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Physics-based first-principles pressure-volume-temperature equations of state (EOS) exist for
solids and gases but not for liquids due to the long-standing fundamental problems involved in
liquid theory. Current EOS models that are applicable to liquids and supercritical fluids at liquid-
like density under conditions relevant to planetary interiors and industrial processes are complex
empirical models with many physically meaningless adjustable parameters. Here, we develop a gen-
erally applicable physics-based (GAP) EOS for liquids including supercritical fluids at liquid-like
density. The GAP equation is explicit in the internal energy, and hence links the most funda-
mental macroscopic static property of fluids, the pressure-volume-temperature EOS, to their key
microscopic property: the molecular hopping frequency or liquid relaxation time, from which the
internal energy can be obtained. We test our GAP equation against available experimental data
in several different ways and find good agreement. Our GAP equation, unavoidably and similarly
to solid EOS, contains a semi-empirical term giving the energy of the static sample as a function
of volume only (EST (V )). Our testing includes studies along isochores, in order to examine the
validity of the GAP equation independently of the validity of any function we may choose to utilize
for EST (V ). The only other adjustable parameter in the equation is the Grüneisen parameter for
the fluid. We observe that the GAP equation is similar to the Mie-Grüneisen solid EOS in a wide
range of the liquid phase diagram. This similarity is ultimately related to the condensed state of
these two phases. On the other hand, the differences between the GAP equation and EOS for gases
are fundamental. Finally, we identify the key gaps in the experimental data that need to be filled
in to proceed further with the liquid EOS.
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1. INTRODUCTION

A. Liquid theory

Problems involved in liquid theory were long consid-
ered to be of fundamental nature and unworkable. As dis-
cussed by Landau, Lifshitz and Pitaevskii (LLP), these
problems are (a) strong interatomic interactions com-
bined with dynamical disorder and (b) no small param-
eter in the theory [1–3]. As a result, for a long time
no general thermodynamic theory of liquids was thought
to be feasible, in contrast to theories of solids and gases
developed over a century ago [4]. Whereas calculating
generally-applicable thermodynamic properties such as
energy and heat capacity and their temperature depen-
dence have become an essential part of theories of solids
and gases, deriving such general relations was ruled out
in liquids [1, 2] (according to Peierls [5], Landau had al-
ways maintained that developing a theory of liquids was
impossible).
These fundamental problems apply to all theoretical

approaches to liquids based on considering liquid inter-
actions and structure explicitly, which has been the pre-
dominant approach in statistical physics of liquids in the
last century [6–19]. These approaches include expanding
interactions into short-range repulsive reference and at-
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tractive terms in simple models (see, for example, Refs.
[16–19]): the expansions and coefficients in these expan-
sions remain system-dependent and the results remain
not generally applicable.

The first part of the problem stated by LLP can be
illustrated by writing the liquid energy in terms of the
concentration n, pair distribution function g(r) and in-
teraction potential u(r) (the ”energy equation”):

E =
3

2
NT +

n

2

∫
g(r)u(r)dV (1)

Analogous equations exist to give the pressure and bulk
modulus in terms of g(r) and u(r) (reviewed in [20]).
kB = 1 here, and throughout the theory section. The
term ”liquid” refers, here and subsequently, to liquids
in the subcritical regime and to supercritical fluids at
liquid-like density.

Early theories [6, 8, 10, 19] considered the goal of sta-
tistical physics of liquids to be to start with liquid struc-
ture and intermolecular interactions such as g(r) and u(r)
in Eq. (1) and on this basis work out liquid thermody-
namic properties. Working towards this goal involved
developing analytical models for liquid structure and in-
teractions, and this has become the essence of liquid the-
ories [6–19]. The problem with this approach is the one
stated by LLP: the interaction u(r) in liquids is both
strong and system-specific, hence E in Eq. (1) is strongly
system-dependent. It was for this reason that no gener-
ally applicable theory of liquids was considered possible
[1, 2].

An additional problem is that interactions and correla-
tion functions are generally not available apart from sim-
ple models and can be generally complex involving many-
body, hydrogen-bond interactions and so on. This pre-
cludes calculation of the liquid energy in theories based
on Eq. (1) or its extensions involving higher-order cor-
relation functions [6, 10]. Even when g(r) and u(r) are
available in simple cases, the calculation involving Eq.
(1) or similar is not enough: in order to explain experi-
mental data such as heat capacity of real liquids [20–25],
one still needs to develop a physical model.

The small parameter in solids simplifying theory are
small atomic displacements from equilibrium positions,
but this ostensibly does not apply to liquids because liq-
uids do not have stable equilibrium points that can be
used to sustain these small phonon displacements. Weak-
ness of interactions assumed in the theory of gases can
not apply to liquids either because interactions in liquids,
the condensed state of matter, are as strong as in solids.
This is the second, no small parameter problem, stated
by LLP.

Contrary to what was commonly believed (see, e.g.,
Ref. [26]) and differently to what is often currently con-
sidered, popular models used to discuss liquids are inap-
plicable to understanding the most important properties
of real liquids such as energy and heat capacity. These
models include the widely used Van der Waals model, the

hard-spheres model and their extensions [13, 14, 27–29].
Both models give the specific heat cv = 3

2kB [1, 22, 23]
and hence describe the non-interacting ideal gas from
thermodynamic point of view. This is far removed from
experiments showing liquid cv = 3kB close to melting
[4, 20–23, 30] where this cv is as large as in solids. Prop-
erties of gases and solids are very different due to inter-
actions [1, 31], hence models that give cv = 3

2kB instead
of cv = 3kB miss essential physics. We note that sim-
ple models above were also used as reference states to
calculate the energy (1) by expanding interactions into
attractive and repulsive parts (see, e.g., Refs. [10, 16–
19]). These parts understandably play different roles at
low and high density, however this method faces the same
problem outlined by LLP: the interactions and expansion
coefficients are still strongly system-dependent and so are
the final results, precluding a general theory.

As a result of these fundamental problems, under-
standing liquid thermodynamic properties (both their ac-
tual values and temperature dependence) theoretically
has remained a long-standing problem. This remained a
serious gap in both research and teaching [25, 32, 33].

Notably, the above problems do not originate in the
solid state theory. The fundamental principle of statisti-
cal physics is that properties and essential physics of an
interacting system are governed by its excitations [1, 31].
We are able to readily apply this principle to solids, both
crystalline and amorphous, where these excitations are
collective excitations, phonons. The theory based on
phonons is physically transparent, predictive, generally
applicable and forms the cornerstone of the solid state
theory as well as other areas. Remarkably, there is no
need to explicitly consider structure and interactions of
solids to understand their basic properties. Most im-
portant results such as the universal temperature depen-
dence of energy and heat capacity of solids readily come
out in the phonon theory [1, 31]. This also applies to
deriving the equations of state for solids [34].

It is therefore interesting to observe that the approach
to the liquid theory diverged from the solid state the-
ory in its fundamental perspective: the liquid theories
were based on correlation functions and interatomic in-
teractions, whereas the solid state theory operated in
terms of phonons. However, there were notable excep-
tions. Sommerfeld and Brillouin [35–39] considered that
the liquid energy and thermodynamic properties are fun-
damentally related to phonons as in solids and sought
to discuss liquid properties on the basis of a modified
Debye theory. These ideas were published starting from
1913 and shortly after the Einstein and Debye theories
of solids [40, 41] were published laying the foundations
of the solid state theory. Trying to link liquid thermody-
namics to phonons has extended over a substantial pe-
riod of Brillouin’s research. Apart from isolated attempts
[15, 23, 42], this line of enquiry has stopped, and liquid
theories based on structure and interactions in Eq. (1)
were pursued instead. Whereas the Debye and Einstein
theories have become part of every textbook on solids, a
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theory of liquid thermodynamics has remained unwork-
able for about a century that followed. An important rea-
son is that, differently from solids, the nature of phonons
in liquids remained unclear for a long time [4].

B. Equation of state

The above problems of liquid theory have understand-
ably impacted the development of physics-based first-
principles liquid equation of state (EOS). These equa-
tions exist for solids and gases but not for liquids.

At present there exists no standard source of fluid
PV T EOS data for planetary science or industrial ap-
plications of liquids and supercritical fluids, and PV T
EOS are based on complex empirical models for indus-
trial applications of simple and complex liquids. In the
remainder of the introduction we will outline the nature
of the problems with existing approaches, and our pro-
posed solution.

At this stage, it is appropriate to define the nomencla-
ture relating to EOS and liquids for clarity throughout
the remainder of this work. The term ”equation of state”
is formally defined as any equation linking the values of
two or more state variables. Often these variables are
assumed to be pressure and volume, or pressure, volume
and temperature. In the present work we need to discuss
EOS linking various combinations of state variables, so
will explicitly list these in all cases. Using this nomen-
clature, the ideal gas EOS is a PV T EOS, the Birch-
Murnaghan EOS is a PV EOS and the law giving the
internal energy of a monatomic ideal gas E = (3/2)RT
is an ET EOS. The only exceptions to this nomenclature
will be when we describe the fundamental EOS which
can provide outputs for various state variables from a
single equation for the Helmholtz free energy and the
Mie-Grüneisen EOS for solids as the M-G EOS. The term
”liquid” will be used to describe the liquid state in the
subcritical regime, as well as the part of the supercrit-
ical fluid state on the liquid-like (high density) side of
the Frenkel line [43]. The term ”particle” will be used to
refer to the atoms comprising an atomic fluid, and the
molecules comprising a molecular fluid.

