑃 = 𝑃𝑠 + �̅�. Replacing these disturbances into the non-dimensional Eqs. (2.7)-

(2.10) leads to the subsequent perturbation equations listed as follows: 

∇. �̅� = 0,                                                          (4.1) 

�̅� + ∇�̅� − (
1

𝐿𝑒
𝐶̅ + �̅�) 𝑘 = 0                   (4.2)         

(
𝜙

𝑎
)

𝜕�̅�

𝜕𝑡
+ 𝑞𝑠. ∇𝐶̅ + �̅�. ∇𝐶𝑠 + �̅�. ∇𝐶̅ =

1

𝐿𝑒
∇2𝐶̅,                                                   (4.3)     

𝜕�̅�

𝜕𝑡
+ 𝑞𝑠. ∇�̅� + �̅�. ∇𝜃𝑠 + �̅�. ∇�̅� = ∇2�̅� + 𝐺𝑒(2𝑞𝑠. �̅� + 𝑞.̅ �̅�) + 𝑄𝐶̅,                   (4.4)   

In the above Eqs. (4.2)-(4.4), the different terms are defined as follows: 

∇𝐶𝑠 = −(𝐶𝑥, 𝐶𝑦 , 𝐶𝑧 − �̃�),    ∇𝜃𝑠 = −(𝑅𝑥, 𝑅𝑦, 𝑅𝑧 − �̃�),   �̃� =
𝜆1

24
(1 − 12𝑧2) − 𝑀 𝐶𝑥 𝐿𝑒 𝑧,  

�̃� =
(𝜆2−𝑄𝐶𝑧)

24
(1 − 12𝑧2) − 𝑀𝑅𝑥𝑧 +

𝜆1𝑄

24
(𝑧4 −

𝑧2

2
+

7

240
) −

𝑄𝑀𝐿𝑒𝐶𝑥

24
(3𝑧 − 4𝑧3) −

𝐺𝑒

3
(𝜆3𝑧3 + 𝑀𝜆4 (3𝑧2 −

1

4
) + 3𝑀2𝑧)

}      (4.5) 

Further, the conditions at the horizontal boundaries are defined as follows: 

�̅� = 0,          𝐶̅ = 0 ,               �̅� = 0 ,      at      𝑧 = ∓
1

2
.                                               (4.6) 

From these boundary conditions it is clear that, there is no orthogonal flow velocity and no porous 

medium, thermal and mass diffusion disturbances arising at the boundaries. 

5. Linear instability investigation  

In this section, the thermal instability is addressed by investigating the linear stability of 

the system. To perform the linear instability analysis, the non-linear factors and products of 

disturbances appearing in Eqs. (4.1)-(4.4) are neglected. The linearized disturbance equations are 

therefore reduced as follows: 

∇. �̅� = 0,                                                       (5.1) 

�̅� + ∇�̅� − (
1

𝐿𝑒
𝐶̅ + �̅�) 𝑘 = 0,                                                                                   (5.2)         

(
𝜙

𝑎
)

𝜕�̅�

𝜕𝑡
+ 𝑞𝑠. ∇𝐶̅ + �̅�. ∇𝐶𝑠 =

1

𝐿𝑒
∇2𝐶̅,                                                                (5.3)     
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𝜕�̅�

𝜕𝑡
+ 𝑞𝑠. ∇�̅� + �̅�. ∇𝜃𝑠 = ∇2�̅� + 2𝐺𝑒(𝑞𝑠. �̅�) + 𝑄𝐶̅,                                           (5.4)  

The linearized boundary conditions are taken as follows: 

 �̅� = 0,          𝐶̅ = 0 ,               �̅� = 0 ,      at      𝑧 = ∓
1

2
.                                                    (5.5) 

Further, the linearized perturbation equations are reduced as follows: 

   ∇. �̅� = 0,                                                                                      (5.6) 

  �̅� + ∇�̅� − (
1

𝐿𝑒
𝐶̅ + �̅�) 𝑘 = 0,             (5.7)  

 (
𝜙

𝑎
)

𝜕�̅�

𝜕𝑡
+ 𝑢𝑠

𝜕�̅�

𝜕𝑥
+ 𝑣𝑠

𝜕�̅�

𝜕𝑦
− 𝐶𝑥�̅� − 𝐶𝑦�̅� + �̅�(𝐷�̃�) =

1

𝐿𝑒
∇2𝐶̅,                                                       (5.8)       

