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ABSTRACT: 

Modern coating systems are increasingly deploying nanomaterials which offer improved thermal 

performance. The optimization of these systems can benefit from more elegant fluid dynamic 

models of the coating process. Inspired by these advancements, the present investigation 

introduces a novel mathematical model to analyze the boundary layer transport in Al2O3-Cu-H2O 

hybrid binary nanofluid coating deposition on an exponentially stretching porous substrate (sheet). 

Lateral mass flux (suction) at the wall is also considered as is heat source (generation) for hot spot 

manufacturing effects. To add further sophistication to the thermal conduction model, a non-

Fourier approach is adopted which accurately incorporates thermal relaxation effects i. e. the 

Cattaneo-Christov heat flux (CCHF) model. The Tiwari-Das volume fraction nanoscale 

formulation is implemented for different combinations of Alumina (Al2O3) and Copper (Cu) 

metallic nanoparticles in an aqueous base fluid (H2O). Hydrodynamic wall and thermal slip are 

also included as they feature in coating processes. The fundamental equations governing mass, 

momentum, and energy conservation, along with the corresponding conditions at the wall 

(substrate) and free stream, are made dimensionless through suitable scaling similarity 

transformations. The resulting nonlinear coupled ordinary differential boundary value problem is 

subsequently addressed using the efficient MATLAB bvp4c routine. Special cases of the non-

Fourier model are validated against published results, and the general model is further confirmed 

through validation using an Adams-Moulton 2-step predictor-corrector algorithm (AMPC). 
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Furthermore, dual solutions of the generalized model are extracted and visualized. A 

comprehensive study of the effects of key thermophysical key parameters on momentum and 

thermal characteristics (velocity, temperature, skin friction and local Nusselt number) is conducted 

and solutions are visualized graphically. The computations show that higher temperatures are 

present with an intensification in the thermal relaxation parameter (Cattaneo-Christov hyperbolic 

model parameter) which predicts therefore larger temperatures than the classical Parabolic heat 

conduction model using Fourier analysis. Effectively thermal relaxation is responsible for finite 

heat wave propagation and produces more accurate estimations of heat transfer than the Fourier 

model. An increase in stretching parameter enhances the skin friction coefficient and elevates the 

local Nusselt number. As the thermal relaxation parameter increases, the temperature magnitudes 

corresponding to the first and second solutions are both enhanced as are thermal boundary layer 

thicknesses. An increase in wall suction induces an escalation in the first solution for velocity 

whereas it reduces the second solution velocity. Stronger wall suction suppresses temperatures. 

With increasing thermal slip, the boundary layer is cooled i. e. temperature plummets and thermal 

boundary layer thickness is decreased. Strong deceleration is induced with greater hydrodynamic 

(velocity) slip. Both first and second solutions for skin friction are elevated with shrinking whereas 

they are depressed with stretching. With greater velocity slip both the first and second solutions 

for skin friction are depleted with greater velocity slip for the shrinking case, whereas they are 

generally enhanced for the very strong stretching case. The computations offer some new insights 

into multi-physical thermal fluid dynamics of nanofluid-based coating systems. 

KEYWORDS: Non-Fourier conduction model, hybrid Al2O3-Cu-H2O binary nanofluid coating, 

dual solutions, stretching/shrinking sheet, coating flows, wall suction, hydrodynamic and thermal 

slip, MATLAB bvp4c.  

NOMENCLATURE: 

ROMAN 

(A1, B1) : velocity (hydrodynamic) and thermal slip parameters 

(A, B)  : velocity and thermal slip dimensionless parameters 

Cf  : local skin friction coefficient 

Cp  : specific heat capacity 

q  : heat generation parameter 

T   : fluid temperature 

Tw  : wall temperature  

(u, v)   : velocity components in x and y directions 



3 
 

wu   : velocity of the substrate surface 

wv   : wall mass transfer (transpiration) velocity 

v0  : mass suction (<0) & the mass injection (>0) 

Nux  : local Nusselt number 

Pr  : Prandtl number 

Rex  : local Reynolds number 

S  : suction parameter (<0) & mass injection (>0) 

 

GREEK 

α  : thermal relaxation parameter. 

β  : heat generation parameter 

λ  : the wall stretching constant (>0)/shrinking constant (<0) & static sheet (=0) 

ρ  : nanofluid density 

υ  : kinematic viscosity 

( )1 2,s s   : alumina and copper nanoparticle volume fraction parameters 

μ  : dynamic viscosity 

ψ  : dimensional stream function 

η  : non-dimensional transverse coordinate  

 

RKFM  : Runge – Kutta – Fehlberg Method 

CCHF  : Cattaneo-Christov heat flux 

AMPC  : Adams-Moulton 2-step predictor corrector 

TRT  : Thermal relaxation time 

1. INTRODUCTION 
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     Heat transfer proficiency has become a key issue in the 21st century owing to significant 

environmental and sustainability concerns. Cooling is a critical issue in optimizing thermal 

systems. For example, normal refrigerants have limitations and conventional working fluids also 

fall short in many regards with respect to thermal efficiency. Nanofluids have emerged as a very 

promising solution to circumventing these issues. These complex colloidal suspensions are 

engineered at the nanoscale and synthesized with nanoparticles (size 100 nm) suspended in 

conventional base fluids e. g. water, glycol and oil. Metals, oxides, graphite, nitrides, nanotubes 

and carbides are some examples of nanoparticles which have been successfully implemented in 

nanofluids in the 21st century. Many studies have been conducted to establish the physical 

mechanisms which contribute to enhanced thermal efficiency to nanofluids. These include 

nanoparticles, heat conduction, Brownian movement, thermophoresis, micro-convection, slip, etc., 

Since its discovery in the 1980s, nanotechnology has been at the forefront of modern technology 

and has enabled engineers to effectively manipulate individual atoms at the nanoscale. When a 

solid substance possessing higher thermal conductivity is mixed with a base fluid of lower thermal 

conductivity, the resulting nanofluid produces enhances thermal characteristics. Thermal 

conductivity and heat capacity are both improved. This progress has been documented in many 

literature reviews, including Can et al. [1] where many applications of nanofluids are elaborated. 

The new generation of nanomaterials developed have achieved enhanced strength, stiffness, 

toughness, durability, functionality, corrosion resistance, anti-bacterial etc. Many efficient, 

affordable, and eco-friendly products have been produced based on nanomaterial breakthroughs. 