The first EOS to be proposed that explicitly (albeit
qualitatively) accounts for the balance between attrac-
tion and repulsion between fluid particles that character-
izes a liquid was the van der Waals PV T EOS, referred
to as a ”cubic” EOS because it can be written as a cubic
polynomial in V :

P =
RT

V − b
− a

V 2
(2)

Since then a wide variety of other cubic PV T EOS (e.g.
Patel-Teja, Redlich-Kwong, Peng-Robinson etc.) have
been proposed based on the van der Waals PV T EOS
but incorporating an additional- V -dependent term and
some form of temperature dependence for the van der

Waals parameter a. These EOS can be written in the
following form (referred to as the generalized cubic PV T
EOS)[20, 44]:

P =
RT

V − b
− a(T )

V 2 + cV + d
(3)

However, these equations are essentially the ideal gas
EOS with corrections so do not perform well for accurate
modelling of liquid properties.
The current state of the art in liquid and supercriti-

cal fluid PV T EOS for use in industry is a methodology
called the fundamental (or reference) EOS [20, 44, 45].
The fundamental EOS for a fluid is an equation giving
the Helmholtz free energy of the fluid as a function of
molar volume and temperature (F (V ,T )). Most macro-
scopic static and dynamic properties can be obtained
from derivatives of this function, such as the speed of
sound and the internal energy. This method ensures that
the obtained values of different fluid properties are at
least consistent, even if they are not necessarily correct.
As far as PV T EOS are concerned, these can be obtained
by calculating the pressure from F (V ,T ) and thus link-
ing the pressure to the V, T input variables. Thus various
different EOS can be obtained from a single fundamental
EOS, and will henceforth be referred to as ”output” from
the fundamental EOS. Fundamental EOS are available
for most simple fluids and many complex fluids, albeit in
some cases over a limited V, T range. Whilst the funda-
mental EOS for most fluids are described in publications
(for instance [45–47]), using the fundamental EOS usu-
ally involves generating whatever output EOS is required
using a software package. In this work we use the NIST
webbook[30] and the ThermoC software[48] to generate
the required outputs from the fundamental EOS.
Whilst useful, the fundamental equations for F (V ,T )

are almost entirely empirical, and typically incorporate
ca. 50 dimensionless and physically meaningless free fit-
ting parameters. The process of fitting to the available
experimental data (linear and non-linear regression anal-
ysis) often involves arbitrary choices of which data to
weight more heavily in the fitting process, and can lead
to a fundamental EOS which overfits to the large amount
of data available in the gas state and critical region at the
expense of the more sparse data at liquid-like density at
high temperature. Due to the overfitting, the fundamen-
tal EOS typically provides outputs that match most of
the experimental data very well, interpolates between the
data in an effective manner, and allows disparate sources
of experimental data on fluids to be collated and checked
for mutual consistency. In our earlier work [24] we used
the fundamental EOS viscosity and internal energy out-
put along isochores extensively instead of the original
experimental data, as we would otherwise have had to in-
terpolate between the experimental datapoints ourselves
to obtain their values along the same isochore. However,
extrapolation of the fundamental EOS output to V T con-
ditions at which it was not fitted to experimental data has
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been shown to be unreliable in many cases (Ref. [20] and
refs. therein). This is due to the empirical nature of the
fundamental EOS for F (V ,T ). Care is required to dis-
tinguish between interpolation and extrapolation when
generating output from the fundamental EOS as the PT
range of experimental data advertised in the abstract of
publications presenting the fundamental EOS for differ-
ent fluids is usually that of the PV T data. Dynamic
properties such as heat capacity and speed of sound are
often fitted over a far smaller PT range and even the
PV T data are often very limited at liquid-like densities
above 300 K. Transport properties such as viscosity are
fitted using a separate mainly empirical model[49].

More recent work explored scaling arguments simpli-
fying the description of properties on the phase diagram
(see, e.g. Refs. [50–55]). This includes using the Rosen-
feld conjecture [26] that certain liquid properties scale
with the excess entropy. This was based on using the
hard-sphere model mentioned earlier. We will return to
this conjecture in Section 2B.

In the last couple of decades a set of new results have
emerged related to phonons in liquids, allowing the new
approach to liquid PV T EOS outlined in this work. It
has taken a combination of new experiments, theory and
modelling to understand phonons in liquids well enough
to connect them to liquid thermodynamic properties. Re-
call that it is this connection between thermodynamic
properties and phonons which formed the basis of the
Einstein and Debye approach to solids and laid the foun-
dations of the modern solid state theory. This, in turn,
enabled the development of physics-based EOS for solids
discussed in Section 2A.

The upshot is that the liquid theory can too be devel-
oped on the basis of phonons. The key point is that, dif-
ferently from solids, the phase space available to phonons
in liquids is not fixed but is instead variable. In partic-
ular, this phase space reduces with temperature. This
reduction quantitatively explains the experimental liquid
data and in particular the decrease of liquid specific heat
from the solidlike to the ideal gas value with increasing
temperature [4, 20, 21, 24].

The small parameter in this liquid theory is therefore
the same as in the solid state theory: small phonon dis-
placements. However, in important difference to solids,
this small parameter operates in a variable phase space.
This addresses the problems stated by Landau, Lifshitz
and Pitaevskii above. As in the solid theory, the phonon
gas in the variable phase space is in equilibrium.

Here, we apply this new theoretical framework to the
archetypal, and extremely important, property of fluids:
The pressure-volume-temperature (PV T ) EOS and de-
velop a new generally applicable physics-based (GAP)
equation of state for liquids, the GAP equation. We
use the term ”first principles” to refer to application of
relations analytically solved from liquid theory, rather
than via computer simulations. General applicability
here means that it (a) applies to all liquids regardless
of their structure and interactions over a wide PT range

(if liquid structure, bonding or conducting type changes
as a result of pressure or temperature, the EOS applies to
each phase separately) and (b) its derivation is general-
theoretical and does not involve any assumptions other
than the knowledge of liquid viscosity, and (c) its practi-
cal use similarly does not require any additional assump-
tions other than liquid viscosity. The GAP equation is
explicit in the internal energy E, and thus leads on nat-
urally from our recent work based on the phonon theory
of liquid thermodynamics [4, 20, 21, 24]. We will expand
on the point of general applicability in Section 2C 3.
Our GAP equation has only one dimensionless param-

eter: the Grüneisen parameter for the fluid. Via the
dependence on the internal energy, our GAP equation
links the most fundamental macroscopic static property
of fluids (the pressure-volume-temperature EOS) to their
key microscopic property: the molecular hopping fre-
quency or liquid relaxation time. We test our GAP equa-
tion against available experimental data for noble Ar and
molecular N2 in several different ways and find very good
agreement between the GAP equation and experimental
data. We observe that the similarity between the solid
and liquid equations of state is ultimately related to the
condensed state of these phases, whereas the gas EOS is
fundamentally different because gas particles are virtu-
ally unaffected by cohesion. Finally, we identify the key
gaps in the experimental data that need to be filled in to
proceed further with the theoretical description of fluids
properties from first principles.

2. THEORY

A. PV T and PV E EOS for solids

There are several forms of the PV T and PV E EOS
developed for solids [34]. They all start with the phonon
free energy and differentiate it with respect to volume to
obtain thermal pressure. Different PV T EOS are related
to different approximations and assumptions about the
phonon, elastic and thermal properties of solids in order
to bridge the gap between theory and experiment. We
give an example of a simple EOS for solids and write the
high-temperature Helmholtz free energy F as [1]:

F = E0 + T
∑
i

ln
ℏωi

T
(4)

where E0 is the zero-point energy and ωi are the phonon
frequencies.
F in (4) contributes the thermal pressure Pth =

−
(
∂F
∂V

)
T
to the total pressure P :

P (V, T ) = PT=0(V ) + Pth(V, T ) (5)

where PT=0(V ) is pressure in the absence of thermal ef-
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fects [56].
From Eq. (4), Pth is

Pth =
T

V

∑
i

γi (6)

where γi = − V
ωi

dωi

dV are mode Grüneisen parameters and
we neglected the small zero-point term at high tempera-
ture. In the high-temperature classical regime, γi can be
set to the average Grüneisen parameter γ: γi = γ [34].

In solids, the sum in Eq. (4) and Eq. (6) is over all
3N phonons, where N is the number of particles in the
system. This gives

P s
th = Es

th

γ

V
= 3NT

γ

V
(7)

where P s
th is thermal pressure in the solid and Es

th is
thermal energy of the solid.

The total internal energy is the sum of the “static”
elastic energy at zero temperature, Est, and Eth:

E = Est + Eth (8)

Applying P = −
(
∂F
∂V

)
T

to the sum gives the Mie-

Grüneisen (M-G) EOS for high-temperature solids[34].
Provided that the the function EST (V ) describing the
static bond energy dependence on volume is known, the
M-G EOS can be written as a PV E EOS

PV = −V
dEst

dV
+ γETH (9)

or, making use of ETH = 3NT as in Eq. (7) a PV T
EOS:

PV = −V
dEst

dV
+ 3NTγ (10)

Differently from some other EOS for solids, the M-G
EOS does not contain freely adjustable parameters (fudge
factors), for the important reason that it is physics-based.
In particular, it is grounded in the statistical theory of the
solid state. It is therefore widely applicable to crystalline
solids. The application of the M-G EOS to glasses may
be limited by the fact that (since a glass is a metastable
state rather than the stable state) the volume of a glass
depends on it’s history (e.g. cooling rate) [57]. How-
ever, the present work deals with liquids, in regions of
the phase diagram in which the liquid is the stable equi-
librium state. In the next sections, we will therefore en-
deavour to derive a similarly physics-based EOS for liq-
uids.