 
𝜕�̅�

𝜕𝑡
+ 𝑢𝑠

𝜕�̅�

𝜕𝑥
+ 𝑣𝑠

𝜕�̅�

𝜕𝑦
− 𝑅𝑥�̅� − 𝑅𝑦�̅� + �̅�(𝐷�̃�) = ∇2�̅� + 2𝐺𝑒(𝑢𝑠�̅� + 𝑣𝑠�̅�) + 𝑄𝐶̅,                        (5.9) 

In the above Eqs. (5.6)-(5.9), the values of 𝐷�̃� and 𝐷�̃� are defined as follows: 

𝐷�̃� = −𝐶𝑧 +
𝜆1

24
(1 − 12𝑧2) − 𝑀 𝐶𝑥 𝐿𝑒 𝑧,  

𝐷�̃� = −𝑅𝑧 +
(𝜆2−𝑄𝐶𝑧)

24
(1 − 12𝑧2) − 𝑀𝑅𝑥𝑧 +

𝜆1𝑄

24
(𝑧4 −

𝑧2

2
+

7

240
) −

𝑄𝑀𝐿𝑒𝐶𝑥

24
(3𝑧 − 4𝑧3) −

𝐺𝑒

3
(𝜆3𝑧3 + 𝑀𝜆4 (3𝑧2 −

1

4
) + 3𝑀2𝑧).          (5.10) 

Meanwhile, the resulting differential equations are linear and independent. Thus, by adopting a 

Fourier mode solution technique to Eqs. (5.7)-(5.9) under the presence of boundary conditions Eq. 

(5.5), we have the following solution format: 

[�̅�, 𝜃,̅  𝐶̅, �̅� ] = [𝑞(𝑧), 𝜃(𝑧), 𝐶(𝑧) , 𝑃(𝑧)] 𝑒𝑥𝑝{𝑖(𝑘𝑥 + 𝑙𝑦 − 𝜎𝑡)}      (5.11) 

Eliminating pressure term 𝑃 from the Eq. (5.7) yields: 

(𝐷2 − 𝛼2)𝑤 + (
𝐶

𝐿𝑒
+ 𝜃) 𝛼2 = 0,           (5.12)  

(
1

𝐿𝑒
(𝐷2 − 𝛼2) + 𝑖 (

𝜙

𝑎
) 𝜎 − 𝑖𝑘𝑢𝑠 − 𝑖𝑙𝑣𝑠) 𝐶 +

𝑖

𝛼2 (𝑘𝐶𝑥 + 𝑙𝐶𝑦)𝐷𝑤 − (𝐷�̃�)𝑤 = 0,                (5.13)  

(𝐷2 − 𝛼2 + 𝑖𝜎 − 𝑖𝑘𝑢𝑠 − 𝑖𝑙𝑣𝑠)𝜃 +
𝑖

𝛼2
(𝑘𝑅𝑥 + 𝑙𝑅𝑦 + 2𝐺𝑒(𝑘𝑢𝑠 + 𝑙𝑣𝑠)) 𝐷𝑤 − (𝐷�̃�)𝑤 + 𝑄𝐶 = 0

}        (5.14)  
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The above Eqs. (5.12)-(5.14) with conditions 𝑤 = 𝜃 = 𝐶 = 0 are satisfied at 𝑧 =
1

2
 and 𝑧 =

−1

2
. 

The different terms in these Eqs. (5.12)-(5.14) are defined as follows: 

𝐷�̃� = −𝐶𝑧 +
𝜆1

24
(1 − 12𝑧2) − 𝑀 𝐶𝑥 𝐿𝑒 𝑧,  

𝐷�̃� = −𝑅𝑧 +
(𝜆2−𝑄𝐶𝑧)

24
(1 − 12𝑧2) − 𝑀𝑅𝑥𝑧 +

𝜆1𝑄

24
(𝑧4 −

𝑧2

2
+

7

240
) −

𝑄𝑀𝐿𝑒𝐶𝑥

24
(3𝑧 − 4𝑧3) −

𝐺𝑒

3
(𝜆3𝑧3 + 𝑀𝜆4 (3𝑧2 −

1

4
) + 3𝑀2𝑧)

}      (5.15) 

The eigenvalue problem is therefore defined for the Rayleigh parameter 𝑅𝑧 with 𝜎, 𝑅𝑥, 𝑅𝑦,

𝑄, 𝐺𝑒, 𝑘, 𝛼, 𝜙, 𝐿𝑒, 𝐶𝑥, 𝐶𝑦 and 𝑙 as variables. Furthermore  𝛼 = √𝑘2 + 𝑙2  represents the global wave 

number and 𝑖 = √−1. 