Nanofluids have impacted on numerous areas including battery heat management as addressed by 

Hamzat et al. [2]. Further applications of nanofluids include solar collectors [3], bio-inspired 

electromagnetic solar pumps [4], engine coolants [5], endoscopic peristaltic micro-pumps [6], 

lubricants for machine components [7], magnetic fuel cells [8], jet engine fuels [9], thermal ducts 

in nuclear reactors [10] and rocket propellant combustion [11]. Another significant area in which 

nanofluids have been utilized is coatings technology. Nanoparticles can be embedded in traditional 

coating fluids to produce substantial improvements in wear and toughness and to achieve more 

consistent protection of engineering devices against environmental degradation. They can provide 

superior corrosion, anti-bacterial and insulating performance.   Many different nanoparticles, both 

carbon-based and metallic, have been explored in a range of coating systems. These include 

chromium, Nickel and carbon nanoparticles for high velocity fuel spraying deposition [12], iron 
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oxide and zinc-manganese nanoparticles for ferromagnetic swirl coating [13], diamond and 

alumina nanoparticles in spin coating [14], Cerium oxide nano-composite coatings [15], titanium 

and Niobium nano-coatings for marine vessel surface protection [16] and cobalt alloy laser nano-

coatings [17]. Manufacturing of nano-coatings involves a variety of fluid dynamics technologies 

including plasma deposition and enrobing. Another procedure, film stretching or shrinking [18, 

19] of nano-coatings on a continuous substrate has stimulated considerable interest among 

scientists in recent years as it provides an excellent framework for boundary layer flow modelling. 

Stretching flows have been studied by Nasir et al. [20] for nano-lubricant films, Qu et al. [21] for 

stretchable zin-air battery coatings and Almansoori et al. [22] for multi-functional nano-films. 

Nanofluid mathematical models of coatings have also received considerable attention. Two 

methods have been popular in these investigations- the Buongiorno two-phase nanoscale model 

(which includes energy and conservation of nanoparticle species equations) and the Tiwati-Das 

volume fraction approach (which only includes energy balance but allows for different 

nanoparticle materials to be simulated). Other formulations include the Maxwell-Garnetts model. 

The Tiwari-Das and Maxwell-Garnetts models are essentially single-phase approaches in which 

all appropriate nanofluid properties (density, viscosity and thermal conductivity etc) are 

formulated with an appropriate volume fraction. Stretching or shrinking may be linear, quadratic, 

exponential or combinations of these types. This involves using a wall velocity with the 

appropriate expression. Venkateswarlu and Narayana [23] investigated numerically the 

performance of water-based nanoliquid stretching/shrinking sheet flows with the RKFM and 

shooting algorithms. Bég et al. [24] reported the magnetic nano-film stretching flow of a solar 

nano-coating with induction effects. Siddiqui et al. [25] investigated homogeneous and 

heterogeneous chemical reaction effects on copper and alumina aqueous nanocoating flow from a 

stretching cylindrical body with entropy generation. Gharvandha et al. [26] studied 

computationally the phase change and radiative flux impact on boundary layer nanofluid coating 

of a tilted cylinder under the impact of chemical reaction and curvature effects. Uddin et al. [27] 

analyzed the hydrodynamic and thermal slip effects on Buongiorno nanofluid coating boundary 

layer flow from a linearly extending/contracting sheet. Further studies include Latiff et al. [28] (on 

time-dependent micropolar nanofluid bioconvection flow past a stretching/ shrinking sheet) and 

Thumma et al. [29] (on hydromagnetic magnetized nanofluid flow over a tilted stretching or 
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contracting substrate with viscous heating). All these studies showed that stretching or shrinking 

significantly modifies the momentum and thermal characteristics of nanofluid coatings.  

The above studies have all been restricted to the Fourier heat conduction model. This model 

however utilizes a parabolic energy equation. This has remained the popular standard approach in 

thermal conduction for almost 200 years [30]. However, the Fourier model assumes that the 

material experiences an initial disturbance and erroneously predicts infinite thermal wave speed 

propagation in heat conduction. To address the inconsistency issue, Cattaneo [31] proposed heat 

conduction model using Fourier analysis. This modification led to a more realistic model of finite-

speed heat conduction, resulting in a hyperbolic model. The model was further refined by Christov 

[31], leading to the development of the CCHF model, a modern version of the non-Fourier model. 

The "thermal inertia" in this model involves a change to Fourier's law brought about via the 

inclusion of a TRT factor. Owing to the limitations of the classical Fourier law effectively the law 

of cause and effect is invalidated. In dealing with a fluid theory of the Cattaneo type, Christov [31] 

emphasized the importance of the objective derivative and successfully substituted the derivative 

for the Oldroyd upper-convection time derivative, thereby preserving the material-invariant 

formulation. Straughan [32] further confirmed the robustness of the CCHF model for a wide range 

of initial and boundary value problems in thermal conduction. Additional stability aspects of the 

CCHF model were scrutinized by Ciarletta and Straughan [33]. Tibullo and Zampoli [34] 

established uniqueness results for the Cattaneo-Christov heat flux model in incompressible fluid 

dynamics. Numerical solutions for incompressible Newtonian thermal convection flow with the 

Cattaneo-Christov were presented initially by Straughan [34] and later by Haddad [35] using the 

tau-D2 Chebyshev technique. In recent years, many engineering scientists and mathematicians 

have organized the Cattaneo-Christov in a range of transport problems including nano-coating 

flows, thermal injection molding polymer processing, squeezing lubrication, rotational film 

deposition etc. In the context of solid body heat transfer, the Fourier model is a widely used 

macroscopic description that accounts for infinitesimal heat disturbances. However, under certain 

conditions, such as time interruptions in thermal transfer in real materials, the non-Fourier (CCHF) 

model has been found to be more accurate in capturing these effects. In many computational 

studies, this model has been shown to determine temperature fields more accurately, which tends 

to be over-predicted by the Fourier model. A diverse range of numerical schemes has been adopted 

to solve the complex nonlinear boundary value problems arising in materials processing 
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applications. Hayat et al. [36] used the semi-numerical Lioa homotopy analysis method (HAM) to 

compute higher order solutions for thermal stagnation flow of a viscoelastic Jeffreys coating over 

a nonlinear variable-thickness stretching sheet. They incorporated dual thermal/solutal 

stratification and chemical reaction influences, observing that higher non-Fourier TRT parameter 

values lead to the suppression of both temperature and thermal boundary layer thickness. In a 

subsequent study, Hayat et al. [37] analyzed the impact of CCHF on the stagnation flow of 