The first term in Eqs. (9) and (10) quantifies the static
cohesive energy of the solid. This is a system-specific
property governed by particular structure, composition

and type of interatomic interaction. Therefore, it is not
amenable to a general theory (but can be calculated in
quantum-mechanical computer simulations). This is in
contrast to the second term in Eq. (10) describing ther-
mal properties of solids for which a general theory exists
[1]. The way these equations are tested experimentally
involves considering the isochores where only the second
thermal term contributes to the pressure change. This
gives good agreement with experimental EOS measured
in many types in solids, including insulators and conduc-
tors [34].

B. Liquid excitations and energy

We now set the stage for calculating the EoS for liquids.
This calculation is based on the phonon theory of liquid
thermodynamics [4, 20, 21, 24, 58]. In this section, we
recall the starting point and main steps and ingredients of
this theory. This is needed in order to follow the physical
basis of the liquid EOS.

This theory zeroes in on the liquid internal energy E
as the primary property in statistical physics [1] and is
based on the fundamental insight from statistical physics
that properties of an interacting system is governed by
its excitations [1, 31]. In solids, these are collective exci-
tations, phonons. If a solid is amorphous, disorder effects
may affect the phonon propagation in a number of ways,
yet phonons remain dominant excitations in these sys-
tems [59, 60].

In liquids, collective modes, phonons, include one lon-
gitudinal mode and two transverse modes propagating
at frequency ω > ωF = 1

τ in the solid-like elastic regime
[61]. Here, τ is liquid relaxation time, the time between
consecutive particle jumps in the liquid and is related to
viscosity η as τ = η

G , where G is the high-frequency shear
modulus [61]. Frenkel arrived at this result by observing
that, approximately speaking, the liquid structure does
not change on timescales shorter than τ . This implies
that at frequency ω > ωF = 1

τ , liquid supports two solid-
like transverse modes.

Experimentally, ascertaining the existence of phonons
and their operation in liquids has quite a long history.
The last two decades have benefited from powerful syn-
chrotron facilities where inelastic scattering experiments
have been performed on many liquids. It is now well es-
tablished that liquids sustain propagating phonons, both
longitudinal and transverse, extending to wavelengths
comparable to interatomic separations as in solids [62–
72]. This is a remarkable fact asserting close similarity
of collective excitations in liquids and solids.

The result for propagating transverse phonons above
frequency ωF can be put on a firm theoretical basis
by considering the shear velocity field v derived in the
Maxwell-Frenkel viscoelastic theory. This theory yields
[4, 21, 73]:
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v ∝ exp

(
− t

2τ

)
exp (i(kx− ωt)) (11)

with

ω =

√
c2k2 − 1

4τ2
(12)

where c is the high-frequency transverse speed of sound,
k is the wavevector and ω is the frequency of transverse
waves.

According to Eq. (12), transverse waves exist in liquids
only if

k > kg =
1

2cτ
(13)

Eq. (13) defines a gapped momentum state present in
liquids as well as other dissipative systems [73]. This in-
cludes models used to understand the rigidity transition
in glasses and liquid-glass transition [74]. Here, the k-gap
increases at low packing fractions. Because rigidity is re-
lated to propagating shear modes, the value of kg was
proposed as an order parameter quantifying the rigid-
ity transition. In liquids, the gapped momentum state
is consistent with extensive molecular dynamics simula-
tions [75] and predicts that liquids are able to support
shear stress at low frequency if system sizes are small
enough, the effect ascertained experimentally [76, 77].

According to Eq. (11), the decay time and decay
rate are 2τ and Γ = 1

2τ . The crossover between prop-
agating and non-propagating modes is usually set by
ω = Γ. Then, the propagating regime ω > Γ gives
k > 1

cτ
√
2
= kg

√
2 or, using Eq. (12),

ω >
1

2τ
(14)

in agreement with the frequency (energy) gap envisaged
originally by Frenkel [61].

Eqs. (13) and (14) give an important effect mentioned
in the Introduction. As τ decreases at high tempera-
ture, both kg for phonons in Eq. (13) and the thresh-
old frequency for propagating phonons in Eq. (14) in-
crease. This means that the phase space available for
these phonons decreases with temperature (and increases
with pressure because pressure generally increases τ).
Theferore, the phase space available to phonons in liq-
uids is not fixed as in solids but is instead variable [21].
As long as the system is below the Frenkel line, the lon-

gitudinal waves remain propagating in this picture with
the usual dispersion relation ω = ck, albeit with differ-
ent dissipation trends in the regimes ωτ < 1 and ωτ > 1
[21]. The longitudinal mode becomes gapped above the
Frenkel line as discussed in Section 2D.

The variability of the phase space is a non-perturbative
effect itself, and its derivation does not involve a small
parameter (recall our discussion in the Introduction that
the absence of a small parameter was viewed as a fun-
damental reason ruling out a general liquid theory). In-
stead, this variability follows from the Maxwell-Frenkel
approach which treats solidlike elastic and hydrodynamic
properties of liquids on equal footing and without con-
sidering that either component is small [4, 78]. How-
ever, considering the phonon phase space in liquids and
its variability addresses the no small parameter problem
stated by Landau, Lifshitz and Pitaevskii. The small
parameter does exist in liquids and is the same as in
solids: small phonon displacements. Differently from
solids where the phase space is due to the fixed number of
phonons, 3N , the small parameter in liquids operates in
a reduced phase space where the number of propagating
phonons decreases with temperature.
We therefore see that the phonon states in liquids in-

clude one longitudinal mode, and two transverse modes
with frequency ω > ωF. The energy of these collective
excitations can be calculated using the quadratic Debye
density of states [79]. In addition to these excitations,
liquids have another type of excitations: local particle
jumps enabling liquid flow and setting liquid viscosity.
Adding the energy of these excitations to the phonon en-
ergy gives [4, 20, 21, 24, 58]:

Eth = NT

(
3−

(
ωF

ωD

)3
)

(15)

Eq. (15) assumes that the energy of each contributing
phonon is given by T in the harmonic approximation.
Accounting for phonon anharmonicity in the Grüneisen
approximation results in the multiplication of Eth by 1+
αT
2 , where α is the coefficient of thermal expansion and
does not change the energy or heat capacity substantially
[21, 24].
We note that localised particle jumps give rise to the

configurational (communal) entropy of the liquid, Sc [27].
In most liquids, Sc is a fairly slowly-varying function of
temperature, resulting in a small contribution to the heat
capacity Cv = T

(
∂Sc

∂dT

)
v
which can be ignored. In highly

anomalous liquids such as water and other tetrahedral
systems, Sc may depend on temperature in a wide tem-
perature range due to a continuous coordination change
[80]. We don’t consider these system-specific anomalies
and instead focus on generic behavior. We also note that
water anomalies disappear at high pressures on the order
of GPa where water becomes simpler and Ar-like [30].
Hence our GAP equation becomes applicable to anoma-
lous systems too, albeit at high pressure.
As the hopping frequency ωF increases, the energy (15)

progressively changes from 3NT to 2NT at high temper-
ature where ωF = ωD at the Frenkel line [43], resulting
in the decrease of liquid cv from about 3 to 2. This is a
universal behavior seen in all liquids [4, 20, 21, 24, 30].
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Eq. (15) and its extensions to account for anharmonic
and quantum effects have been found in agreement with
a wide range of liquids in a wide range of temperature
and pressures [21]. This involves calculating the hopping
frequency ωF from the experimental viscosity η as ωF =
G
η , where G is the high-frequency shear modulus, using

this this ωF in Eq. (15) (or it’s quantum equivalent) and
calculating ETH . The agreement with experimental data
was found [21] and subsequently verified independently
[20, 24]. The following points from Refs. [20, 21, 24] are
relevant to the present work:

(1) The parameter that we were calculating was ETH ,
and the testing we performed was comparing ETH to the
internal energy output from the fundamental EOS along
isochores. Since the internal energy output from the fun-
damental EOS is the change in internal energy compared
to it’s value at some arbitrary point on the phase dia-
gram (rather than it’s absolute value), and EST remains
constant along an isochore, it was not necessary to cal-
culate it. The fact that this is the case along isochores
we studied is encouraging evidence that assuming EST is
independent of temperature is a good approximation for
liquids as well as solids.

(2) We found that to reproduce the internal energy
output from the fundamental EOS to within ca. 1.5% it
was not necessary to employ any fudge factors. The only
fitting parameters required were two dimensioned, and
physically meaningful quantities. To achieve the more
challenging task of reproducing the observed heat capac-
ities accurately it was necessary to allow the liquid re-
laxation time to vary by ca. 2% from the value obtained
from the viscosity. However, using the model developed
in Ref. [20, 21, 24] to provide input data for a PVE EOS
only requires the internal energy, not the heat capacity.

(3) Our model provided the thermal energy ETH as a
function of either the viscosity or the liquid relaxation
time. So to place this in the context of the present work
we can say that we developed an ETHη EOS and an
ETHωF(ETHτ) EOS for liquids.