6. Results and discussion 

In the previous sections, a linear stability investigation has been conducted to examine the 

consequences of the viscous dissipation, mass flow, species diffusion and concentration-based 

internal heat generation effects on the double diffusion Hadley-Prats flow in an infinite horizontal 

porous layer. The numerical strategy outlined by Barletta and Nield [17, 20] is followed and 

derived the eigenvalue problem governed by equations (5.12)-(5.14). A linear stability analysis is 

conducted in which 𝑅𝑧 is considered to be an eigenvalue of the stability problem. An ideal Fourier 

scheme is used to analysis the temperature instability in the Hadley-Prats flow. The critical value 

of 𝑅𝑧 is determined as the minimum value among all the 𝑅𝑧 values when 𝛼 is changed. The 

matching wave number is defined as the row vector such that 𝛼 = (𝑘; 𝑙; 0). Let consider the 

stationary convection mechanism obtained by putting 𝜎 = 0 and it was described by Nield [8]. In 

this case, authors used the non-oscillatory longitudinal technique to study the Hadley-Prats flow. 

However, the longitudinal perturbations are recorded by setting 𝑘 = 0 in the eigenvalue problem 

encountered from the stability analysis and results were reported for 𝑘 = 0 and 𝜎 = 0. The 

stationary longitudinal mode is the only possible mode for the convection induced by horizontal 

mass flow as stated by Nield and Bejan [10] and Kaloni and Qiao [42, 43, 44, 45]. This result is 

again reported by Matta et al. [36] by providing the fact that, the imaginary part of 𝜎 is zero (the 

oscillatory mode of convection is does not exist). So the stationary longitudinal mode of 

convection will give more instability (fluid flow become more unstable) when compared to 

stationary transverse mode. In the numerical computations, 𝐶𝑧 > 0 corresponds to the mass 
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diffusion at the upper boundary exceeding the lower boundary, and 𝐶𝑧 < 0 indicates the reverse 

situation. In the present analysis, we took 
𝜙

𝑎
= 1, 𝑅𝑦 = 𝐶𝑦 = 0 and 𝐿𝑒 = 10. Since, this data is 

physically consistent with a range of experiments reported in the literature using salt-water/sugar-

water based physical systems. The pioneering results have been noticed in the literature of Gebhart 

et al. [40].  

Figures 2 and 3 describe the impact of Peclet number (𝑀) and Gebhart number (Ge) on 

𝑅𝑧 and 𝑅𝑥 with horizontal mass flow for both negative and positive values of 𝐶𝑧 in the flow region. 

In this case, a significant deviation is induced with increasing Gebhart number. Also, a monotonic 

increase in the vertical Rayleigh number noticed with augmentation in the horizontal Rayleigh 

number. Figure 2 indicates that, enlarging 𝑅𝑥 stabilizes the convection process. Further, M and 𝑅𝑧 

are decreased by diminishing the Gebhart number 𝐺𝑒. Thus, for a particular value of 𝐺𝑒, the 

horizontal mass flow stabilizes the fluid flow system.  

 

 

Figure 2: Deviations of 𝑅𝑧 against 𝑅𝑥 at 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑄 = 0, 𝐿𝑒 = 10  and 𝐶𝑧 = 5. 
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Figure 3: Deviations of 𝑅𝑧 with 𝑅𝑥 at 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑄 = 0, 𝐿𝑒 = 10  and 𝐶𝑧 = −5. 

 

 

Figure 4: Deviations of 𝑅𝑧 with  𝐿𝑒  at  𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑄 = 1, 𝐺𝑒 = 3, 𝐶𝑧 = 5. 
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Figure 3 indicates the influence of negative value of 𝐶𝑧 on the flow process and depicts 

that the rectilinear instability curves are equivalent to linear stability curves for positive 𝐶𝑧. These 

observations indicate that, the linear instability calculations provide robust quantitative changes 

with respect to the horizontal thermal and solutal parameters along with appearance and 

disappearance of Gebhart number (𝐺𝑒 = 0 corresponds to vanishing viscous heating) and M 

deviations. However there is a sustained increment in critical vertical Rayleigh number (Rz) with 

increasing horizontal Rayleigh number (Rx). This interaction between vertical and horizontal 

critical Rayleigh numbers is strongly nonlinear. 