Maxwell non-Newtonian fluid over a nonlinear stretching surface with variable thickness. This 

analysis considered dual homogeneous and heterogeneous reactions, employing a homotopy 

method once again. They confirmed that with thermal relaxation present, temperatures are reduced 

compared to when it is absent (Fourier model) attributing this to the time delay in thermal 

conduction between material particles. Nasir et al. [37] presented homotopy perturbation solutions 

for mixed convection in magnetized coating flow of Reiner–Rivlin second-grade electro-

conductive nanofluid polymer past a stretching sheet in a porous medium with the CCHF and non-

Fickian mass diffusion models. They used the Buongiorno two-component mixed nanoscale model 

to simulate Brownian motion and thermophoretic body force effects. They noted that higher values 

of non-Fourier thermal and non-Fickian solutal relaxation parameters exert the converse influence 

on temperature and nanoparticle concentration fields. Many other interesting studies have been 

communicated using the Cattaneo–Christov non-Fourier heat flux model including Gul et al. [40] 

(magnetized nanofluid sip flow with autocatalytic chemical reaction), Zhang et al. [41] (phase 

change in swirling gold-silver/engine oil nanofluid flow), Waqas et al. [42] (entropy generation in 

nozzle nanofluid dynamics), Shaik Jakeer et al. [43] (hydromagnetic enclosure nanofluid flow), 

Muhammad et al. [44] (squeezing nanofluid film flow with a finite difference technique) and 

Kumaran et al. [45] (enrobing coating dynamics with bio-magneto-nanofluids using Keller’s box 

method). 

Building on the success of unitary i.e. single nanoparticle material-type nanofluids, engineers have 

further explored mixtures of diverse nanoparticles. This has led to the emergence of a new subset 

of nanofluids which are termed hybrid nanofluids. The material nanoparticles are suspended in a 

base fluid by suspending two (or more) distinct nanoparticles. Hybrid nanofluids have been shown 

to achieve even more superior enhancement in thermal efficiency relative to unitary nanofluids or 

regular fluids. Binary nanofluids refer to two nanoparticles being used simultaneously. Ternary 

nanofluids are produced when three different nanoparticles are deployed. Both one-step and two-
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step processes remain popular for synthesizing hybrid nanofluids. Since the different nanoparticles 

in hybrid nanofluids possess different diffusion rates, thermal conductivities and other properties, 

they can be manipulated to achieve optimized heat exchange performance in diverse 

manufacturing systems including surface deposition and coatings, heat capacitors, vehicle power 

generation, heat pumps, aircraft wing skin designs and microelectronics. Many combinations of 

nanoparticles have been explored in recent studies of nanofluid stretching/shrinking sheet coating 

dynamics. Prakash et al. [46] adopted a finite element approach to study the performance of 

graphene oxide, molybdenum and copper hybrid nanoparticles in electro-magnetic rotating coating 

flow of a stretching substrate with wall suction effects. Devi and Devi [47] computed the 

magnetohydrodynamic copper-alumina aqueous nanofluid flow from a porous extending sheet 

with strong wall suction effects. Shamshuddin et al. [48] investigated the relative performance of 

Molybdenum and Molybdenum disulphide (MoS 2) nanoparticles on rotating MHD generator flow 

in EO oil Brinkman nanofluids. They utilized Laplace Transform technique and complex variables 

and observed that MoS 2 nanoparticles achieve better thermal and pumping efficiency than 

molybdenum nanoparticles (unitary nanofluid) alone. Many other interesting studies have been 

conducted of hybrid nanoparticles in a range of applications including Tripathi et al. [49] 

(gold/silver-blood nanofluid), Prakash et al. [50] (viscoplastic nanofluids with gold, zinc and 

copper ternary hybrid nanoparticles in thermal electro-osmotic stirring), Al-Kouz et al. [51] 

(Fe3O4/carbon nanotube (CNT) binary hybrid magnetic nanofluid solar collectors using COMSOL 

Galerkin finite element software), Ghandi et al. [52] (binary gold/alumina hybrid nanoparticles in 

arterial nano-pharmacodynamics), Bhatti et al. [53] (magnetic Magnsium oxide/Nickel binary 

hybrid nanoparticles in solar coating stagnation flow) and  Mahabaleshwar et al. [54] (copper and 

alumina hybrid nanoparticles in nanofluid reactive boundary layer coating flow on a permeable 

stretching sheet). Further studies include Bhatti et al. [55] (hybrid (gold/magnesium ) nanoparticles 

in electromagnetic gel propellant heat transfer), Thirumalaisamy et al. [56] ( iron oxide/multi-

walled carbon nanotube hybrid nanoparticles with different base fluids in magnetic fuel cells), 

Sumithra et al. [57] (solar magnetic direct absorber collectors with copper/alumina hybrid 

nanoparticles), Venkatadri et al. [58] (titanium oxide/copper hybrid nanoparticles in porous 

medium solar absorbers), Latha et al. [59] (graphene oxide, gold, cobalt oxide hybrid nanoparticles 

in EO base nanofluids), Reddy et al. [60] (hybrid Ti6Al4V-AA7075/H2O nanofluids in 

electromagnetic sensor near-wall flows) and Elsebaee et al. [61] (magnesium oxide, titanium 
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dioxide and cobalt ferrite hybrid nanoparticles in stretching sheet coating flow with activation 

energy effects).  