C. PV T and PV E GAP equations of state for
liquids

1. Free energy

We now use the results from the previous section 2B
to derive the EOS for liquids. The thermal part of the
Helmholtz free energy, F , can be evaluated using the
relation:

Eth = −T 2

(
∂

∂T

F

T

)
V

(16)

Using ETH in Eq. (15) and integrating the energy
implies the following terms in F :

F ∝ −3NT ln(T ) +NT

∫ (
ωF

ωD

)3
dT

T
+ gT (17)

where g is the function which is related to the integration
constant and which does not depend on temperature.

g should include the term g1 such that when the
hopping frequency ωF = 0, the free energy is equal
to the high-temperature free energy of the solid Fs as
Fs = 3NT ln(ℏω) − 3NT ln(T ), where ω is the average
geometric phonon frequency [1]. This is supported by the
close similarity of phonon states in solid and liquid states
[21, 62–72] and, therefore, similarity of the corresponding
free energies. This gives g1 = 3N ln(ℏω) and implies the
following terms in the free energy

F ∝ 3NT ln
ℏω
T

+NT

∫ (
ωF

ωD

)3
dT

T
(18)

Similarly to g1 setting the first term in Eq. (18), an-
other term in g should complement the second term to
give it the dimensions of energy. Regardless of what this
term is, we see that a general form of F can be written
as

F = 3NT ln
ℏω
T

+ f

(
NT

∫ (
ωF

ωD

)3
dT

T

)
(19)

where f is a smooth function satisfying f = 0 when ωF =
0 as discussed above.

The first term in Eq. (19) is the free energy of the
solid. The second term is our liquid term due to finite
viscosity η = G

ωF
. F becomes the free energy of the solid

when ωF = 0 as expected.

The exact form of f is unimportant for the EOS we
are going to derive in the next section because we will
consider the limit ωF

ωD
≪ 1 at which the second term in

Eq. (19) becomes small. However, we note that setting
f(x) = x and applying Eq. (16) to Eq. (19) gives Eth

equal to the liquid energy in Eq. (15).

2. Two forms of the GAP equation

The PV T EOS follows from applying Pth = −
(
∂F
∂V

)
T

to Eq. (19). In the first term of Eq. (19), the geometric
mean frequency ω depends on V and results in the Mie-
Grüneisen (M-G) EOS for solids. In the second term,
the volume dependence is largely contained in ωF set by
viscosity. ωD depends on V too, although to a smaller
degree.

This gives the first form of the GAP equation as
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Pth =
3NTγ

V
−NTf ′ ∂

∂V

∫ (
ωF

ωD

)3
dT

T
(20)

where f ′ is the derivative of f .
In the low-temperature viscous regime ωF ≪ ωD, the

second term is small and can be ignored. The important
point is that this applies to the liquid state a wide range
of the phase diagram.

Let us first consider viscous liquids [4, 81] and recall
that ωF = G

η implies ωF

ωD
≈ η0

η , where η0 is the high-

temperature limiting value of viscosity. In viscous melts,
this ratio is extremely small. For SiO2, a common ex-
ample as well as very common component of many vis-
cous melts, η at melting temperature is approximately
106 Pa· s [82]. Typical values of the limiting viscosity η0
are 10−5-10−4 Pa· s [83, 84]. This is close to η of about
10−3 Pa·s in simulated SiO2 where η saturates to a con-
stant [85]. This gives ωF

ωD
≈ η0

η of the order of 10−9 and

similarly small values in other viscous liquids and melts.
This ratio enters as a cube in Eq. (20)).

ωF

ωD
≪ 1 also applies to low-viscous liquids such as

water. Note that water viscosity at room temperature
is interestingly not far above the minimal quantum vis-
cosity [86, 87], the lowest viscosity that any liquid can
ever attain [84]. Yet even in this case, ωF

ωD
is small.

Let us consider two temperatures: melting temperature
Tm and room temperature Tr. Experimentally, η0

η(T=Tm)

and ηr

η(T=Tr)
are 0.159 and 0.346 [30], implying the same

values for ωF

ωD
. This is consistent with X-ray scattering

experiments showing the viscoelastic behavior of water
where molecules undergo many oscillations before jump-
ing to new quasi-equilibrium positions in a wide tem-
perature range of about (Tm, Tm + 100 K) [66], imply-
ing ωF ≪ ωD.

ωF

ωD
= 0.159 and ωF

ωD
= 0.346 give(

ωF

ωD

)3
= 4 · 10−3 and

(
ωF

ωD

)3
= 4 · 10−2 in Eq. (20).

Dropping small
(

ωF

ωD

)3
in Eq. (20) simplifies the GAP

equation to

Pth =
3NTγ

V
, (21)

the M-G EOS discussed in Section 2A.
The second general form of the GAP equation follows

from recalling

ωF = ωDe
−U

T (22)

where U is the activation energy for particle jumps from
one quasi-equilibrium place to the next [61, 81].

U is constant at high temperature in the low-
viscous regime. For some (“fragile”) liquids, U can be
temperature-dependent, however this becomes a signifi-
cant effect in the viscous supercooled regime only [81].

This temperature dependence of U disappears again at
yet lower temperature where U crosses over to a constant
value. This corresponds to the crossover from the Vogel-
Fulcher-Tammann to Arrhenius dependence of τ at τ of
about 10−6 s at the Stickel crossover [88–92].

Using Eq. (22) in Eq. (20) gives the second general
form of the GAP equation as

Pth =
3NTγ

V
−NTf ′

∫
∂

∂V
e−

3U
T
dT

T
(23)

In the second term, volume dependence is contained
in U : the activation energy generally increases with pres-
sure P and decreases with volume ( ∂U∂V < 0). This can be
seen in more detail as follows. At zero or small pressure,
U is set by internal elasticity of the liquid. In particu-
lar, U is the energy of elastic deformation required for
the atomic cage to increase its size from radius r to ∆r
to enable the central atom to escape the cage. Calcu-
lating this energy gives U = 8πG∆r2r, where G is the
instantaneous shear modulus [61, 81]. Applying exter-
nal pressure P increases U because it adds extra work
required to expand the cage, 4πr2∆rP . U becomes

U = 8πG∆r2r + 4πr2∆rP (24)

and increases with pressure (decreases with volume).

Assuming smooth behavior of all functions and weak
or no temperature dependence of U , taking the volume
derivative in Eq. (23) and integrating gives

Pth =
3NTγ

V
+NTf ′ 1

U

∂U

∂V
e−

3U
T (25)

Eq. (25) is a closed-form of the second GAP EOS for
liquids. The second term contains both volume depen-
dence and temperature dependence, giving an exponen-
tial temperature correction to the first linear term. This
correction is negative because ∂U

∂V < 0. If f(x) = x as
discussed earlier, f ′ = 1.

Consistent with what we saw earlier, at low tempera-
ture T ≪ U (or, equivalently, ωF ≪ ωD, in view of Eq.
(22)) in the viscous regime, the second term in Eq. (25)
is small and can be dropped, resulting in Eq. (21).

In this subsection, we considered the case ωF ≪ ωD in
two different forms of the GAP equations and noted that
this applies to a wide range of the liquid phase diagram.
We now consider what happens at higher temperature
and pressure when the condition ωF ≪ ωD does not ap-
ply. The hopping frequency ωF increases with temper-
ature exponentially according to Eq. (22), whereas the
variation of its limiting value, ωD, is slower. In the nar-
row range where both frequencies become comparable,
ωF ≈ ωD, the condition we used earlier, ωF ≪ ωD, no
longer applies. As ωF tends to its limiting value ωD in
the regime ωF ≈ ωD, the volume-dependent ratio R
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R =
ωF

ωD
(26)

in the second term in Eq. (20) becomes close to a con-
stant, 1, and a slowly-varying function of V . As a result,
the volume derivative in the second term of Eq. (20) be-
comes small and can be dropped. We therefore find that,
similarly to the low-temperature case where R ≪ 1, the
EoS in this high-temperature regime is, to a good ap-
proximation, given by Eq. (21).

3. Generality of the liquid EOS

In the Introduction, we briefly commented on the gen-
erality of our EOS for liquids. Now is the good time to
expand on this point. We first observe that in addition
to the intra-cage rattling, or Debye, frequency ωD, Eq.
(20) contains the inter-cage frequency ωF. This frequency
quantifies the rate of particle jumps between neighbour-
ing quasi-equilibrium positions in the liquid and is related
to liquid viscosity as ωF = G

η . The presence of ωF in the

liquid theory is understandable because liquids flow, and
ωF quantifies this flow.

The generality of the EOS (20) comes from several fea-
tures. First, this equation has no free fitting parameters:
R = ωF

ωD
is fixed by the system properties.

Second, Eq. (20) applies to liquids with different inter-
atomic interactions and correlation functions. As long as
R and its derivative are the same for these different liq-
uids, the EOS is predicted to be the same. This provides
a wide range of applicability and universality of this EOS,
particularly if compared to those approaches to the EOS
which rely on system-specific structure and interactions.
We recall our discussion in the Introduction related to
several important issues faced by the approach to liquids
based on interactions and correlation functions. These
interactions and functions are generally complex and un-
known apart from simple cases such as Lennard-Jones
and related systems.

While the issues of complexity and availability are to
some extent of a practical character, the other issue is
more foundational and is related to fundamental under-
standing of the liquid state. This issue is related to the
observation by Landau, Lifshitz and Pitaevskii discussed
in the Introduction: interactions in liquids are strong and
system-specific, therefore, liquid thermodynamic proper-
ties are also system-specific, precluding the calculation of
liquid thermodynamic properties in general form, in con-
trast to solids and gases. This is the no small parameter
problem of liquid theory discussed in the Introduction.
The same applies to the PV T or PV E EOS which is
obtained from the derivative of the free energy F . Here,
this problem is overcome by considering excitations in
liquids discussed in Section 2B instead of system-specific
interactions and structure.