Figures 4 and 5 depict the deviations of 𝑅𝑧 as function of 𝐿𝑒 in the presence and absence 

of mass flow 𝑀 together with negative and positive values of solutal Rayleigh number 𝐶𝑧. It is 

important to note that, the Lewis number is the ratio of thermal diffusivity to the mass diffusivity. 

It is distinct therefore from the more familiar Schmidt number in mass transfer which quantifies 

the momentum diffusion rate to thermal diffusion rate ratio. Since, we have studied 𝐿𝑒, over the 

range 2 to 12, the implication is that, at the lower limit, the thermal diffusivity is double the mass 

(molecular) diffusivity whereas at the upper limit thermal diffusivity is dozen times greater than 

the mass (molecular) diffusivity. This range covers the most of the practical applications in 

geothermic and chemical engineering [42-46]. Figure 4 indicates that, in the absence of horizontal 

mass flow (𝑀 = 0) the critical value of  𝑅𝑧 is strongly enhanced as 𝐿𝑒 rises and the thermo-solutal 

motion becomes stabilized. Hence, in the presence of mass flow 𝑀, 𝑅𝑧 is decreased by an elevation 

in 𝐿𝑒 for both 𝐶𝑧 < 0 and 𝐶𝑧 > 0.  The consequence is that, a smaller molecular diffusivity (higher 

Lewis number) is beneficial for achieving stability in the flow regime. Additionally, it is shown 

that, the value of 𝑅𝑧 is reduced with enlargement in mass flow parameter 𝑀. However, the 

destabilization of Hadley-Prats flow is nevertheless computed for the combined effects of rise in 

both Lewis number 𝐿𝑒 and the mass flow parameter 𝑀. A linear stability analysis effectively 

indicates that, the upsurging Lewis number in the porous medium stabilizes the convection process 

for positive and negative 𝐶𝑧. A similar behaviour is also noticed in Fig. 5. Although an important 

distinction is that, the negative value of Cz now morphs the M = 0 case from linear (Fig. 4) to non-

linear, especially at the lower values of Lewis number. However, for 𝐿𝑒 > 10 the linearity is 

restored in M = 0 profile and which illustrated in Fig. 5. 
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Figure 5: Deviations of 𝑅𝑧 with  𝐿𝑒  at  𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑄 = 1, 𝐺𝑒 = 3, 𝐶𝑧 = −5. 

 

 

Figure 6: Deviations of 𝑅𝑧 with  𝐺𝑒  at  𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑀 = 2, 𝐿𝑒 = 10, 𝐶𝑧 = 5. 
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Figures 6 and 7 demonstrate the influence of internal heat source number Q on vertical 

Rayleigh number (𝑅𝑧) and Gebhart number 𝐺𝑒 for both positive and negative values of 𝐶𝑧. An 

increment in concentration based internal heat generation (𝑄) boosts up the overall temperature of 

the permeable porous medium. However, with vanishing heat generation (𝑄 = 0), the 𝑅𝑧 profile 

is a linear function of 𝐺𝑒 for positive and negative values of 𝐶𝑧. Further, the absence of 𝑄 indicates 

that, the increasing Gebhart number in the fluid medium slightly stabilizes the convection process, 

since; 𝐺𝑒 increases the critical vertical Rayleigh number (𝑅𝑧) and thereby delays the onset of 

instability in the flow regime. When the concentration-based internal heat generation is interposing 

to the fluid medium, the critical value of  𝑅𝑧 is diminished for positive 𝐶𝑧 (refer Fig. 6). For 𝑄 =

 0 the profile is linear, and becomes monotonically nonlinear for 𝑄 =  1. However, at 𝑄 =  2 

profile is oscillatory in nature indicating strong non-linearity and a more complex interplay 

between heat generation and stability characteristics for 𝑄 > 1. Conversely, in Fig. 7 with a 

negative value of 𝐶𝑧, the critical value of 𝑅𝑧 is initially elevated with increment in Q (to 5) 

exhibiting an oscillatory topology and thereafter with further increment (Q = 10) it is reduced and 

moreover the profile is a linear decay not linear ascent at the highest value of Q. Maximum heat 

generation in this case therefore induces destabilization in the regime since it reduces the critical 