An inspection of the scientific literature on hybrid nanofluid coating has shown that thus 

far the non-Fourier boundary layer coating slip flow of Al2O3-Cu-H2O hybrid binary nanofluid 

from an exponentially stretching porous substrate (sheet) with wall suction and heat generation 

effects has not been considered. The novelty of the current computation is therefore the 

simultaneous consideration of both thermal and velocity slip, exponential wall stretching, thermal 

relaxation effects i. e. the CCHF model, wall suction, heat source and hybrid nanoparticles 

(copper and alumina) with a Tiwari-Das volume fraction nanoscale formulation. Additionally, a 

detailed dual solution analysis [62-65] is conducted. The basic equations governing mass, 

momentum, and energy conservation, along with the corresponding conditions at the wall 

(substrate) and in the free stream, are transformed into dimensionless forms using suitable scaling 

similarity transformations. The emerging nonlinear coupled ordinary differential boundary value 

problem is then solved with the efficient MATLAB bvp4c routine. Validation of special cases of 

the non-Fourier model with published results is included. Dual velocity i. e. first and second 

solutions of the generalized model are extracted and visualized. An in-depth exploration of 

essential parameters on momentum and thermal characteristics is conducted and solutions are 

visualized graphically. The simulations conducted have direct and immediate practical 

implications in nanofluid coating manufacturing processes and constitute an important 

generalization to existing studies. 

.  

 

2. PROBLEM FORMULATION 

Steady-state incompressible hybrid nanofluid boundary layer coating flow from an exponentially 

stretching or shrinking non-isothermal porous substrate is considered. Mass flux at the wall is 

permitted and heat generation is present due to a hot spot. The non-Fourier CCHF effect model is 

deployed. The hybrid nanofluid is a dilute stable colloidal suspension and contains copper and 

alumina nanoparticles suspended in an aqueous base fluid. Fig. 1 depicts the physical model for 

both stretching and shrinking case scenarios, in an (x, y) coordinate system where x is in the 

direction of stretching/shrinking and y is transverse to it. The surface velocity is ( )
x

L
wu x ce= , wall 
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mass flux exponential velocity is 2
0( )

x

L
wv x v e= , non-isothermal wall  temperature is 

2
0

x

L
wT T T e= +  and heat generation 

0

x

Lq q e= . Following Pandey et al. [66], and extending their 

Fourier model to the non-Fourier CCHF, the governing conservation equations for the flow can be 

shown to take the form: 

 0
u u

x y

 
+ =
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2

hnf hnf

hnf p hnf

u u u
u v u

x y y k
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Figure 1: Physical model - (a) stretching (b) shrinking substrate. 

The boundary conditions with hydrodynamic and thermal wall slip are imposed as: 

1 1( ) , , ( ) 0
hnf

w w w

hnf

u T
u u x A v v T T x B at y

y y






 
= + = = + =

 
     (4) 

The free stream boundary conditions are: 

0,u T T as y→ → →         (5) 
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To render the primitive partial differential boundary layer problem, dimensionless, the following 

scaling transformations are implemented following Pandey et al. [66] and Hayat et al. [67]: 

( )2 2
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, v
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= −
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= .               (6) 

Introducing Eqn. (6) in Eqns. (1)-(5), we have: 

2' ' ' ' ' 2 ' ' 0

hnf hnf
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f f

f f f f Da f

 
 

 
 

   
   

+ − − =   
   
   
   

       (7) 
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The modified conditions at the boundary become apparent as: 

(0) , '(0) ''(0), (0) 1 '(0)f S f Af B  = = + = +        (9) 

'( ) 0, ( ) 0f as   → → →        (10) 

Regarding the local level skin-friction coefficient and Nusselt number, the provided expressions 

are as follows: 

( )2

0 0

1 2
,

hnf hnf

f x

f f wy y

ku L T
C Nu

u w y k T T y



 = =

    − 
= =   

 −    
      (11) 

The dimensionless skin friction coefficient and reduced local Nusselt number by virtue of Eqn. (6) 

assume the forms: 
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1 1

2 2Re ''(0),Re '(0)
hnf hnf

x f x x

f f

k
C f Nu

k






   
= = −      
   

       (12) 

Where the local Reynolds number is 
2

Re w
x

f

Lu

v
= . The hybrid nanofluid variables arising in Eqns. 

(7)-(12) are documented in Table 1, following Devi and Devi [47]. All parameters are defined in 

the nomenclature. 

Table 1: Hybrid nanofluid Physical properties – see Devi and Devi [47] 

Properties Hybrid nanofluid 

Density (𝝆) ( )1 1 2 2

1 2

1hnf s s s s f hnf

hnf s swhere

      

  

= + + −

= +
 

Viscosity (𝝁) 

 ( )
2.5

1

1

hnf

f hnf



 
=

−
 

Heat Capacity (𝝆𝑪𝒑) ( ) ( ) ( ) ( ) ( )1 21 2
1p p s p s p hnfhnf s s f

C C C C      = + + −  

 

 

Thermal conductivity (𝑲)  

( )

( )

1 1 2 2
1 1 2 2

1 1 2 2
1 1 2 2

2 2 2

2
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f
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k k
k k k k
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k k k
k k k k
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+ + + −   

   =
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3. BOUNDARY VALUE PROBLEM AND NUMERICAL METHOD 

The non-linear ordinary differential equations (7) and (8) subject to boundary conditions (12) have 

been solved computationally with the MATLAB-based bvp4c solver. The boundary value problem 

is reduced from a multi-degree ordinary differential equation system to a multiple first order 

system which is much more amenable to numerical solution. As such the present system of 

ordinary differential equations (7, 8) is converted into five first-order equations in stages 1 and 2. 

In stage 3, the boundary condition is transformed, and in stage 4, the bvp4c program is executed 

with all relevant parameter data to generate robust solutions. Actual thermophysical data for the 

considered hybrid nanofluid is given in Table 2.  
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Table 2:  Nanoparticles and base fluid thermophysical properties 

Properties Al2O3 Cu H2O 

𝜌 3970 8933 997.1 

𝐶𝑝 765 385 4179.0 

𝐾 40 400 0.6130 

𝑃𝑟 - - 6.20 

 

Stage 1: We have introduced the following components for the coupled nonlinear ordinary 

differential equations in equations (7), (8): 

(1),

' (2),

'' (3),

(4),

' (5)

f y

f y

f y

y

and y
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=


= 
=


= 

             (13) 

Stage 2:  

Now, inside the system of equations for the first order, we write these new variables as follows: 

' (2)f y= ; 

'' (3)f y= ; 

2' ' ' 2 (2) (1) (3) (2)
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f y y y Da y
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; 

(4)y = ; 

' (5)y = ; 
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            (14a-e) 

Stage 3: 

The boundary conditions are recast as the following, in line with the newly introduced variables 

in MATLAB bvp4c: 

[ (1) , (2) (3), (4) 1 (5), (20, (4)]ya S ya Aya ya Bya yb yb− − − − −      (15) 

Stage 4: 

The system of first-order equations (14a-e) is solved with conditions (15) using Matlab's bvp4c 

solver. 

