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Abstract  

Motivated by emerging technologies in smart functional nano-polymeric coating systems in 

pharmaceutical and robotics applications, the convective heat transfer characteristics in swirl 

coating with a magnetic hybrid power-law rheological nanofluid polymer on a radially 

stretching rotating disk are examined theoretically. An axial magnetic field is imposed. Copper 

(Cu) and Aluminium alloys (AA7075) nanoparticles with Sodium Alginate (C6H9Na07) as base 

fluid are considered, and a hybrid volume fraction model is deployed. A non-Fourier (Cattaneo-

Christov) heat flux model is deployed to inspire thermal relaxation impacts absent in the 

classical Fourier heat conduction formulation. Through similarity proxies and the Von Karman 

transformations, the partial derivative systems of equations with associated boundary 

constraints are reduced to a system of derivative boundary value problems, which is solved 

numerically via the weighted residual method (WRM) with an integral Galerkin scheme, 

executed in the MAPLE symbolic software. Validation with special cases from articles is 
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captured. The computations revealed that radial, tangential and axial velocity are depleted, 

whereas temperature is enhanced with increasing magnetic parameter (M). High thermal 

transfers are obtained for the hybrid nanofluid relative to the AA7075 alloy nanofluid. A strong 

increment in temperature is also produced with a greater thermal relaxation effect.  

Keywords: Functional nanopolymers; coatings; Copper (Cu)/Aluminium alloy (AA7075) 

nanoparticles, weighted residual method (WRM), Galerkin scheme, power-law non-Newtonian 

model; 

1. Introduction 

A strong trend in recent years in materials science and manufacturing technology has been the 

development and implementation of magnetic nano-polymers. These complex fluids combine 

polymer-like structures with magnetic nanoparticles (MNPs), achieving magneto-responsive, 

soft matter fluidic systems. These provide significant benefits in enhanced durability, 

formability, and anti-corrosion abilities by providing functional characteristics which can be 

manipulated via an intensity dynamical regulator with magnetic fields. Many different 

magnetic nano-polymers have been fabricated, including branching hybrids [1], ferromagnetic 

filaments (MFs) embedded in gel nanofluids [2], ferrite nanochain polymers [3], etc. These 

materials are finding increasing applications in advanced coatings, for example, supercapacitor 

applications [4].  A popular methodology in synthesising complex nano-coatings is using a 

rotating disk cathode [5]. Including rotation with MHD provides another mechanism for 

carefully controlling coating thickness and constitution of magnetic nanomaterials. It has been 

deployed in many cases in recent years, including Ni/diamond electromagnetic coatings [6], 

iron-silicon hybrid coatings [7], Cobalt-Iron coatings [8], plasma spraying in NiCrBSi 

electroconductive coatings [9] and pulsed MHD finishing for Nickel-Tungsten-Carbon 

composite nano-coatings [10].  

The spin coating technique on a disk is gaining popularity in magnetic nanomaterials 

production. This invokes the dynamics of swirl flow. Historically, the great engineering 

scientist Von Karman addressed the Newtonian streaming fluid along a rotating disk surface 

theoretically [11]. Significant contributions were made by Cochran [12] on transient swirling 

flow. Later Sparrow and Cess [13] formulated the magnetohydrodynamic version of Von 

Karman’s problem and included heat transfer. They noted that a stronger axial magnetic field 

suppresses all flow velocity components but enhances the torque necessary to sustain steady 

disk rotation. They also showed that a stronger magnetic field depleted the disk surface thermal 

dispersion. Ariel [14] recently used asymptotic methods to study rotating disk flow under a 

magnetic field. These studies, however, considered the disk to be rigid, i.e., non-deformable. 
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Turkyilmazoglu [15] used a spectral numerical integration method to compute the steady-state 

hydromagnetic swirling flow from a radially stretchable spinning disk under a uniform axial 

magnetic field with viscous heating and wall suction. Bég et al. [16] extended the analysis in 

[15] to consider entropy generation minimization.  

The above swirling disk flow studies did not consider nanoparticles or nanofluids. Nanofluids 

[17], of which magnetic nanopolymers [18] are a subset, are synthesized by suspending 

nanoparticles in base fluids. Nanoparticles may be metallic or carbon-based. The Tiwari-Das 

volume fraction model is a very popular model for simulating different nanoparticles [19]. 