Rayleigh number corresponding to the onset of instability. The response is therefore much more 

complex for the case where mass diffusion is dominant at the lower boundary i.e. negative 𝐶𝑧, as 

compared with the other case where mass diffusion is dominant at the upper boundary (positive 

𝐶𝑧 , Fig. 6). This situation suggests that, the nature of the boundary condition at the plates also 

contributes significantly to the onset of stability in addition to the heat generation effect. In 

geothermal systems this is a critical issue since bounding strata can be porous and mass diffusion 

can be variable also [44]. Furthermore, in Fig. 6 increasing viscous dissipation i.e. higher Gebhart 

number (𝐺𝑒) consistently boosts the critical vertical Rayleigh number, whereas in the Fig. 7 as 

explained, this pattern is only achieved for 𝑄 =  0 and 𝑄 =  5, not the maximum heat generation 

case of 𝑄 =  10. A dual response is therefore computed for negative 𝐶𝑧 values in the Hadley-Prats 

flow. However, for the higher Gebhart number and concentration-based internal heat generation 

values, destabilization occurs more slowly in the flow regime. Increasing value of 𝑄 slightly 

decreases the critical value of  𝑅𝑧 with rising viscous heating parameter 𝐺𝑒 in the case 𝐶𝑧 > 0 but 

as elucidated earlier, more complex changes occur for the case of  𝐶𝑧 < 0 are demonstrated in 

Figs. 6 and 7. 
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Figure 7: Deviations of 𝑅𝑧 with  𝐺𝑒 at  𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑀 = 2, 𝐿𝑒 = 10, 𝐶𝑧 = −5. 

 

 

Figure 8: Deviations of 𝑅𝑧 with  𝐿𝑒  at  𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑀 = 5, 𝑄 = 1 and 𝐶𝑧 = 5. 
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Figure 9: Deviations of 𝑅𝑧 with  𝐿𝑒  at  𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝑀 = 5, 𝑄 = 1, 𝐶𝑧 = −5. 

 

 

Figure 10: Deviations of 𝑅𝑧 with  𝑀  at  𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝐿𝑒 = 10, 𝑄 = 1, 𝐶𝑧 = 5. 
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Figure 11: Deviations of 𝑅𝑧 with  𝑀 at 𝑅𝑥 = 𝐶𝑥 = 5, 𝑅𝑦 = 𝐶𝑦 = 0, 𝐿𝑒 = 10, 𝑄 = 1, 𝐶𝑧 = −5. 

 

Figures 8 and 9 illustrate the effect of Gebhart number 𝐺𝑒 on critical vertical Rayleigh 

number, 𝑅𝑧 with the collective variations in Lewis number 𝐿𝑒 for both negative and positive values 

of 𝐶𝑧. Figure 8 indicates that for vanishing viscous heating (𝐺𝑒 = 0) the critical value of 𝑅𝑧 

exhibits a diminishing behaviour with rising 𝐿𝑒 and fluid flow become more unstable (since the 

threshold for instability is lowered with a reduction in critical Rayleigh number). Further, in the 

presence of 𝐺𝑒 the critical value of 𝑅𝑧 is also decreased with an increment in 𝐿𝑒 for both 𝐶𝑧 < 0 

and 𝐶𝑧 > 0. In both Figs. 8 and 9, we observed that, the response is in the form of monotonic decay 

i.e. a nonlinear depletion. Additionally, it is observed that, the value of 𝑅𝑧 is reduced with 

enlargement in Gebhart number 𝐺𝑒. Also, overall vertical Rayleigh number 𝑅𝑧 is reduced with an 

increase in viscous dissipation. Thus, the destabilization of Hadley-Prats flow is induced with the 

combined effects of higher 𝐿𝑒 (i.e. lower molecular diffusivity of the species) and higher 𝐺𝑒 (i.e. 

greater internal frictional heating in the fluid). Linear stability shows that a boost in the Lewis 

number generally destabilizes the convection process for both positive and negative values of 𝐶𝑧 

in the presence of high viscous heating and concentration-based internal heat generation. As an 

additional note, it is important to mention that, the current simulations are confined to Newtonian 
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fluid behavior only. However the presence of multiple suspensions in geothermal fluid manifests 

in multiple species diffusion phenomena and these may also contribute to non-Newtonian 

behavior, for an instance couple stresses [45], which are neglected in the Navier-Stokes 

formulation. However, it is not considered in the present study, this aspect is under investigation 

and will be communicated in future studies by the authors. 