4.VALIDATION OF MATLAB BVP4C CODE 

The present generalized model is novel and contains many new terms. Therefore, to validate we 

use two methodologies.  

 

4.1 Benchmarking with previous study 

First, we compare the MATLAB solution with a special case from the previous study. Table 3 

presents the results of the comparison with the previous study of Waini et al. [68] who considered 

unitary Al2O3-water nanofluid. Clearly, a high level of agreement has been attained, confirming 

the legitimacy of the current MATLAB code. We consider the effect of only alumina nanoparticle 

volume fraction (in the absence of Soret and Dufour effects in [68]) on the reduced local Nusselt 

number, and it is evident that a decrease is induced i. e. heat transfer to the stretching surface ( = 

1 implies stretching) is decreased. This verifies that the temperature within the boundary layer 

rises as the volume fraction of alumina nanoparticles increases. 
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Table 3. Comparison of the values of 𝑅𝑒𝑥
−1/2

𝑁𝑢𝑥 for base fluid when 𝜑1 = 0.1, 𝐷𝑢 =  𝑆𝑟 = 𝑆𝑐 =
 0 𝑎𝑛𝑑 𝜆 =  1 for different values of 𝜑2   

φ2  𝐷𝑢  𝑆𝑟  Waini et. al. [68] 
Present MATLAB 

BVP4C code  

0 0 0 0.5739 0.573879 

0.02   0.5734 0.573396 

0.04     0.5724 0.572384 

 

4.2 Full validation with Adams-Moulton 2-step predictor corrector algorithm (AMPC) 

Secondly, we utilize an alternative numerical method, namely the AMPC. This technique has been 

used in several multi-physical flow problems in recent years and further information is provided 

in Umavathi et al. [10] and Bég [69]. Rather than switching off new terms in the general extended 

model defined by Eqns. (7)-(10), the verification approach used here has a significant advantage 

over reduced previous models from the works. This is because the model created in the present 

work can be validated, which means all the effects are included. One popular approach used in this 

model is the implicit multistep method adopted by Adams Moulton. Another variant is the AMPC 

approach, which is known for its rapid convergence and stability when applied to a linear initial 

value issue. With the use of this algorithm, the current boundary value problem can be solved 

efficiently and effectively. The important benefit of this verification approach is that it provides 

the opportunity for the current model to be validated with all effects included, so that it can be 

compared with earlier reduced models from the literature. A good example of this is Adams 

Moulton's implicit multistep approach. A popular variant of Adams Moulton's two-step approach 

for linear initial value problems is its rapid convergence, stability, and predictability. The current 

boundary value problem can be solved with this algorithm when it is applied to it. first, we specify 

the f  and   as follows:  

𝑑𝑓

𝑑𝜂
= 𝑣(𝜂, 𝑓), 𝑓(𝜂0) = 𝑓0

𝑑

𝑑𝜂
= 𝑣(𝜂, 𝜃), (𝜂0) = 0

}
 

 

                                                                                         (16) 
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Here 𝑓0, 0, are initial assumptions. A stepping distance AMPC relationship for the four variables 

of   in the -direction, have the following form: 

𝑓𝑘+1 = 𝑓𝑘 +
𝜍

2
(3𝑣(𝜂𝑘, 𝑓𝑘) − 𝑣(𝜂𝑘−1, 𝑓𝑘−1))

𝑘+1 = 𝑘 +
𝜍

2
(3𝑣(𝜂𝑘, 𝑘) − 𝑣(𝜂𝑘−1, 𝑘−1))

.

}                                                               (17) 

The formulas for the two-step corrector are given by: 

𝑓𝑘+1 = 𝑓𝑘 +
𝜍

2
(𝑣(𝜂𝑘=1, 𝑓𝑘+1) − 𝑣(𝜂𝑘, 𝑓𝑘))

𝑘+1 = 𝑘 +
𝜍

2
(𝑣(𝜂𝑘+1, 𝑘+1) − 𝑣(𝜂𝑘, 𝑘))

}                                                                (18) 

For all simulations, a constant solid volume fraction (s1) for Al2O3 = 0.01 i. e. 1% doping, as 

recommended by Devi and Devi [47] is used. Additionally, we use the default copper nanoparticle 

concentration as (s2) also of 0.01 i. e. 1%. The solid/dashed lines correspond to MATLAB BVP4C 

first/second solutions. The data utilized is summarized in Table 4 unless otherwise indicated in 

any of the Tables or graphs.  

A B β S Pr α λ 

0.6 0.2 0.02 2.4 6.2 0.03 -1 

Table 4: Parameter values utilized in MATLAB and AMPC simulations.  

In order to ensure the correctness of the solutions obtained through MATLAB's BVP4C solver, a 

detailed comparative analysis has been performed with the Adams Moulton Predictor-Corrector 

scheme (AMPC) for Nux solutions. The comparative results have been presented in Table 5 and 

Table 6 for the upper and lower branch Cf solutions, which clearly shows the differences and 

similarities between the two methods in terms of their accuracy and reliability. MATHEMATICA 

software environment has been deployed to execute the AMPC code which runs efficiently on a 

HP laptop and compiles in seconds. Solutions are truncated at 4 decimal places.  

Table 5: Nux for variation in stretching/shrinking parameter () with fixed thermal slip (B) parameter. 