Nanofluid dynamics from a rotating disk with or without magnetic fields have received 

substantial curiosity in current centuries in the fluid mechanics and manufacturing engineering 

communities. Humane et al. [20] discussed the thermo-solutal transport of magnetized Casson 

nanofluid doped with micro-organisms from a stretching sheet. Bég et al. [21] adopted a 

Chebyshev spectral collocation method (CSCM) to simulate the swirling Von-Karman 

convective flow through a resistant radially stretching disk in bioconvective nanofluid-

saturated permeable media with anisotropic slip. Further studies of nanofluid transport in 

swirling Von Karman stream along a radially stretching disk have been presented by Umavathi 

and Bég [22, 23], who addressed copper oxide/titania/silver nanoparticles in aqueous base 

fluids. 

The above studies only considered unitary nanofluids i. e. single-nanoparticle scenarios. Thus, 

in recent studies, technologists have increasingly used the combination of multiple 

nanoparticles in different working solvents. This is known as hybridized nanofluids [24] and 

has been shown to achieve yet more impressive viscosity, thermal conductivity and flow 

performance characteristics compared with unitary nanofluids. Salawu et al. [25] applied a 

Galerkin weighted residual scheme with one-third of Simpson’s method and MAPLE 

quadrature to study the swirling ferromagnetic hybrid nanofluid flowing from a radially 

stretching disk with varying thermal-magnetic possessions. Lv et al. [26] used a Parametric 

Continuation method (PCM) to simulate the impact of axial magnetic field, thermal radiation 

and Hall current on the hybrid micro-organism doped nanoliquid flow from a spinning disk. 

Redouane et al. [27] conducted research on a hybrid nanofluid’s induced free flowing 

convection move in heated trigonal enclosure with rotating cylindrical cavity has been 

examined. Adnan et al. [28] demonstrated the impact of AA7072 and AA7075 aluminum alloy 

nanomaterials with multiple physical flow conditions. Manjunatha et al. [29] revealed the 

impact of variable viscosity on the drift over the boundary layer of a liquid by hybrid nanofluid 

properties. The impacts of thermal and thermo-hydraulic were quantified in Kumar et al. [30] 



4 
 

revision of the hybrid nanofluid flow experimentally in a mini-channel heat sink. Many other 

investigations have been examined for a range of hybrid nanoparticle designs including Kumar 

et al. [31] (Manganese-Zinc-Iron oxide-nickel and copper-alumina-iron oxide in decane base 

fluid), Kiran Kumar and Shamshuddin [32] (SWCNTs-MWCNTs nanofluids), Prakash et al. 

[33] (titania-alumina-copper nanoparticles), Kumar et al. [34] (Titanium dioxide and Graphene 

oxide nanoparticles with ethylene-glycol working solvent), Al-Kouz et al. [35] (water-

Fe3O4/CNT hybrid magnetic nanofluid), Kumar et al. [36] (Oldroyd-B model CNTs-based 

hybrid nanoparticles with Kerosene oil as a base liquid), Tripathi et al. [37] (hybrid 

biocompatible silver and gold nanoparticles in variable viscosity blood),  Chu et al. [38] 

(spherical/platelet/cylindrical copper nanoparticles), Wasim et al. [39] (gold and Copper 

nanoparticles with shape effects), Chamkha and Rashad [40] (rotating vertical cone), Krishna 

et al. [41] (rotating mixed convective flow in plate geometry), Chamkha and Rashad [42] 

(nanofluid flow in a permeable cone), and Takhar et al. [43] (mixed convection flow in rotating 

vertical cone).  

The above studies have generally neglected rheological, i.e., non-Newtonian characteristics of 

either unitary or hybrid nanofluids. Rheology, however, has been shown to play a significant 

role in magnetic nanofluids since the re-orientation characteristics of the magnetic 

nanoparticles are modified by the complex viscosity due to non-Newtonian behaviour [44]. 

This is particularly prominent in electroconductive nano-polymers where tumbling, coiling, 

shear-thinning, shear-thickening, yield stress (viscoplastic), microstructural and viscoelastic 

relaxation and retardation (memory) effects may rise [45]. Several experimental works have 

confirmed these phenomena [46-48]. Recent investigations on unitary nanofluids include Nasir 

et al. [49] utilized the Maxwell viscoelastic model to analyse reactive nanofluid transport from 

a stretching wall with heat radiation. Pattnaik et al. [50] employed the Eringen micropolar 

model to study dual stratified (thermal/solutal) chemo-magnetic nanofluid boundary film 

stream from an elongated plane in permeable media. Nasir et al. [51] investigated tangent-

hyperbolic nanofluid transport with wall suction and mixed convective boundary conditions. 