We therefore see that addressing the no small param-
eter problem for liquid energy and other thermodynamic
functions discussed in Section (2B) naturally solves the
problem of general applicability of the liquid EOS.
We note that the GAP EOS (20) is not as general as the

EOS in solids (7) and contains the factor ωF

ωD
. Such gen-

erality is impossible to achieve in liquids because liquid
properties depend on viscosity η = G

ωF
which is strongly

temperature-dependent. Therefore, ωF must enter the
thermodynamic properties and their derivatives such as
the EOS. Nevertheless, our approach to liquids based on
excitations goes a long way towards describing the EOS
for liquids in much more general terms. This is achieved
by getting rid of system-specific interactions and correla-
tion functions operating in terms of one single parameter
ωF instead. This parameter describes the liquid flow. As
discussed in Section 2B, this parameter also governs the
phase space available to phonons in liquids.
As a final observation in this section, we recall that

the hopping frequency is related to viscosity as ωF = G
η .

Viscosity is readily measured regardless of liquid com-
plexity related to structure and interactions. Moreover,
for some liquids viscosity and relaxation time are found
to scale with volume and temperature [93–95]. This aids
in developing models of viscosity, extending it to tem-
perature and pressure where no viscosity measurements
currently exist and then using the corresponding ωF in
Eq. (20).

4. Other comments related to the GAP equations

As noted in the previous subsection, Eq. (21) following
from ωF

ωD
≪ 1 is a very good approximation to the liquid

EOS in a wide range of the phase diagram. Physically,
the reason for this is that the primary property, the liq-
uid energy [1], is to a very good approximation equal to
the solid energy E = 3NT when ωF ≪ ωD. This is read-
ily seen from Eq. (15). We will develop this point in the
Discussion section 4 where we will note that the similar-
ity between liquid and solid properties is ultimately due
to the fact that both phases are condensed states. On
the other hand, liquids and gases are qualitatively dif-
ferent states of matter because gases are not condensed
states. This revisits the point we made in the Introduc-
tion: historical use of gas-like models to describe liquid
properties understandably gives results inconsistent with
experimentals in real liquids.
The finding that the GAP EOS reduces to the sim-

ple form Eq. (21) in the wide range of the liquid phase
diagram might at first sight be taken as somewhat disap-
pointing from the point of view of advancing a theoretical
EOS. We make two points in this regard. First, this sim-
plicity is a natural and a physically necessary result in
view of the similarity between important properties of liq-
uids and solids which are both condensed states of matter
(we will expand on this point in the Discussion section
4). A different mathematical EOS for liquids would be
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physically inapplicable. Second, even though the working
approximation for the GAP equation for the liquid phase
diagram turns out to be simple, it is the proper derivation
of this result which is theoretically important here. This
is because deriving this result using a general liquid the-
ory is not at all simple: recall the Introduction discussing
long-standing fundamental problems of general theory of
liquid thermodynamic properties including the no small
parameter problem in a liquid theory. In Section 2B, we
showed how the theory based on excitations in the system
enables to overcome these problems and make sense of
many hitherto unexplained results. For some properties
such as liquid heat capacity, this theory gives nontrivial
results in agreement with experimental data that exhibit
different trends to those observed for solids [4, 20, 21, 24]
as discussed in Section 2B. For other properties such as
the liquid EOS considered here, the theory gives results
analogous to the outcomes for solids. Both outcomes are
equally valuable from the physical point of view. Im-
portantly, this includes the ability of the GAP equation
and its approximation to understand liquid experimental
data in a wide range of temperature and pressure. We
will discuss this in Section 3.

The apparent simplicity of the EOS in Eq. (21) can be
contrasted to the non-trivial behavior of the liquid ther-
modynamic functions such as energy and specific heat
discussed in the Introduction. The reason for this con-
trast is as follows. The factor R = ωF

ωD
is present in energy

(15) as well as free energy (19). When R becomes 0 or 1,
E in Eq. (15) undergoes significant changes, resulting in
the decrease of specific heat from about 3 at R = 0 to 2
at R = 1 [21, 24]. On the other hand, when R becomes
either 0 or 1, the second term of the free energy in Eq.
(19) stops being dependent on volume as discussed ear-
lier. As a result, the volume derivative in the second term
in Eq. (20) becomes small at both R = 0 and R = 1, and
Eq. (20) simplifies to Eq. (21) in both cases.

Eqs. (20), (21), (23), (25) describe different forms of
thermal pressure contributing to a PV T or PV E EOS for
liquids in terms of the GAP equations. These forms are
a physics-based model rather than a convenient fitting
function with many freely adjustable parameters as was
the case with other EOS. We are now able to write the full
EOS by adding the static term discussed in Section 2A.
We saw that Eq. (21) gives a very good approximation to
the thermal pressure of liquids in a wide range of pressure
and temperature on the phase diagram where ωF ≪ ωD.
This gives the approximation to the GAP equation which
is similar to the EoS of solids (10) discussed in section
2A:

PV = −V
dEst

dV
+ 3NTγ (27)

where Est is the zero-temperature static energy due to
cohesive forces, the second term is the thermal term and
γ is the liquid Grüneisen parameter.
We also saw that the same condition, ωF ≪ ωD, results

in Eth = 3NT according to Eq. (15). This enables us
to write Eq. (27) in a more general form involving the
thermal liquid energy Eth as

PV = −V
dEst

dV
+ γEth (28)

Eqs. (27) and (28) give us several ways to experimen-
tally test this equation experimentally. In section 2E, we
will discuss how it can be usefully applied to real liquids
and predict their PV EOS.

As a final observation in this section, we recall the
Rosenfeld’s conjecture [26] mentioned in the Introduc-
tion. The conjecture proposes that liquid transport prop-
erties including viscosity scale with the excess entropy of
the liquid, even though there are conceptual problems
with clear definitions of this entropy. Eq. (15) and Eqs.
(17)-(19) explain why thermodynamic properties includ-
ing the entropy may correlate with viscosity. According
to these equations, liquid energy, heat capacity, free en-
ergy and its derivatives such as entropy depend on the
hopping frequency ωF = 1

τ = G
η . Hence, the entropy as

well as other thermodynamic properties such as energy
(Eq. (15)) and heat capacity correlate with viscosity η.

D. The gas-like state of liquid dynamics

Later on in this paper, we will be comparing our GAP
equation derived in the previous section to the experi-
mental data which are generally not available much above
300 K at liquid-like densities. Nevertheless, it is impor-
tant to discuss how our approach needs to be modified
in the high-temperature part of the phase diagram. This
is important from the point of view of theory as well as
comparing this theory to high-temperature experimental
data when it becomes available in the future. It is also
useful from the point of view of testing consistency of the
theory and its ability to give sensible results in different
parts of the phase diagram.

In the previous section, we discussed the liquidlike par-
ticle dynamics where each particle undergoes many inter-
cage oscillations with frequency ωD or period τD = 1

ωD

and jumps to the next quasi-equilibrium state with inter-
hopping frequency ωF = 1

τ , where τ is liquid relaxation
time. When τ ≈ τD, the oscillatory component of particle
motion is lost and the diffusive gas-like hopping compo-
nent remains. This corresponds to the crossover at the
Frenkel line mostly lying above the critical point [43] and
gives liquid specific heat of about cv = 2 [21]. We know
that cv should tend to its gas-like value of 3

2 at high
temperature. This can happen either abruptly when the
vapour pressure curve is crossed or gradually if the sys-
tem is above the critical point. We now consider the EOS
in this high-temperature/low pressure part of the phase
diagram where particle dynamics qualitatively changes
and becomes gas-like.
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When τ ≈ τD, the k-gap in Eq. (13) approaches the
zone boundary (cτD ≈ a, where a is the interatomic sepa-
ration), and all transverse modes disappear. The remain-
ing excitation in the system is the longitudinal wave. As
a result, cv undergoes a crossover because the tempera-
ture dependence of energy changes [96]. Hence instead of
Eq. (15) describing the disappearance of two transverse
waves, we need to consider the evolution of the remaining
longitudinal wave.

In the gaslike regime of liquid dynamics, we use the gas
kinetic theory and the particle mean free path L. The
wavelengths at which the system can oscillate are larger
than L because at shorter distances the dynamics is bal-
listic rather than oscillatory. Then, the liquid energy is
(compare it to Eq. (15)) [4, 21]:

Eth =
3

2
NT +

1

2
NT

( a
L

)3
(29)

As expected, the energy in the gas-like state (29) at
a = L, E = 2NT , matches the energy in the liquidlike
state (15) when ωF = ωD at the Frenkel line. The cor-
responding cv is close to 2, serving as a thermodynamic
definition of the Frenkel line [21, 43].

L can be evaluated from experimental gas-like viscosity
as η = 1

3ρvL, where ρ is density and v is average thermal
velocity. This gives good agreement with experimental
cv for several supercritical systems, including noble and
molecular fluids [21].