 B = 0.2 

 
Upper (first) 

branch 

solution- 

Upper (first) 

branch 

solution- 

Lower 

(second) 

branch 

solution- 

Lower 

(second) 

branch 

solution- 
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MATLAB 

BVP4C 

AMPC 

Method  

MATLAB 

BVP4C 

AMPC 

Method 

1 3.9745 3.9744 3.9642 3.9643 

0.9 3.9731 3.9733 3.9628 3.9627 

0.8 3.9718 3.9720 3.9612 3.9613 

0.5 3.9676 3.9674 3.9564 3.9566 

0.3 3.9647 3.9649 3.9529 3.9530 

0 3.9599 3.9601 3.9473 3.9474 

-0.3 3.9547 3.9541 3.9411 3.9412 

-0.5 3.9510 3.9512 3.9367 3.9368 

-0.7 3.9469 3.9469 3.9323 3.9323 

-0.8 3.9447 3.9446 3.9301 3.9302 

-1 3.9399 3.9398 3.9258 3.9259 

Table 6: Cf for variation in stretching/shrinking parameter () with fixed copper nanoparticle 

volume fraction (s2= 0.5%). 

 s2 = 0.005 

 Upper (first) branch solution- 

MATLAB BVP4C 
Upper (first) branch 

solution- AMPC Method  
Lower (second) branch 

solution- MATLAB BVP4C 

Lower (second) branch 

solution- AMPC 

Method 

1 1.8750 1.8752 3.1305 3.1306 

0.9 1.6757 1.6761 2.9394 2.9391 

0.8 1.4786 1.4789 2.7513 2.7515 

0.5 0.9022 0.9024 2.2070 2.2072 

0.3 0.5316 0.5318 1.8624 1.8626 

-0.3 -0.4963 -0.4966 0.9207 0.9204 

-0.5 -0.8023 -0.8024 0.6276 0.6271 

-0.7 -1.0824 -1.0826 0.3289 0.3292 

-0.8 -1.2102 -1.2104 0.1722 0.1724 

-1 -1.4322 -1.4325 -0.1720 -0.1725 

-1.1 -1.5197 -1.5192 -0.3685 -0.3687 
 

Inspection of Table 5 and 6 confirms that excellent correlation is achieved between the MATLAB 

BVP4C and AMPC code computations. Confidence in both the first and second solutions for the 

generalized model defined by Eqns. (7)-(10) is therefore justifiably very high. 

5. MATLAB BVP4C RESULTS AND DISCUSSION 

          Having established the validity of the MATLAB bvp4c solver in section 4, detailed 

computations have been visualized graphically in Figs 2-13 using the bvp4c function in MATLAB. 
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To complete the Cu-Al2O3/water hybrid nanofluid, solid volume fraction, (s2) for copper 

nanoparticles, Cu, is included. As noted earlier, in every graph, the continuous lines represent the 

initial solution, while the dashed lines represent the alternative solution. In dual solutions, multiple 

values of missing initial guesses are assumed to give two different solutions under the same 

circumstances. Both solutions are called upper or first-branch solutions, while the lower or second-

branch solutions are called lower or second-branch solutions [62-65]. 

 

 

 

Fig 2: Skin-friction variation with stretching/shrinking parameter (λ) and hydrodynamic slip (A). 
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Fig 3: Nusselt number distribution with stretching/shrinking parameter (λ) and hydrodynamic 

slip (A). 

 

Fig 4: Nusselt number distribution with stretching/shrinking parameter (λ) and thermal slip (B). 
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Fig 5: Nusselt number distribution with stretching/shrinking parameter (λ) and heat source (). 
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Fig 6: Skin-friction variation with stretching/shrinking parameter (λ) and Darcy number (Da). 

 

Fig 7: Velocity distribution with hydrodynamic slip (A). 
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Fig 8: Velocity distribution with stretching/shrinking parameter (λ)  

 

Fig 9: Velocity distribution with wall suction parameter (S)  
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Fig 10: Temperature distributions with non-Fourier thermal relaxation parameter (α).  

 

Fig 11: Temperature distributions with thermal slip parameter (B) 
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Fig 12: Temperature evolution with stretching/shrinking parameter (λ)  

 

 

Fig 13: Temperature profiles with wall suction parameter (S) 

    The outcomes for skin friction coefficient, Cf, and reduced local Nusselt number, Nux are plotted 

in Figs. 2–5, and solutions for velocity and thermal gradient are displayed in Figs. 6–12, for the 

impact of selected key control parameters. 

Fig. 2 shows the response in skin-friction to unlike values of hydrodynamic slip parameter, A (0.2, 

0.4, and 0.6) and also the stretching/shrinking parameter (λ). Both these parameters feature 

exclusively in the wall boundary conditions in eqn. (9), viz, 𝑓(0) = 𝑆, 𝑓′(0) = 𝜆 + 𝐴𝑓′′(0). They 

do not appear in the actual momentum eqn. (7). For both the first (upper) and second (lower) 

branch solutions, skin friction is maximum for the shrinking sheet case (λ<0) and minimal for the 

stretching sheet case (λ>0). Clearly skin friction is elevated when the sheet contracts, but it is 

depleted when the sheet is extended.  However, with increasing hydrodynamic slip (A), While the 

skin friction reduction is evident in both the initial and secondary solutions for the shrinking sheet 

scenario, in the case of the stretching sheet, both solutions exhibit an augmentation in skin friction 

with increased hydrodynamic slip (A). The branch solution is computed at the critical value of λ 

= λc. Clearly for λ > λc, several solutions exist. Thus, λc is connected to a delineation in the 

behavior of the skin friction with hydrodynamic slip effects. Generally, only for stretching will 
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greater hydrodynamic slip accelerate the boundary layer flow since momentum development will 

be assisted with extension of the substrate surface. However, deceleration is induced with greater 

hydrodynamic slip for the contracting sheet case.   

Fig. 3 shows the distribution of local Nusselt number against stretching/shrinking parameter, λ, 

again with different values of hydrodynamic (velocity) slip parameter, A. Again, both upper and 

lower i. e. first and second solutions for Nusselt number, are minimized for the shrinking sheet 

case (λ < 0) whereas they are maximized for the stretching sheet (λ > 0) case. Furthermore, for λ < 

0, dual solutions are increased with growing hydrodynamic slip (A), although the elevation in first 

(upper) solution is much more significant. A distinct crossover in behaviour is observed at λ = 0 

(static undeformed sheet) and thereafter as stretching becomes more intensive the local Nusselt 

number is depleted with increment in hydrodynamic slip (A). However, the reduction is much less 

dramatic than the elevation for the shrinking sheet case. A much stronger suppression however in 

the lower branch (second) solution for local Nusselt number is observed with greater 

hydrodynamic slip (A) for the stretching case. Maximum local Nusselt number is therefore 

consistently computed for dual solutions at the maximum stretching parameter value (λ=1) and 

minimal hydrodynamic slip (A = 0.2). This implies that the peak transfer of heat to the wall (sheet) 

arises only for strong stretching and weak slip. This effectively implies maximum cooling in the 

nanofluid coating boundary layer regime.   