This has also been used in several unitary nanofluid studies, including Uddin et al. [52] (who 

studied heat-generating nanofluid flow in porous media with the Buongiorno model), Rana et 

al. [53] (who examined nano-layer conductivity and nanoparticle diameter effects in power-

law nano-magnetic coating flow from a perforated tilted substrate), El-Dabe et al. [54] (who 

studied radiative flux effects on power-law magneto-nanofluid swirling disk flow) and Li et al. 

[55] (who considered precipitation effects in power-law nanofluid deposition on a spinning 

disk). Relevant investigations comprise Prakash et al. [56] (on electro-osmotic alumina/titania 
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nanofluids from a revolving wall), Kumar et al. [57] (on Titanium dioxide and graphene oxide 

hybrid nanoparticles in ethylene-glycol working solvent from a vertically ascending or 

descending rotating disk) and Bhatti et al. [58] (on Ni-MgO/H2O hybridized nanofluid 

Hiemenz stagnation flow from a plastic stretchable surface in permeable media).  

In certain magnetic materials fabrication operations, in addition to the magnetic (Lorentz) body 

force effect, other phenomena may arise. These include magnetic induction, magnetic dipole, 

Hall current, ion slip, Maxwell displacement current, magnetic relaxation and Joule dissipation. 

The latter is particularly crucial in high-temperature operations and has been studied in a 

variety of manufacturing systems, including iron-rich glass microwire coating [59], magnetic 

polymer extrusion and deposition [60] and dielectric spraying operations [61]. Several 

researchers have scrutinized the influence of Joule heating on magnetohydrodynamic coating 

flows. Khan et al. [62] studied numerically the hydromagnetic wire coating with a viscoelastic 

Eyring–Powell fluid considering Joule heating effects with a Runge–Kutta 4th-order method. 

Prakash et al. [63] computed the ionic electro-conductive rheological nanofluid bio-coating 

stream with a tangent hyperbolic model from a bi-directional stretchable plate under mutual 

orthogonal magnetic and electrical fields with Joule heating. Further numerical investigations 

contain Khashi'ie et al. [64], Thirumalaisamy et al. [65], and Shamshuddin et al. [66]. 

The above-mentioned research survey shows that various studies focus on nanofluid and hybrid 

nanofluid models. The aim and novelty of the current research are to scrutinise swirl smart, 

functional nano-polymeric coating systems more closely; a formulation is offered for the 

thermal convection distribution characteristics in a magnetic hybrid power-law rheological 

nanofluid polymer flowing from a radially stretching rotating disk. A non-Fourier [67,68] 

thermal flux formulation is deployed to simulate heat relaxation impacts absent in the classical 

Fourier thermal conduction model. A detailed parametric study is conducted to examine the 

transport characteristics (radial, azimuthal, axial velocities, temperature, tangential and radial 

plate drag and temperature gradient) for both Copper (Cu)/Aluminium alloy (AA7075) 

nanoparticles. Validation with distinct cases taken from the published articles. The present 

study features several novelties, including the first combined model for Copper (Cu) and 

Aluminium alloys (AA7075) nanoparticles with Sodium Alginate (C6H9Na07) base fluid, radial 

disk stretching and non-Fourier heat flux. It constitutes a significant step forward in more 

comprehensive simulations of thermo-magnetic nano-polymer spin coating manufacture.  