The EOS of liquids in the gas-like regime can be dis-
cussed in terms similar to those in the previous section.
The free energy corresponding to the first term in Eq.
(29) is the free energy of the ideal gas [1]:

Fid = −NT ln
eV

N
+Nh(T ) (30)

where h(T ) depends on temperature only.
The free energy corresponding to the non-ideal second

term in Eq. (29) contains the term
(
a
L

)3
, similarly to the

free energy in the liquidlike regime of dynamics contain-

ing
(

ωF

ωD

)3
in Eq. (19). This gives the total free energy

as

F = −NT ln
eV

N
+Nh(T )−g

(
NT

2

∫ ( a
L

)3 dT

T

)
, (31)

where g is a smooth function satisfying g(0) = 0, and the
thermal pressure Pth = −

(
∂F
∂V

)
T
as

Pth =
NT

V
+

NT

2
g′

∂

∂V

∫ ( a
L

)3 dT

T
(32)

As expected, this equation gives the ideal-gas EOS at
high temperature. Indeed, the volume dependence of the
thermal pressure in the second term is contained in the

mean free path L through viscosity and interatomic sep-
aration a. When L exceeds a, the last term in Eq. (31)
is small and can be ignored (in practice, this becomes a
good approximation in a fairly dense state where L ≈ 2a
already due to the third power of a

L in Eq. (32). As a
result, PV = NT is a good approximation to the fluid
EOS in the range of the phase diagram where particle
dynamics is gas-like above the Frenkel line [43].

E. Constructing equations for EST (V )

To apply our new equation we need to construct an
expression for EST (V ). A model-free way to treat this
term is to do the same testing as in the case of solids
where the M-G EOS is tested on isochores. In that case,
the static term does not contribute and PV in Eq. (10)
is proportional to temperature with the slope set by the
Grüneisen parameter [56]. As discussed in Section 2C2,
the GAP equation for liquids is approximated by the M-
G EOS in a wide range on the phase diagram so this
method of testing is at the same level as in the solid
state theory.

In developing PV , PV T and PV E EOS, models for
EST (V ) need to be introduced which involves some de-
parture from first principles. This is the case for de-
veloping both the EOS for solids [56] and liquids. In the
present work we are going to consider liquids at sufficient
density for the repulsive part of EST (V ) to dominate.
The strong repulsion preventing atoms from overlapping
originates from (a) electrostatic repulsion between the
electron clouds and (b) the Pauli exclusion principle.
There is therefore no succinct analytical expression avail-
able backed by first principles. In the present work we
will compare three different approaches. The first ap-
proach is derived from the repulsive part of the Lennard-
Jones (LJ) potential. The Lennard-Jones potential is fre-
quently used without question as if it comes from first
principles, however this is not in fact the case ([97] and
refs therein). Nonetheless, the LJ potential has been used
very successfully for many applications relating to fluids
for decades. It is therefore a reasonable option for the
construction of EST (V ). Writing the 1/r12 law in terms
of volume, we obtain the following equation for EST (V ):

EST (V ) = A/V 4 (33)

For the other two approaches, we will relate EST (V )
to the static component of the pressure via EST (V ) =
PSTV . The second approach is to assume a constant
bulk modulus:

BST = −V
dPST

dV
(34)

Integrating leads to:
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PST = −BST ln
V

V0
(35)

and

EST = −BSTV ln
V

V0
(36)

Here, V0 is the (hypothetical) volume at PST = 0.
The third approach is that most commonly used for

the solid state, which is to assume a linearly pressure
dependent bulk modulus BST = B0 +B′PST .

In this case the following equation for EST is obtained:

EST =
B0

B′

[
V 1−B′

V −B′

0

− 1

]
(37)

In each case, dEST

dV can be obtained analytically from
the relevant equation for EST .

3. COMPARING TO EXPERIMENTAL DATA

A. Preliminary notes

In this section we test our new GAP equation against
available experimental data in the form of a PV ETH EOS
(equation (28)) and a PV T EOS (equation (27)). For
the testing in PV ETH form, ETH is derived from exper-
imentally measured quantities as follows. The total inter-
nal energy of the liquid E is related to the static energy
(which we calculate anyway in order to obtain dEst

dV ) and
the thermal energy according to E = Eth+Est. Internal
energy outputs closely matching the available experimen-
tal data (subject to constraints below) are available from
the fundamental EOS for a variety of simple fluids over a
reasonable P, T range. However, these data are measured
relative to some arbitrary reference point E0 (in any case
the absolute value of internal energy cannot, in a strict
sense, be measured experimentally unless one heats up
the sample from absolute zero). We therefore denote the
internal energy output from the fundamental EOS by E′,
and write E = E′ −E0. Combining these, we can obtain
the thermal energy as follows:

Eth = E′ − Est − E0 (38)

However, before using these data it is important to
check the extent to which the internal energy output from
the fundamental EOS is backed by experimental data.
Upon temperature change along an isochore, the change
in internal energy can be calculated from the heat capac-
ity data and is positive for fluids under all conditions:

δE = CvδT (39)

Upon pressure change along an isotherm the change in
internal energy depends on the PV EOS and the ther-
mal expansion coefficient. It is given by the following
equation [98]:

δE = −
[
T

(
∂V

∂T

)
P

+ P

(
∂V

∂P

)
T

]
δP (40)

This equation is valid for fluids under all conditions
but results in strikingly different behaviour for an ideal
gas (δE = 0), a real fluid inside the Amagat curve
(
(
∂E
∂P

)
T
< 0) and a real fluid outside the Amagat curve

(
(
∂E
∂P

)
T

> 0). Our models for Est(V ) consider only re-
pulsion between fluid particles. In this case, our GAP
equation applies when we are both outside the Amagat
curve and (as discussed earlier) on the liquid-like side of
the Frenkel line [43].
From Eqs. (39) and (40) it is clear that for the internal

energy output from the fundamental EOS to be reliable it
should be backed by both PV T EoS data and heat capac-
ity data. Whilst direct measurement of heat capacities
at extreme pressures and temperatures are challenging,
the heat capacities are constrained by their relation to
the speed of sound. Speed of sound measurements are
typically available over a wider P, T range than the heat
capacity data. Even with this in mind, it is only for Ar
[46] and N2 [47] to our knowledge that adequate data ex-
ist at P, T conditions outside the Amagat curve and on
the liquid-like side of the Frenkel line to conduct mean-
ingful testing of our new GAP equation. For this reason,
we consider the experimental data on Ar and N2 below
and compare this data to the GAP equation.

B. Testing the GAP EOS against experimental
data for Ar

Figure 1 shows the P, T phase diagram of Ar. The iso-
chores and isotherm along which testing has taken place
are marked.
Substituting for Eth in equation (28) results in the EOS

written as follows:

PV = −V
dEst

dV
+ γ[E′(V, T )− Est(V )− E0] (41)

This equation therefore has (unavoidably) 2-4 ad-
justable parameters. However, it is important to note
that these are not freely adjustable parameters (“fudge
factors”) but are fixed by system properties. Using this
kind of parameter is common in physics [87] and in fact
is what physics is considered to be about: one view holds
that the essence of every physical theory is to predict a
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FIG. 1: Pressure-temperature phase diagram of Ar (produced using the methodology outlined in Ref. [20]). P ,T paths along
which our GAP equation has been fitted and tested are marked.

future experiment on the basis of a previous one [99] or,
in other words, provide a relationship between different
properties of the system. The first adjustable parame-
ter is γ and the rest depend on the approach taken for
Est(V ). The Lennard-Jones approach has a single pa-
rameter (A), the constant bulk modulus approach has
two parameters (BST and the constant volume V0 arising
when Est is obtained by integrating), whilst the pressure-
dependent bulk modulus approach has these parameters
as well as B′, the derivative of the bulk modulus with
respect to pressure.

The most rigorous approach to finding the values for
these parameters is to use regression analysis, and make
as much as possible of the regression analysis linear. Be-
ginning by fitting to the data along isochores makes this
possible. If we plot PV against E′(V, T ) along an iso-
chore the gradient should be linear according to equation
(28), written as PV = i(V ) + γE′(V, T ) where:

i(V ) = −V
dEst

dV
+ γ[−Est(V )− E0] (42)

The obtained values of γ and i(V ) for the various Ar
isochores from figure 1 are given in Table 1. Impor-
tantly, we observe that the obtained values of γ are in the
physically-sensible range 1.7-2. This is consistent with
the range of the Grüneisen parameters commonly ob-
served in condensed matter including solids [34]. This is
an important test of our theory: if the fitting resulted in
the unphysical Grüneisen parameters, the theory would
have to be reconsidered.

In Table I we see that γ itself exhibits a weak, but

Density (Mol/m3) γ i(V) (J)

34000 1.745(2) 10212(9)

35000 1.795(1) 11069(4)

36000 1.844(5) 11978(19)

37000 1.898(7) 12924(21)

38000 1.954(8) 13917(23)

39000 1.983(8) 15048(24)

TABLE I: Values of γ and i(v) obtained by linear regression
analysis. Errors in brackets are standard deviations.

systematic, volume dependence. This has also been ob-
served for solids. Anderson [34] proposed an empirical
volume dependence for solids (γ ∝ V q where q ≈ 1)
which has been verified over a wide P, T range. However,
the volume dependence in table I for fluid Ar (increase
upon volume decrease) is the opposite to that observed
for solids. Figure 2 shows the trend in γ as a function of
volume. The trend is roughly linear, and has been fitted
using the function γ = γ0 + ργV .

We now proceed to determine the parameters in
Est(V ) using each approach outlined above. The
Lennard-Jones (LJ), constant bulk-modulus (B) and
pressure-dependent bulk modulus (B(P )) approaches re-
sult in the following equations for i(V ):
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FIG. 2: Values of γ obtained from the gradients of PV vs. E′

fits to the Ar isochores shown in Figure 1.

iLJ(V ) = −γE0 +
A

V 4
(4− γ)

iB(V ) = V Bst ln
V

V0
(1 + γ) + V Bst − γE0

iB(P )(V ) = −V B0

B′

[
(1−B′)

(
V

V0

)−B′

− 1
]
−

γB0

B′

[V 1−B′

V −B′

0

− V
]
− γE0

(43)

In Table 1 we see that the obtained values of i(V )
increase upon volume decrease. The obtained equation
for iB(V ) would require Bst < 0 to reproduce this trend
so we can conclude at this stage that the approach of
assuming a constant bulk modulus is unsuitable for the
study of dense liquids.