Fig. 4 demonstrates how the local Nusselt number i. e. heat transfer rate to the wall (substrate 

surface) is affected by the combined impact of the thermal slip parameter (B) and the 

stretching/shrinking parameter (λ). Evidently again for λ > λc, there are several solutions computed. 

Thermal slip ascends again in the sheet boundary conditions (9), specifically as 𝜃(0) = 1 +

𝐵𝜃′(0). The topologies of dual solutions are very different from the previous graph where 

hydrodynamic slip was considered. In this case, generally linear profiles with a gentle gradient are 

computed as λ is increased. With greater thermal slip, both first and second solutions are decreased 

in magnitude for both cases. However, the magnitude of the upper branch (first) solution is always 

in excess of the lower branch (second) solution. Effectively heat transfer to the wall is depleted 

with greater thermal slip since temperatures in the boundary layer will be enhanced.  Great 

magnitudes of Nux are calculated for the stretching wall case (λ>0) compared with the shrinking 

sheet case (λ<0). Overall, with elevation in thermal slip B (0.2, 0.4, 0.6), heat transfer rate to the 

boundary falls for the weaker (second) solution and increases for the stable (first) solution.  
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Fig. 5 visualizes the influence of heat source parameter,  (0.02, 0.2, and 0.3), on local Nusselt 

number plotted against stretching/shrinking parameter (λ). Significantly higher values of the upper 

branch (first) solution are computed at all values of stretching/shrinking parameter, relative to the 

lower branch (second) solution. Both solutions increase in a linear fashion with (λ); however, with 

augmentation in heat generation parameter there is a substantial depletion in the magnitudes of 

both solutions for local Nusselt number, regardless of whether the sheet is contracting or 

expanding. The presence of a hot spot produces an internal thermal source in the boundary layer. 

This elevates temperatures in the nanofluid coating and therefore reduces thermal transferred to 

the wall surface. Critical values of the stretching parameter at which the upper and lower branch 

solutions bifurcate are also given in the figure.  

 

Fig. 6 visualizes the influence of porous parameter, Da (0.0, 0.1, and 0.3), on skin-friction plotted 

against stretching/shrinking parameter (λ). Significantly higher values of the upper branch 

(second) solution are computed at all values of stretching/shrinking parameter, relative to the lower 

branch (first) solution. Both solutions increase in a linear fashion with (λ); however, with increment 

in heat generation parameter there is a substantial depletion in the magnitudes of both solutions 

for skin-friction, regardless of whether the sheet is contracting or expanding.  

 

Figure 7 displays the velocity progression with transverse coordinate () for various values of the 

hydrodynamic (momentum) slip parameter, A. Much higher velocity magnitudes arise as 

anticipated for the upper branch (stable) solution relative to the lower branch (weak) solution.  

Sigmoidal configurations are evident, displaying asymptotically smooth convergence within the 

free stream. This underscores the importance of incorporating a suitably broad infinity boundary 

condition within MATLAB's bvp4c computational domain. A strong elevation in velocity (upper 

solution) accompanies an increment in hydrodynamic slip since the non-adherence at the wall 

(substrate) encourages momentum development and induces an acceleration in the boundary layer 

flow. The thickness of the momentum boundary layer is consequently diminished in the nanofluid 

coating with greater momentum slip. A weak but non-trivial decrease in the lower branch (second) 

velocity solution however is computed with greater momentum slip.  

Fig. 8 illustrates the distribution in upper and lower branch velocity solutions with 

stretching/shrinking parameter (λ). With regard to the upper branch solution (first stable solution), 



28 
 

for the shrinking sheet case (λ =-1), negative values (strong deceleration) are computed indicating 

flow reversal i. e. back flow at small values of the transvers coordinate (). However, first solution 

velocity values rapidly converge to zero. For the static wall (λ = 0) zero values are computed for 

the upper branch solution at all values of transverse coordinate. Hover for the stretching wall case, 

strong acceleration is observed with positive values computed up to ~2. For the lower branch 

solution (second unstable solution), velocity values are always negative irrespective of whether 

the sheet is shrinking, static or stretching. However, near the wall (0 < <0.4) stretching produces 

less deceleration whereas shrinking induces stronger deceleration (more negative values). Further 

from the wall, this trend is however reversed, and less negative values correspond to shrinking 

(black dashed line) whereas more negative values arise for stretching (green dashed line). 

Effectively the profiles for the lower branch solution only converge to zero after a much greater 

value of transverse coordinate is attained, approximately,  =6. The presence of sheet (wall) 

stretching or shrinking therefore exerts a very significant impact on both upper and lower branch 

velocity solutions. Overall, much greater magnitudes are computed as before in earlier graphs, for 

the upper branch solution (stable) relative to the lower branch solution (unstable). 

Figure 9 depicts the influence of wall suction/injection parameter, S on first and second order 

velocity solutions. Only suction is considered i. e. S> 0. Much greater values correspond to the 

first solution compared with the second solution. In both cases nevertheless the velocities are 

negative i. e. flow reversal arises. With increment in suction parameter, which features in the wall 

boundary condition, eqn. (9) i. e. 𝑓(0) = 𝑆, for the upper branch solution, increasing suction 

increases velocity and counteracts deceleration. Velocity values become progressively less 

negative as S is increased and asymptotically converge to zero rapidly at   =2 approximately. 

Conversely for the lower branch solution, velocity is decreased i. e. values become more negative 

as S is increased. Profiles for the lower branch solution also take much longer to converge to the 

infinity boundary condition value of zero.  

Figure 10 depicts the impact of non-Fourier TRT parameter (α) on first and second solutions for 

temperature, θ(η). This parameter arises in the modified terms, - {
0.75𝑓𝑓′𝜃′+ 0.5𝑓′

2𝜂𝜃′ +

0.5𝑓𝑓′′𝜃 + 𝑓′
2𝜃 + 0.25𝑓2𝜃′′

} 

in the thermal boundary layer eqn. (8). Both first and second solution magnitudes are elevated 

strongly with increasing non-Fourier thermal relaxation parameter (α). Significantly greater 
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magnitudes are computed for the lower branch solution and the profiles are also much more 

influenced over the same increment of α which is increased from 2 to 3.5. The upper branch (solid 

line) solutions are much more clustered over this range of variation. Overall, with greater thermal 

relaxation times, the temperature magnitudes are boosted. This confirms that the non-Fourier 

model (hyperbolic model with finite thermal wave speed propagation) correctly predicts higher 

temperatures than the classical Fourier model (parabolic model with infinite thermal wave speed 

propagation) which underpredicts them.  Thermal boundary layer thickness will also be enhanced 

with greater non-Fourier TRT parameter values (α). 