 

2. Mathematical model for thermo-magnetic nano-polymer swirl coating  
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The manufacturing problem under consideration comprises the steady flow and thermal 

distribution in an incompressible, power-law rheological hybrid nanofluid (Cu-AA7075 with 

C6H9Na07 base fluid) from a radially stretching spinning isothermal disk with low electrical 

conductivity. Electrical polarization is ignored at the disk surface as is magnetic induction. The 

swirling system is subjected to an axial (vertical) static magnetic field, 0(0,0, )B B= . The 

swirling flow produces axisymmetric convective heat exchange to the ambient surrounding 

fluid due to the difference in heat transfer coefficients. A cylindrical coordinate ( , , )r z system 

is adopted, as depicted in Figure 1. The fluid stream is caused by uniform rotation ( ) and 

stretching (𝑐) of the disk surface with velocity, 𝑢 = 𝑐𝑟 where c is a constant (> 0 for stretching 

and < 0 for contracting). Due to axisymmetric flow, variation in the tangential,   direction is 

ignored. The z direction is perpendicular to the disk and 𝑟 is the coordinate in the radial 

direction. wT  is the disk surface temperature and T is ambient heat, where 
wT T . Extending 

the earlier studies [69-71], by incorporating nanofluid characteristics and non-Fourier heat flux 

radial stretching, the governing momentum and energy equations can be shown to assume the 

following forms: 

 
Fig 1: Magnetic hybrid nano-polymer swirl coating regime  
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Here ( , , )u v w are flow rate modules in the ( , ,r z ) axes, T is temperature, eu is free stream 

velocity,  is electrical conductivity,  is density, 
pc is specific heat capacity and  is a non-

Fourier parameter. Furthermore,   and k  designate the viscosity and heat conductivity based 

on the non-Newtonian power-law formulation are defined following Usman et al. [71] as:  
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Here, n is the power-law rheological index ( 1n = for Newtonian, 1n   for pseudoplastic and 

1n  for dilatant nanofluids). The boundary constraints imposed on the disk wall and far stream 

are: 
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The effective properties of hybrid nanomaterial are defined follow as follows [72]:  

Dynamic viscosity:
( ) ( )

2.5 2.5

11 2

1 1

1 1

hnf

f A



  
= =

− −
,      (7) 

Density: ( ) 1 2
1 1 1 2 21 1

hnf s s

f f f

A
  

   
  

     
= − − + + =       

     

,     (8) 

Electrical conductivity: 

( )

( )
( )

1 1 2 2
1 2

3

1 1 2 2 1 1 2 2
1 2

1 2

3

1

2

fhnf

f

f f

A

  
 



      
 

   

 +
− +  

 = + =
   + +

+ − − +      +   

, (9) 

Specific heat:
( )

( )
( )

( )
( )

( )
( )

1 2
2 1 1 2 41 1

p p phnf s s

p p pf f f

c c c
A

c c c

  
   

  

    
    = − − + + = 

        

,                    (10) 

Thermal conductivity:  
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Here 
1  and 2 symbolize the volume fraction nanoparticle of Cu  and 7075AA  respectively. 

The subscripts 1 2, , ,s s f nf  and hnf are used to represent the solid nanoparticle of Cu , the solid 

nanoparticle of 7075AA , base fluid, nanomaterial and hybrid nanomaterial, correspondingly. 

Thermal, magnetic and other physical properties of Cu  and 7075AA are offered in Table 1.  

 

Table 1: Thermophysical characteristics of the base solvent and nanoparticles 

Properties  
Sodium Alginate 

(C6H9Na07) Ref. [72] 
Copper (Cu) Ref. [73] 

Aluminium alloys 

(AA7075) Ref. [74] 
 [Kg/m3] 989 8933 2810 

pC [J/Kg K] 4175 385.0 960 

k [W/m K] 0.6376 400.0 173 

 [S/m] 0.00026 5.96x107 26.77x106 

 

To render the conservation Eqns. (1)-(4) and boundary conditions (6) dimensionless, the 

following non-dimensional Von Karman transformations are invoked:  
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Incorporating the relations (7)-(11) and transformations (12) in Eqns. (1) – (4) yields a coupled 

nonlinear system of nonlinear ordinary derivative boundary layer equations in dimensionless 

form for axial, tangential and radial velocity and energy (heat):  
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The emerging dimensionless boundary conditions take the form: 
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In Eqns. (13)-(17) the following dimensionless parameters arise: 
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Here 
1 2 3 4, , ,A A A A  are the hybrid nanofluid parameters. Also , ,Pr,M    and denote the 

magnetic body force term, thermal non-Fourier relaxation term, Prandtl number, rotation term 

and flow rate ratio parameter (due to radial stretching of the disk). Several wall characteristics 

are critical in materials processing operations. These are the gradients of the velocity 

components and temperature i.e., tangential and radial disk friction (wall shear stress modules) 

and Nusselt number, and are described as follows: 

2 2
, ,

( ) ( ) ( )

z wrz
Fr G r

f f w

r q
C C Nu

cr cr k T T







  

= = =
−

.                                                                 (19) 

Here: 

( )

00

00

0 0

1
,

1
,

rz

zz

z

zz

w r w
z z

u w u

z r z

v w v

z r z

T T
q k q k

z z



  


  




==

==

= =

          
= + =                   

          
= + =                   

    
= − + = −       

                                                                     (20) 

The required dimensionless forms are: 
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Here, the radial local Reynolds number is represented as 2 2Re /n

r fr c −= .        