Figures 10 and 11 describe the influence of viscous heating (𝐺𝑒) on the vertical critical 

Rayleigh number 𝑅𝑧 and 𝑀 for both positive and negative values of 𝐶𝑧. In the absence of viscous 

heating (𝐺𝑒 = 0), rising M destabilizes the convection process. However, when viscous heating 

parameter (𝐺𝑒 > 0) is present, and for small 𝑀 values, the fluid flow stabilized initially, but for 

the higher 𝑀 values, the convection process destabilizes as illustrated in both Figs. 10 and 11. 

Further, the enhancing 𝐺𝑒 diminish the 𝑅𝑧 with rising M based on the linear stability analysis for 

both 𝐶𝑧 < 0 and 𝐶𝑧 > 0. This results proves that, the rising strength of mass flow parameter 𝑀, 

accelerate the onset of the destabilizing convection process. The present numerical simulations 

have generalized the previous studies to consider viscous dissipation, concentration-based internal 

heat generation, mass flow, horizontal temperature and solutal gradients and complex upper and 

lower boundary conditions. These results provide a good premise for the further extension to non-

Newtonian fluid models [45] and also anisotropic porous medium [46]. 

From Table 1, it is also apparent that, an enlargement in the concentration-based heat 

generation parameter, 𝐶𝑧 from negative to positive values, manifests in depletion with the 𝑅𝑧 value. 

This suggests that, the porous medium thermo-solutal regime becomes unstable as 𝐶𝑧 increases 

from negative to positive. Table 2 summarizes the computations of 𝑅𝑧 at 𝑅𝑥 = 𝑅𝑦 = 𝐶𝑥 = 𝐶𝑥 =

0, 𝑄 = 0, 𝐺𝑒 = 5, 𝑀 = 0 and 𝐿𝑒 = 10, for different values of 𝐶𝑧. From Table 2 it is clear that, 

increasing the values of 𝐶𝑧 from negative to positive, the vertical values of thermal Rayleigh 

number decreases very quickly and this situation cause’s strong destabilization in fluid flow in the 

infinite porous channel. From Table 3 it is recorded that, the computations of 𝑅𝑧 at 𝑅𝑥 = 𝑅𝑦 =

𝐶𝑥 = 𝐶𝑦 = 0, 𝐶𝑧 = −5, 𝑀 = 0 and 𝐿𝑒 = 10 for different values of concentration based internal 

heat source and viscous dissipation parameter for the case of linear stability theory. Here, for the 

negative value of vertical solutal Rayleigh number, the increasing concentration based internal 

heat source causes the increment of vertical thermal Rayleigh number and the fluid flow becomes 

more stable irrespective of viscous heating parameter.  
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From Table 4 it is the noticed that the computations of 𝑅𝑧 at 𝑅𝑥 = 𝑅𝑦 = 𝐶𝑥 = 𝐶𝑦 =

0, 𝐶𝑧 = 5, 𝑀 = 0 and 𝐿𝑒 = 10, for the different values of concentration based internal heat source 

and viscous dissipation parameter for the case of linear stability theory. In this case, for the positive 

value of vertical solutal Rayleigh number, the increasing concentration based internal heat source 

causes the decay of vertical thermal Rayleigh number and the fluid flow becomes more unstable 

irrespective of the viscous dissipation parameter. Hence stronger destabilization will occur due to 

the increasing concentration based internal heat source for the positive value of vertical solutal 

Rayleigh number. This can be revealed by noting that the internal heat source, which depends on 

the concentration, elevates the overall temperature of the system, thereby prompting the system to 

enter an onset mode. 

 

Table 1. Critical 𝑅𝑧 at 𝑅𝑥 = 𝑅𝑦 = 𝐶𝑥 = 𝐶𝑦 = 0, 𝑄 = 0, 𝑀 = 0, 𝐺𝑒 = 5 and 𝐿𝑒 = 10. 