Figure 11 depicts the response in upper and lower branch temperature θ(η) solutions to a variation 

in thermal slip parameter, B. In all cases monotonic declines are calculated from the wall (η=0) to 

the free stream and smooth convergence is attained in an asymptotic manner. The lower branch 

(dashed line) solution achieves marginally higher magnitudes than the upper branch (solid line) 

solution. As thermal slip parameter is amplified there is a sustained drop in temperature 

magnitudes. Cooling is therefore induced within the nanocoating boundary layer with stronger 

thermal slip at the wall. This is due to the delay in heat convected from the wall to the boundary 

layer associated with thermal jump. More heat will be effectively retained at the boundary, 

resulting in a net heat transfer away from the boundary layer towards the substrate surface, thereby 

inducing a significant cooling effect. Consequently, the thermal boundary layer thickness will be 

reduced for both upper branch and lower branch scenarios. 

Figure 12 shows the impact of stretching/shrinking parameter (λ) on the first (upper branch) and 

second (lower branch) temperature, θ(η). There is a distinct depletion in both temperatures with 

increment in λ. Higher magnitudes are computed for the lower branch solution compared with the 

upper branch (solid line) solution. The shrinking sheet case (λ<0) exhibits higher temperatures and 

larger thermal boundary layer thickness than the stretching sheet case (λ> 0) with the static sheet 

case (λ = 0) falling between the two.  

Fig. 13 depicts the influence of the wall suction parameter, S on first (upper branch) and second 

(lower branch) temperature, θ(η). With greater wall suction, S both first and second temperature 

solutions are consistently reduced. The imposition of lateral wall solutal flux out of the boundary 

layer causes the nanocoating to adhere more strongly to the substrate surface. This opposes 

momentum development and simultaneously induces a cooling effect leading to a reduction in 
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thermal boundary layer thickness. Again, slightly higher magnitudes ae computed for the upper 

branch (first) solution relative to the lower branch (second) solution. MATLAB bvp4c successfully 

demonstrates a commendable convergence of profiles within the free stream (at the nanocoating boundary 

layer's edge). The results confirm the appropriateness of incorporating a sufficiently expansive infinity 

boundary condition in the simulations. 

 6. CONCLUDING REMARKS 

A mathematical model for boundary layer coating flow of Al2O3-Cu-H2O hybrid binary nanofluid 

from an exponentially stretching porous substrate (sheet) has been presented. Lateral mass flux 

(suction) at the wall and heat source (generation) effects have been included. The Cattaneo-

Christov heat flux non-Fourier model has been utilized which accurately incorporates thermal 

relaxation effects. The Tiwari-Das approach has been employed to formulate the nanoscale volume 

fraction for metallic nanoparticles, specifically Alumina (Al2O3) and Copper (Cu), dispersed in an 

aqueous base fluid (H2O). The formulation incorporates hydrodynamic wall and thermal slip 

effects. The solution to the resulting non-dimensional transformed nonlinear coupled ordinary 

differential boundary value problem has been obtained using the efficient MATLAB bvp4c 

routine. Special cases of the non-Fourier model have been validated against published results, and 

the general model has been further validated using the robust Adams-Moulton 2-step predictor-

corrector algorithm (AMPC). Dual solutions of the generalized model have been computed. A 

detailed study of key control parameters on momentum and thermal characteristics is conducted 

and solutions are visualized graphically. The computations have demonstrated that:  

• It is possible to obtain dual solutions with suitable suction at the stretching surface, but 

only the first (upper branch) solution is stable. 

• Elevated temperatures and increased thermal boundary layer thicknesses are determined 

for both the upper and lower branch solutions as the thermal relaxation parameter 

(Cattaneo-Christov hyperbolic model parameter) is augmented. This augmentation results 

in larger temperatures compared to those predicted by the classical Fourier parabolic heat 

conduction model. 

• An increase in stretching parameter enhances the skin friction coefficient and elevates the 

local Nusselt number.  
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• With an elevation in wall suction, both first and second temperature solutions are 

consistently reduced as are thermal boundary layer thicknesses. 

• An increase in wall suction produces a substantial enhancement in the first solution for 

velocity whereas it reduces the second solution velocity. 

• Increased wall suction reduces temperatures and diminishes thermal boundary layer 

thicknesses. 

• An augmentation in thermal slip, leads to a cooling in the nanocoating boundary layer is 

cooled i. e. temperature plummets and thermal boundary layer thickness is decreased.  

• With larger values of heat generation (source) parameter there is a substantial reduction 

computed in both upper and lower branch local Nusselt number, regardless of whether the 

sheet is shrinking or stretching. 

• Strong deceleration is induced with greater hydrodynamic (velocity) slip for both the upper 

and lower branch solutions.  

• With greater velocity slip both the first (upper) and second (lower) solutions for skin 

friction are depleted with greater velocity slip for the shrinking case, whereas they are 

generally enhanced for the very strong stretching case. 

• Both first and second solutions for skin friction are elevated with shrinking whereas they 

are depressed with stretching.  

The present computations have offered some new insights into multi-physical thermal fluid 

dynamic of nanofluid-based coating systems. Both shrinking and stretching sheet cases have been 

considered. Both numerical methods, namely MATLAB bvp4c and AMPC have shown 

exceptional accuracy and stability in the simulations. However, attention has been confined to 

Newtonian non-magnetic nanofluids. Future studies may address a range of non-Newtonian 

models e. g. Maxwell viscoelastic nanofluids [20] and also ferromagnetic nanofluids [8,13, 14]. 

Additionally, Carreau nanofluids, as considered by Muhammad et al. [70] and exponential wall 

stretching as previously investigated by Ullah et al. [71] may also be explored. Efforts in these 

directions will be communicated imminently.   
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