 

3. Numerical Solution 

The non-dimensional boundary problem described by Eqns. (13)-(16) under constraints (17) 

model is strongly coupled and nonlinear. Analytical solutions are inflexible. A numerical 

approach is thus deployed. A weighted residual scheme (WRS) with an integrating Galerkin 

method [75] is utilized due to excellent versatility, convergence, stability and consistency 

features. The characteristics of the used techniques made it more reliable and preferable than 

other solution methods. This approach is equally adept at accommodating linear and nonlinear 

derivative equations and complex boundary constraints. The solution procedure adopts trial 

functions for tangential velocity (G), axial velocity (H), radial velocity (F), and temperature 

() following [75,76] in the form: 

𝐹(𝜂) = ∑ 𝑎𝑖𝑒
−

𝜂𝑖

2𝑟
𝑖=0 , 𝐺(𝜂) = ∑ 𝑏𝑖𝑒

−
𝜂𝑖

2𝑟
𝑖=0 , 𝐻(𝜂) = ∑ 𝑐𝑖𝑒

−
𝜂𝑖

2𝑟
𝑖=0 , 𝜃(𝜂) = ∑ 𝑑𝑖𝑒−

𝜂𝑖

2𝑟
𝑖=0        (22) 

Here 𝑎𝑖, 𝑏𝑖, 𝑐𝑖 and 𝑑𝑖 are constant coefficients to be determined, 𝑒−
𝜂𝑖

2  defines the weighting 

function adopted to satisfy the flow boundary conditions, 𝑟 is a secure number which takes 𝑟 =

0,1,2,3, … , 𝑁 − 2. Therefore, imposing the base functions (22) on the equations (13-16) to have 

the residual system of equations, 𝑅𝐹 , 𝑅𝐺 , 𝑅𝐻 and 𝑅𝜃 in terms of a’s, b’s, c’s, and d’s. Also, the 

trial functions are used on the boundary conditions (17) to obtain a system of linear equations. 

Thus, the residual errors are minimized as much as possible to zero using an approximation 

integrating the Galerkin method with the following definitions for residuals: 

∫ 𝑅𝐹𝑒−
𝜂𝑖

2
𝐿

0
𝑑𝜂 = 0, ∫ 𝑅𝐺𝑒−

𝜂𝑖

2
𝐿

0
𝑑𝜂 = 0, ∫ 𝑅𝐻𝑒−

𝜂𝑖

2
𝐿

0
𝑑𝜂 = 0, ∫ 𝑅𝜃𝑒−

𝜂𝑖

2
𝐿

0
𝑑𝜂 = 0                    (23) 

The minimization of residual errors is achieved by taking the integral and weighting function 

product of 𝑒−
𝜂𝑖

2  and the residual equations. The numerical solution is executed in MAPLE 

symbolic software in which platform the WRM-Galerkin procedure has been coded. The 

procedure is repeated to study the effects of different control parameters in the swirling hybrid 

nanofluid model.  

 

 

4. Validation   

To verify the correctness of the extant numerical methodology, Table 2 compares the radial 

velocity gradient solution, 𝐹′(0), obtained with the present WRM-Galerkin solutions in the 

absence of magnetic, non-Fourier thermal relaxation, rotation and radial stretching effects i. 
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e. 𝑀 = 𝜀 = 𝛽 = 𝜔 = 0, with the earlier computations of Anders et al. [77], Ming et al. [78] 

and Usman et al. [71]. Excellent agreement is obtained for the case of Prandtl number Pr =1 

and a range of power-law rheological index values (n = 0.5 to 1.3). This confirms the validity 

of the present WRM-Galerkin code, which is demonstrably suitable for multi-physical 

boundary layer flows.   