In contrast, both iLJ(V ) and iB(P )(V ) can fit the data
from table 1 with physically reasonable values of all fitted
parameters. These fits are shown in figure 3 and the
values of the fitted parameters are:

A = 2.79× 10−15 ± 2.4× 10−17 Jm12

E0 = −1029± 50 J

B0 = 4.836 Pa (poorly constrained)

V0 = 0.0208 m3/Mol (poorly constrained)

B′ = 2.10± 0.02

(44)

The fit for iB(P )(V ) involves 4 parameters so was
poorly constrained (good fits to the data could be ob-
tained using quite different values for the adjustable pa-
rameters depending on the choice of initial values). E0

was therefore fixed at the value obtained using our fit
to iLJ(V ). This is appropriate since E0 is a property of
the experimental data so should not depend on how we

FIG. 3: Plots of the intercepts on the PV axis along various
Ar isochores obtained from the experimental data via the fun-
damental EOS alongside fits using the Lennard-Jones model
and pressure-dependent bulk modulus model.

choose to fit to it. Even following this, only B′ was well
constrained.
At 300 K, our equation has only been fitted to data up

to 540 MPa. We will now examine how well both versions
can predict data to which they have not been fitted, using
the known PV T EOS of Ar up to 1000 MPa. In Figure 4
we show the PV output from the fundamental EOS up to
1000 MPa at 300 K, alongside the PV EOS output from
our GAP equation. We present the EOS output using
the LJ model since in this case the sole fitting parameter
(A) is well-constrained. In the pressure range in Figure 4
at 300 K our GAP equation fitting parameters have not
been fitted to the PV output from the fundamental EOS
(compare to Figure 2). The discrepancy between our
GAP equation PV output and the fundamental EOS PV
output is less than 1% (this is significantly smaller than
the discrepancy between the fundamental EOS output
and the original experimental data[100]).
The GAP equation performs extremely well compared

to cubic EOS. For comparison, we have fitted the van
der Waals PVT EOS and generalized cubic PVT EOS
to the fundamental EOS output for Ar to 1000 MPa at
300 K. As we can see from figure 4, the prediction with
the GAP equation is a far better fit to the data than the
actual fit using the van der Waals EOS (equation (2)) or
generalized cubic EOS (equation (3)).
In the theory section, we outlined an alternate ap-

proach: in a wide part of the phase diagram where the
hopping frequency ωF is much smaller than the Debye
frequency, ωD, Eth = 3NT (see Eq. (15)). Using this
approach, our GAP equation can be tested without refer-
ring to the internal energy output from the fundamental
EOS and simplifies to equation (27).
In this case a plot of PV versus T along an isochore

should be linear, with a gradient of 3γN . Figure 5 shows
the plots with linear fits for the lowest and highest den-
sity isochores studied, and the trend in the gradient upon
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FIG. 4: (a) Fundamental EOS output, extrapolated output
from our GAP equation, and fitted van der Waals and gener-
alized cubic PVT EOS at 300 K for fluid Ar from 535 MPa to
1000 MPa. (b) Percentage difference between the pressures
calculated using the Fundamental EOS and the GAP equa-
tion, van der Waals and generalized cubic PVT EOS for the
same volume range as in panel (a).

increasing density. The trend would correspond to a vari-
ation in the value of γ of about 20% between the lowest
and highest density isochore (a larger variation than that
found for the other model earlier in this section but not
unreasonable).

The fact that the linear relation is observed along iso-
chores indicates that this implementation of our GAP
equation is physically sound, and the intercept of this
graph provides values of dEst

dV at each of the six densi-
ties studied. The trend is physically realistic. However,
a good fit with physically realistic values of the fitting
parameters cannot be obtained with either the Lennard-
Jones model or the pressure-dependent bulk modulus
model.

The agreement of the GAP equation and the experi-
mental isochoric data in liquids is important because it
involves a model-free way to test the GAP EOS. It there-
fore carries the same significance as testing the M-G EOS
in solids, one of the most important and common EOS

FIG. 5: (a) Plots of PV versus T for the lowest and highest Ar
isochores studied, with linear fits. (b) Values of dEst

dV
obtained

from the intercepts of these linear plots for all Ar isochores.

used in the solid state theory [56].

C. Testing the new EOS against experimental data
for N2

Testing with molecular fluids poses the additional com-
plication that intra-molecular modes contribute to the in-
ternal energy. In the case of N2, in the temperature range
200-300 K there is adequate thermal energy available to
excite the rotational mode but not the vibrational mode
so this can be accounted for by subtracting RT from the
internal energy E′. The fundamental EOS internal en-
ergy output is backed by speed of sound and PV T data
up to the freezing point (ca. 1100 MPa) at 200 K and to
2000 MPa at 300 K. A wide range of testing can there-
fore take place along isochores and isotherms. Figure 6
shows the phase diagram of N2. The isochores used to
fit our GAP equation to the experimental data, and the
isotherm along which it has been tested, are marked.
Similarly to Ar, we obtained a linear PV vs E′ relation

along all the isochores studied and obtained the trend in
γ (fitted with γ = γ0 + ργV in figure 7a). The intercept
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FIG. 6: Pressure-temperature phase diagram of N2 produced using the methodology outlined in Ref. [20]. P, T paths along
which our GAP equation has been fitted and tested are marked.

i was plotted analogously to Ar (figure 7b). In this case
the fits using the LJ model and pressure-dependent bulk
modulus model produced very similar trends so we have
shown only the result with the LJ model.

Similarly to Ar, our fitting along isochores allows us to
then test our GAP equation by predicting the pressure
at smaller volume along the isotherm shown in figure
6 (300 K from the Amagat curve up to the limit of the
original experimental data at 2000 MPa). Figure 8 shows
the results of this testing: prediction of the volume to
within 1% at the highest pressure studied, similar to the
error between the fundamental EOS[47] and the original
experimental data [101]. This is in contrast to the van der
Waals and generalized cubic PVT EOS, which perform
very poorly even when fitted to the entire range of PVT
data.

Our final investigation on fitting our GAP equation
to the fluid N2 data is to investigate how we can fit to
the experimental data assuming Eth = 3NT , leading to
equation (27). We found that the graphs of PV vs T
along all isochores were linear to a good approximation.
The value of γ can be obtained from the gradient and
the value of dEst

dV from the intercept. Figure 9 shows the
observed parameters and their trends as a function of
volume. The parameters and their trends are physically
reasonable. The trend in γ can be fitted linearly, whilst
neither the LJ or the pressure-dependent bulk modulus
model can fit the trend in dEst

dV whilst retaining physi-
cally reasonable values of all fitting parameters. These
outcomes are similar to Ar.

To summarise this section, we used several different
methods to test the predictions of our GAP equation
against experimental data for Ar and N2. We saw that

each method returns the result that the GAP equation
is predictive and consistent with the experimental data.
Due to its’ derivation from the phonon theory of liquid

thermodynamics, the GAP EOS is applicable on the rigid
liquid (higher pressure) side of the Frenkel line. In the
testing conducted so far, we have utilized a function for
EST (V ) which accounts for repulsion (but not attraction)
between fluid particles. In this case, the applicability of
the equation is also constrained by the Amagat curve
(the equation is applicable on the high pressure side of
the Amagat curve).

4. DISCUSSION AND CONCLUSIONS

The agreement between our GAP equation and the
available experimental data indicates that it can in fu-
ture find widespread applications in condensed matter
physics, chemical engineering and planetary science. The
agreement, combined with the failure of the constant bulk
modulus model, and differences between our findings for
liquids and existing knowledge on EOS of solids, give con-
fidence that the success of our GAP equation is due to it
being grounded in the laws of physics, and is not merely
a serendipity. We note in particular the following points.
First, the difference between the constant bulk mod-

ulus model and (on the other hand) the Lennard-Jones
and pressure-dependent bulk modulus models is that the
former does not make any attempt to account for the
repulsion between atoms varying with density. If inte-
grated, the constant bulk modulus model results in an
exponential decay in volume as a function of pressure.
So V → 0 is permitted and atoms are allowed to overlap.
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FIG. 7: Fit parameters from application of GAP equation to
N2 in PV E form. (a) Plot of γ versus volume for N2 isochores
with linear fit. (b) Plot of intercept i versus volume for N2

isochores with fit using LJ model.

The fact that this model is unable to fit the data whilst
the Lennard-Jones and pressure-dependent bulk modu-
lus models both fit the data extremely well, is what we
would expect for fluids at densities approaching close-
packed structures.

Second, the values obtained for B′ (ca. 2 in both cases)
are exactly as would be expected. For solids, B′ ≈ 4 is
typically obtained. Since liquids are not quite as closely-
packed as solids, we would expect a model incorporating
a slightly weaker pressure dependence of the bulk mod-
ulus to work best.