𝑪𝒛 30 20 10 10−5 −5 −10 −15 

𝑹𝒛 9.478418 19.478424 29.478423 39.478406 44.478421 49.478423 54.541804 

𝜶 3.139999 3.139999 3.139999 3.139999 3.139999 3.139999 3.269999 

 

Table 2. Critical 𝑅𝑧 at 𝑅𝑥 = 𝑅𝑦 = 𝐶𝑥 = 𝐶𝑦 = 0, 𝑄 = 5, 𝑀 = 0, 𝐺𝑒 = 0 and 𝐿𝑒 = 10. 

𝑪𝒛 9 6 3 10−5 −3 −6 −9 

𝑹𝒛 6.314146 17.370420 28.426524 39.478440 50.105116 60.484434 70.863554 

𝜶 3.110000 3.110000 3.110000 3.139999 3.399999 3.399999 3.399999 

 

Table 3. Critical 𝑅𝑧 at 𝑅𝑥 = 𝑅𝑦 = 𝐶𝑥 = 𝐶𝑦 = 0, 𝐶𝑧 = −5, 𝑀 = 0 and 𝐿𝑒 = 10. 

Parametric 

values 

𝑄 0 0.5 1 1.5 2 

𝐺𝑒 = 0 𝑅𝑧 44.478421 45.798117 47.097551 48.376765 49.635879 

𝛼 3.1399 3.1899 3.239999 3.299999 3.349999 

𝐺𝑒 = 3 𝑅𝑧 46.9324 47.9821 48.3146 49.9244 50.5355 

𝛼 3.1399 3.1899 3.1899 3.1999 3.1999 

𝐺𝑒 = 6 𝑅𝑧 47.5784 48.9066 49.7893 50.3998 51.2959 

𝛼 3.1399 3.1499 3.1999 3.2999 3.2999 
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Table 4. Critical 𝑅𝑧 at 𝑅𝑥 = 𝑅𝑦 = 𝐶𝑥 = 𝐶𝑦 = 0, 𝐶𝑧 = 5, 𝑀 = 0 and 𝐿𝑒 = 10. 

Parametric 

values 

𝑄 0 0.5 1 1.5 2 

𝐺𝑒 = 0 𝑅𝑧 34.391399 33.139790 31.797154 30.454501 29.111844 

𝛼 3.1399 3.1100 3.1499 3.1500 3.1999 

𝐺𝑒 = 3 𝑅𝑧 35.2724 34.7871 33.9196 32.9294 31.9359 

𝛼 3.1399 3.1399 3.1699 3.1999 3.1999 

𝐺𝑒 = 6 𝑅𝑧 36.9784 35.9005 34.7273 33.3478 32.2175 

𝛼 3.1399 3.1499 3.1999 3.1999 3.1999 

 

 

6.1. Validation 

To validate the present solutions, authors have compared the current solutions with 

available existing results of Matta et al. [18] in the absence of viscous heating effect. This 

validation is clearly described in Table 5. It is clear from Table 5 table that, the present numerical 

solutions are excellently matching with the existing results of Matta et al. [18] and this fact 

confirms the accuracy of the current results reported in this article. Also, this fact confirms the 

high level of confidence in the present numerical solution methodology and the obtained results. 

Thus, authors believed that, this validation is sufficient enough to claim the accuracy of the current 

results.  

 

Table 5. Validation of present solutions with the available results of Matta et al. [18] at critical 

𝑅𝑧 with 𝑅𝑥 = 𝑅𝑦 = 𝐶𝑥 = 𝐶𝑦 = 0, 𝐺𝑒 = 0, 𝑄 = 0, 𝑀 = 0 and 𝐿𝑒 = 10. 

Parametric 

values 
𝐶𝑧 −30 −20 −10 10−5 10 20 30 

Results of  

Matta et al. 

[18] 

𝑅𝑧 69.478415 59.478415 49.478413 39.478301 29.478413 19.478414 9.478414 

𝛼 3.141600 3.141600 3.141600 3.141600 3.141600 3.141600 3.141600 

Present 

results 

𝑅𝑧 69.478343 59.478743 49.478396 39.476785 29.477789 19.478756 9.478454 

𝛼 3.141600 3.141600 3.141600 3.141600 3.141600 3.141600 3.141600 
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7. Conclusions 

A mathematical model is developed to investigate the thermo-convective instability in a 

horizontal permeable porous medium with concentration-based internal heat generation, mass 

flow, viscous dissipation, horizontal temperature and solutal gradients. The porous medium drag 

effects are evaluated in terms of Darcy flow model. A linear stability analysis of thermal and 

solutal convection mechanism in Hadley-Prats flow is conducted to examine the impacts of 

concentration-based heat source in addition to the other thermo physical effects on the onset of 

instability in the flow regime. The critical values of 𝑅𝑧 are computed using Runge-Kutta scheme 

with shooting technique in MATLAB software for the several values of the physical parameters. 