 

Table 2: Results verification for 𝐹′(0) with different values of the power-law index (n) when 

𝑃𝑟 = 1, 𝑀 = 𝜀 = 𝛽 = 𝜔 = 0. 

n Anders et al. 

[77] 

Ming et al. 

[78] 

Usman et al. 

[71] 

Present WRM-Galerkin 

solutions 

0.5 0.501 0.50058 0.5006 0.50057833 

0.8 0.504 0.50381 0.5038 0.50380648 

1.0 0.510 0.51021 0.5102 0.51021455 

1.3 0.522 0.52150 0.5215 0.52150496 

1.5 0.529 0.52919 0.5292 0.52918529 

 

 

5. Results and Discussion  

In this section, we investigate the effect of selected terms on the swirling boundary layer 

magnetic hybrid rheological nanofluid flow (containing hybridized Copper (Cu) and 

Aluminum alloy (AA7075) nanoparticles with Sodium Alginate (C6H9Na07) as base fluid) over 

the rotating stretching disk. Figs. 1- 10 Visualize the graphical solutions for (axial velocity 

( )H , tangential velocity ( )G , radial velocity ( )F  and temperature ( ) ). Table 3 documents 

the radial and tangential plate friction components and energy gradient solutions. In all cases, 

default data has been prescribed carefully to correlate with actual magnetic nano-polymers 

[60].  
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Fig 2. Profile of radial velocity component for various values of magnetic term, M  

 

 
Fig 3. Profile of tangential velocity for various values of magnetic term, M  
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Fig 4. Profile of axial velocity component for various values of magnetic term, M  

 

 
Fig 5. Profile of temperature with different values of magnetic term, M  
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Fig 6. Profile of temperature with various values of thermal relaxation parameter values,   

 

 

 
Fig 7. Profile of radial velocity with various velocity ratio parameter values,  
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Fig 8. Evolution in axial velocity profiles with various values of velocity ratio parameter  

 

 

Figs 2- 4 illustrate the axial, radial and tangential velocities response to a change in magnetic 

field. The magnetic field appears in the radial and tangential momenta equations since its axial 

orientation (z-direction) is mutually orthogonal to the radial and tangential directions. The 

Lorentz body force components are, therefore, generated in both the radial (14) and tangential 

directions (15) and take the forms, −
𝐴3

𝐴1
𝑀(𝐹 − 𝜀) and −

𝐴3

𝐴1
𝑀𝐺, respectively. The Lorentz 

force is absent in the axial momentum eqn. (13). Increasing M values induces A significant 

damping effect in both the radial and tangential flow fields (Figs 2, 3). The axial flow is also 

decelerated (Fig 4) with increments in magnetic parameter; however, values are consistently 

negative.  

Fig. 5 visualizes the temperature evolution through the boundary film region oblique to the 

disk plate with a change in magnetic field parameter, M . In all cases, there is a sharp descent 

from the disk surface in temperature, which then decays smoothly to the free stream. Higher 

M values produce a strong elevation in temperature values.  

Fig. 6 depicts the distribution in temperature with various values of heat relaxation term values, 

 . In the absence of thermal relaxation, 0 =  and the energy eqn. (16) contracts to [𝐻 +

1−𝑛

1+𝑛
𝜂𝐹]𝜃 ′ =

𝐴5

𝐴4

1

𝑃𝑟
[𝜃 ′{(𝐹′)2 + (𝐺 ′)2}

(𝑛−1)

2 ]
′

 which corresponds to the classical Fourier model. 
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The non-Fourier model substantially modifies the heat flux terms and introduces hyperbolic 

finite wave conduction effects known as thermal relaxation. The classical Fourier model 

negates this effect and is a parabolic model.  With increasing   values, there exists high 

augmentation in temperatures computed.  

Figs. 7 and 8 exemplify the evolution in radial and axial velocity with various radial velocity 

stretching term values . This term ascends in the free stream boundary condition for radial 

velocity i. e. Eqn. (17), ( )F  = . As noted earlier, we consider the case of radial stretching, 

for which 0  . A strong momentum boost is imparted to the radial flow with greater values 

of this parameter (Fig. 7). The radial stretching corresponds to deformable disk behaviour, 

which can be used in spin coating to manipulate the coating characteristics further. The reverse 

axial flow is reduced, and lesser negative values are computed in axial velocity at higher values 

of   (Fig. 8). Overall, stronger radial stretching manifests in a boost in both radial and axial 

momentum. Again, higher (less negative) axial velocities are computed for hybrid copper (Cu)-

aluminium alloy (AA7075)-sodium alginate (C6H9Na07) nanofluid. at all axial coordinate, , 

relative to the unitary AA7075 nanofluid. 

Supplementary Fig. 9 displays the distribution of tangential velocity (G ) for various 

rotational parameter values, 𝜔. The rotational parameter, / c =  features in the disk surface 

(wall) tangential velocity boundary condition (17), (0)G = . It relates the relative contribution 

of disk rotational velocity to the intensity of the radial stretching velocity. When 1 = both 

rotation and stretching contribute equally. For 1  , the stretching dominates. However, the 

contribution from the Coriolis rotating body force produces a strong accentuation in tangential 

(swirl) momentum. This enhances tangential velocity substantially, specifically in the vicinity 

of the disk plate and near it. Further from the disk wall towards the free stream, the effect is 

diminished.  

Supplementary Figs. 10-13 depict the impact of variation in the power-law index values on 

the flow characteristic evolutions. The power-law index signifies Newtonian fluid when 1n =

, pseudoplastic nanofluid when 1n   and dilatant nanofluid when 1n  . As presented in 

Supplementary Figs 10, 11 and 13, increasing values of n for aluminium alloy (AA7075)-

sodium alginate (C6H9Na07) and Cu − AA7075/C6H9Na07 hybrid nanofluid decreases the 

radial and axial tangential velocity components. Velocity magnitudes are minimized for the 

Newtonian case (n =1). However, in all cases, they are maximum for the strongly pseudo-

plastic case (n = 0.5) since the shear-thinning properties (lower global viscosity) encourage 

momentum diffusion, accelerating the flow. Clearly, the use of a Newtonian model under-
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predicts the velocity characteristics, leading to erroneous estimates for the actual behaviour of 

the hybrid nanofluids. In Supplementary Fig 12, the temperature of strongly pseudoplastic 

nanofluid (n = 0.5) is also shown to exceed that of Newtonian nanofluid (n =1). The shear-

thinning nature of the nanofluid, as noted earlier, reduces viscosity. The smaller the value of n, 

the more prominent the pseudoplastic behaviour. Thermal convection is, therefore, exacerbated 

in the swirling boundary layer, and temperatures are boosted as n is reduced. Thermal boundary 

layer thickness will also, therefore, be increased. The Newtonian model (n = 10) under-predicts 

temperatures and thermal boundary layer thickness. Therefore, the justification for including a 

rheological model is evident as it is more appropriate for nano-polymers.   

Supplementary Table 3 presents the effects of all five control parameters on radial skin 

friction, tangential skin friction and Nusselt number, for Cu − AA7075/C6H9Na07 hybrid 

nanofluid. There is no tangible modification in either the radial (𝑅𝑒𝑟

1

𝑛+1𝐶𝐹𝑟) or the tangential 

(𝑅𝑒𝑟

1

𝑛+1𝐶𝐺𝜙) skin friction with increasing non-Fourier parameter,  . However, the heat 

transferred to the disk surface is reduced since temperatures are enormously elevated with non-

Fourier heat flux. Nusselt number is therefore depleted. With increasing rotation parameter, , 

radial skin friction is decreased whereas tangential skin friction is elevated. Stronger rotation 

also generates a weak rise in Nusselt number (heat transfer rate at the disk), implying cooling 

in the boundary layer. With elevation in magnetic parameter, M , both radial and skin friction 

magnitudes are increased whereas Nusselt number is decreased. Elevation in velocity ratio 

parameter, , reduces radial skin friction but enhances tangential (azimuthal) skin friction and 

Nusselt number. Finally, an increment in the Prandtl number, is observed to not influence radial 

and tangential skin friction but strongly elevates the Nusselt number since the boundary layer 

is cooled and there is an exacerbation in heat (thermal energy) transferred to the disk surface.   