A reasonable accuracy with previous results in the special case of vanishing viscous heating effect 

is achieved. The principal findings of the current study are summarized as follows: 

➢ Increasing 𝐶𝑧 from negative to positive values suppresses the critical vertical Rayleigh 

number 𝑅𝑧 and this fact accelerates the onset of instability in the flow regime. 

➢ Enhancing Lewis and Gebhart numbers strongly diminishes the critical vertical Rayleigh 

number and therefore destabilizes the Hadley-Prats flow in the porous medium. 

➢ The flow regime becomes more stable with greater values of concentration-based heat 

source parameter Q and horizontal Rayleigh number. 

➢ Destabilization of Hadley-Prats flow is induced for 𝐶𝑧 > 0 and 𝐶𝑧 < 0 with an increment 

in Gebhart number and concentration-based heat source parameter. 

➢ An amplification in Lewis number strongly reduces the molecular diffusion relative to the 

thermal diffusivity and stabilizes the convection process for 𝐶𝑧 > 0 and 𝐶𝑧 < 0. 

➢ Increasing concentration-based internal heat generation destabilizes the flow regime. 

➢ Presence of horizontal mass flow yields destabilization effect in the porous medium. 

➢ For the negative values of vertical solutal Rayleigh number with higher values of 

concentration based internal heat source parameter, the fluid system become more stable 

but for the positive values of vertical solutal Rayleigh number with higher values of 

concentration based internal heat source parameter, the fluid system is more unstable. 
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As documented earlier that, the present numerical investigation has produced some interesting 

insights of double-diffusive Hadley-Prats flow under the influence of porous medium with the 

direct consequence to the geothermal systems. However, in the present analysis, our attention has 

been confined to the Newtonian fluids with single phase behaviour and single diffusing species. 

Our future studies may include the analysis of nanofluids with species diffusion, hybrid-nano 

fluids, supercritical fluids and indeed other phenomena including thermal radiation, 

electromagnetic Joule heating (associated with ionic behaviour in saline geothermic), thermal 

stratification and thermal dispersion, and these physical effects are included in the available 

literature [47-53]. Efforts in this direction are underway and will be communicated soon. 
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Nomenclature 

 𝑑                   Height of the porous layer. 

 𝐷𝑚                Solutal diffusivity. 

  𝑔0                Acceleration due to gravity. 

 𝐾                  Permeability. 

 𝑘𝑚                Thermal conductivity. 

 𝐿𝑒                 Lewis number. 

 𝑃                  Dimensionless pressure. 

 𝑀                 Dimensionless Peclet number. 
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 𝑅𝑥, 𝑅𝑦          Horizontal thermal Rayleigh numbers. 

  𝐶𝑥, 𝐶𝑦         Horizontal solutal Rayleigh numbers.  

  𝑅𝑧              Vertical thermal Rayleigh number. 

 𝐶𝑧                Vertical solutal Rayleigh number. 

 𝑞                   Dimensionless velocity. 

 𝐶                  Dimensionless concentration. 

 𝑄                  Dimensionless heat source. 

 𝑡                   Dimensionless time. 

 𝑢, 𝑣, 𝑤           𝑥, 𝑦, 𝑧 Components of dimensionless velocities. 

 𝐺𝑒                Gebhart number (viscous heating parameter) 

  

Greek symbols 

 α                Dimensionless overall wave number. 

 𝛼𝑚             Thermal diffusivity. 

 (𝛽𝜃𝑥
, 𝛽𝜃𝑦

)   Horizontal thermal gradient vector. 

 (𝛽𝐶𝑥
, 𝛽𝐶𝑦

)   Horizontal solutal gradient vector. 

 𝛾𝜃, 𝛾𝐶          Thermal and solutal expansion coefficients. 

 𝜃                 Dimensionless temperature. 

 𝜌                 Density. 

 ∅                 Porosity. 

 Subscripts 

 𝑓                Fluid region. 

 𝑚              Porous medium. 

 𝑠                Steady state. 

Superscripts 

 ′               Dimensional variables. 

 −               Disturbance quantities. 
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