18 
 

 
Supplementary Fig 9. Distribution of tangential velocity for various rotational parameter 

values,  

 
Supplementary Fig 10. Radial velocity field for various power-law index, 𝑛  
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Supplementary Fig 11. Evolution of axial velocity field for diverse power-law index, 𝑛 

 
Supplementary Fig 12. Tangential velocity distribution for diverse power-law index, 𝑛  
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Supplementary Fig 13. Temperature evolution profile for varying power-law index, 𝑛 

 

Supplementary Table 3: Computed values for the hybridized Cu − AA7075/
C6H9Na07 nanofluid 

𝛽 𝜔 𝑀 𝜀 𝑃𝑟 
𝑅𝑒𝑟

1
𝑛+1𝐶𝐹𝑟 𝑅𝑒𝑟

1
𝑛+1𝐶𝐺∗ 𝑅𝑒𝑟

1
𝑛+1𝑁𝑢𝑟 

0.10 0.2 0.5 0.10 3 -0.701204104 -0.175628522 1.130683467 

0.05     -0.701204105 -0.175628522 1.074738776 

 0.4    -0.689753295 -0.351682951 1.132925710 

 0.6    -0.670741709 -0.528578265 1.136623785 

  1.0   -0.820074549 -0.199304562 1.099739207 

  2.0   -1.018848058 -0.240222898 1.049972223 

   0.03  -0.736838593 -0.173751846 1.116068355 

   0.07  -0.716867849 -0.174819389 1.124361165 

    1.0 - - 0.573229979 

    2.0 - - 0.886323851 

 

6. Conclusions 

As a simulation of thermo-magnetic nano-polymer spin coating manufacture, a theoretical and 

computational study has been presented for convective heat transfer in magnetic hybrid power-
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law rheological nanofluid polymer flowing from a stretching rotating disk. copper (Cu) and 

aluminium alloys (AA7075) nanoparticles with sodium alginate (C6H9Na07) as base fluid are 

considered, and a hybrid volume fraction model is deployed. A non-Fourier (Cattaneo-

Christov) heat flux model has been implemented to simulate thermal relaxation effects absent 

in the classical Fourier heat conduction model. Using appropriate similarity variables with the 

Von Karman transformations, the system of governing conservation partial differential 

equations with associated boundary conditions has been reduced to an ordinary differential 

boundary value problem. This boundary value problem has been solved computationally with 

the weighted residual method (WRM) and an integral Galerkin scheme, executed in the 

MATLAB symbolic software.  A detailed parametric study has been conducted to examine the 

transport characteristics (radial, azimuthal, axial velocities, temperature, radial and tangential 

skin friction and Nusselt number) for both copper (Cu)/aluminium alloy (AA7075) 

nanoparticles. Verification of the accuracy of the solutions with exceptional cases from the 

literature has been included. The principal findings of the present computations can be 

summarized as follows: 

• An increase in magnetic parameter, M, strongly damps the radial, tangential and axial 

velocity but substantially elevates temperature and thermal boundary layer thickness. 

• Hybrid copper (Cu)-aluminum alloy (AA7075)-sodium alginate (C6H9Na07) nanofluid 

attains markedly greater temperatures than AA7075 unitary nanofluid at all locations into 

the boundary layer. 

• With increasing non-Fourier relaxation parameter values, there is a strong increment in 

temperature and thermal boundary layer thickness, whereas the Nusselt number is 

diminished. Temperatures are shown to be under-predicted by the classical Fourier model 

( =0). 

• With elevation in velocity stretching ratio parameter, , radial velocity is enhanced and 

reverse axial flow is damped. However, radial skin friction is suppressed, and tangential 

(azimuthal) skin friction and Nusselt number are both increased. 

• With greater rotational parameter, 𝜔A strong acceleration is induced in the tangential flow, 

and the Nusselt number is weakly incremented, whereas radial skin friction is suppressed. 

• With an increment in the power-law rheological index (n), axial, tangential, and radial 

velocity magnitudes are reduced, as are temperature and thermal boundary layer thickness. 

Strongly pseudoplastic nano-polymers (lower n value) achieve greater velocity and 

temperature magnitudes relative to Newtonian nanofluids.  
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Future studies may consider the Buongiorno two-component nanoscale model, which includes 

nanoparticle mass diffusion, and additionally explore a non-Fickian model. Also, alternative 

non-Newtonian models, including viscoelastic and microstructural models, can be investigated. 

Efforts in these directions will be communicated imminently, and the Weighted Residual 

Method (WRM) and Galerkin numerical approach hold significant promise.   
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