Third, the implementation of our GAP equation with
the approximation Eth = 3NT and ensuing linearity ob-
served along the PV vs T plots for isochores supports the
approximation we made in simplifying our GAP equation
in Eq. (20) or Eq. (23) to result in Eq. (27) and (28).
This EOS can potentially be used in cases where no inter-
nal energy data are available, or find future application
for fluids at high density and/or high viscosity. We note

FIG. 8: (a) Fundamental EOS output and output from our
GAP equation, along with the generalized cubic and van der
Waals PVT EOS for fluid N2 from 400 MPa to 2200 MPa
at 300 K. The pressure range in which our GAP equation
was fitted to the fundamental EOS output is marked. (b)
Percentage difference between the pressures calculated using
the Fundamental EOS and the GAP equation, van der Waals
and generalized cubic PVT EOS for the same volume range
as in panel (a).

that, with Eth = 3NT , the trend in dEst

dV was physically
realistic but neither the LJ or pressure-dependent bulk
modulus model could fit to it. So our GAP equation -
derived from first principles - is working, but the empir-
ical models for EST (V ) are not. Clearly, an important
avenue for further development of the GAP equation is
to combine it models for EST (V ) that are based more
closely on first principles than those used in the present
work.
Fourth, we recall that γ(V ) shows the opposite trend in

liquids and solids. The liquid thermal energy Eth (in con-
trast to solids) has a contribution which decreases with
volume according to Eq. (15) because the hopping fre-
quency ωF set by viscosity increases with volume. This
contributes to the decrease of the thermal pressure in Eq.
(28) Pth = 1

V γEth, with the consequence for the fitted γ.
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FIG. 9: Fit parameters from application of GAP Equation
to N2 in PV T form. (a) Trend in γ as a function of volume
for N2 along the isochores studied. (b) Trend in dEst

dV
as a

function of volume for the same isochores.

The fact that γ(V ) displays the same trend in all testing
done so far suggests that it should be incorporated into
the GAP equation. For future use, the GAP equation
can therefore be written with ργ < 0 as:

PV = −V
dEst

dV
+ 3(γ0 + ργV )NT (45)

PV = −V
dEst

dV
+ (γ0 + ργV )Eth (46)

Fifth, recall that the GAP equations, once approxi-
mated using ωF ≪ ωD, become close to the M-G EOS for
solids. This has consequences for a more general outlook
at liquids as the third basic state of matter (in addition
to solids and gases). Similarly to gases and differently
from solids, liquids flow (this flow ability has given rise
to hydrodynamic approaches to liquids based on Navier-
Stokes and related equations, the approach that has been
limited in capturing some essential liquid properties be-
cause it missed the solidlike vibrational properties dis-

cussed in references [4, 21]). However, this similarity be-
tween liquids and gases in terms of the ability to flow is
pretty much where the essential similarities end. Many
key properties such as density, compressibility, elastic
moduli, thermal conductivity as well as internal energy
and heat capacity close to melting (see Section 2B) are
very similar in solids and liquids but are very different in
liquids and gases (as discussed earlier, thermodynamic
properties such as energy and heat capacity of liquids
and solids are very close in a wide range of the liquid
phase diagram where ωF ≪ ωD). For this reason, the
EOS, the consequence of thermodynamic properties, is
expectedly similar in solids and liquids in that part of
the phase diagram and is very different in liquids and
gases as mentioned earlier.

Fundamentally, this similarity stems from the fact that
liquids and solids are condensed states of matter, whereas
gases are not. This condensed state means that the scale
of energy and length in liquids are set by their charac-
teristic values related to the Rydberg energy and Bohr
radius as they are in solids [87]. The similarity between
solids and liquids in terms of elastic, thermal, transport
and other essential properties such as sound propagation
then follows (see Ref. [87] for review). On the other
hand, these energy and length scales are inapplicable to
gases where atoms are not affected by cohesion and where
the Bohr length scale and cohesive Rydberg energy scale
do not operate. As a result, the ensuing properties listed
above are very different in gases.

In addition to better understanding the high-
temperature liquid state, the above closeness between the
liquid and solid EOS is useful for understanding the low-
temperature viscous regime and the glass transformation
range. This is the area that has been of interest for many
decades and is still developing [4, 21, 81]. As discussed
in Section 2C 2, the condition ωF ≪ ωD and ensuing Eq.
(21) applies to the very viscous liquids particularly well.
Hence, our EOS and its predictions can be reliably ap-
plied to liquids in the glass transformation range. Our
EOS can also be extended to other systems such as solid-
like phases in soft matter. For example, this includes
packing problems in soft and granular matter systems
where model liquid EOS are useful to understand pack-
ing fractions [102].

In our previous work on the phonon theory of liquid
thermodynamics [20, 21, 24] we began with a careful look
at liquid viscosity and related the liquid viscosity to the
key microscopic property of the liquid (the intermolec-
ular hopping frequency ωF or liquid relaxation time τ).
This allowed us to construct an ETHη EOS for liquids
with only two fitting parameters: the Debye wavenum-
ber and the infinite-frequency shear modulus. These took
physically realistic values. Even the heat capacity trends
could be correctly reproduced by allowing only tiny ad-
justments to liquid relaxation time, within the error mar-
gin of the viscosity data from which it was calculated. In
the present work, we proceed from ETH to directly link
the most fundamental macroscopic property of fluids, the
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PV T EOS, directly to the key microscopic property of
the liquid relaxation time. The direct application of the
M-G EOS to liquids was proposed some time ago [103],
but it’s proposal was purely a consequence of phenomeno-
logical observations based on very limited data available
at the time. Here, using the phonon theory of liquid ther-
modynamics we are able to establish that the application
of an EOS (the GAP EOS) related to the M-G EOS to
liquids comes directly from first principles. We are able
to demonstrate quantitative agreement with experimen-
tal data over a wide PT range in which data did not exist
in the 1980s.

The link from viscosity (or, equivalently, hopping fre-
quency ωF to internal energy and heat capacity in Refs.
[4, 21, 24] and to the PVT EOS (present work) via the
liquid relaxation time is an advance in itself as it allows
these parameters to be fitted, and predicted, via a sin-
gle model when previously they were treated using sep-
arate models. The fundamental equation of state pro-
vides static properties (e.g. the PVT EOS) and dynamic
properties (e.g. heat capacity) from the same model but
cannot provide transport properties (viscosity, thermal
conductivity) due to the fact that it is explicit in the
Helmholtz free energy F (V, T ), and there is no thermo-
dynamic relationship that allows transport properties to
be obtained from this. Transport properties have, un-
til now, been provided by a completely separate mainly
empirical model (e.g. ref. [49]).

One limitation of the GAP equation is it’s applicability
to more complex fluids over a wide PT range, which may

be limited due to the need to subtract the contribution
from intra-molecular modes to the internal energy. We
performed this subtraction earlier for N2 but it would be-
come more complex for polyatomic molecules. Applying
the GAP equation to polyatomics may therefore require
models describing the contribution to the internal energy
from intra-molecular modes, or a restriction to working
along isotherms.

We note that there is still a critical lack of experimen-
tal data on hot dense fluids in particular, leading to the
fitting parameters in our GAP equation being poorly con-
strained in many cases. To advance the field further, it is
necessary to fit using data analogous to Figures 2 and 3
over a wider range of experimental conditions. Primarily
this is because there is a gap (especially at high tem-
perature) between the maximum pressures obtainable in
piston-cylinder devices offering direct volume measure-
ment and the melting curves for noble gases and simple
systems such as Ar and N2. There is a critical lack of
PV T EOS data in the literature on hot fluids measured
in the DAC (although some promising progress has been
made very recently [104]). This gap needs to rectified,
and we hope that our discussion will serve as an addi-
tional stimulus to pursue these experiments.
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221 (1956).
[43] C. Cockrell, V. V. Brazhkin, and K. Trachenko, Physics

Reports 941, 1 (2021).
[44] U. K. Deiters and T. Kraska, High-Pressure Fluid Phase

Equilibria: Phenomenology and Computation (Elsevier,
2012).

[45] U. Setzmann and W. Wagner, J. Phys. Chem. Ref. Data
20, 1061 (1991).

[46] C. Tegeler, R. Span, and W. Wagner, J. Phys. Chem.
Ref. Data 28, 779 (1999).

[47] R. Span, E. W. Lemmon, R. T. Jacobsen, W. Wagner,
and A. Yokozeki, J. Phys. Chem. Ref. Data 29, 1361
(2000).

[48] U. Deiters, ThermoC: A modular program package
for calculating thermodynamic data (pVT data, caloric
data, phase equilibria) of fluids, http://thermoc.uni-
koeln.de/.

[49] E. Lemmon and R. Jacobsen, Int. J. Thermophys. 25,
21 (2004).

[50] J. C. Dyre, J. Chem. Phys. 149, 210901 (2018).
[51] A. Grzybowski, S. Haracz, M. Paluch, and K. Grzy-

bowska, J. Phys. Chem. B 114, 11544 (2010).
[52] R. Casalini, U. Mohanty, and C. M. Roland, J. Chem.

Phys. 125, 014505 (2006).
[53] C. M. Roland, S. Bair, and R. Casalini, J. Chem. Phys.

125, 124508 (2006).
[54] I. H. Bell, PNAS 116, 4070 (2019).
[55] I. H. Bell, J. C. Dyre, and T. S. Ingebristen, Nature

Commun. 11, 4300 (2020).
[56] P. W. Anderson, Basic Notions of Condensed Matter

Physics (Westview Press, 2019).
[57] M. Ediger, C. Angell, and S. Nagel, J. Phys. Chem.

100, 13200 (1996).
[58] K. Trachenko, Phys. Rev. B 78, 104201 (2008).
[59] A. Zaccone, J. Phys.: Condens. Matt. 32, 203001

(2020).
[60] A. Zaccone, Theory of Disordered Solids: From Atom-

istic Dynamics to Mechanical, Vibrational, and Thermal
Properties (Springer, 2023).

[61] J. Frenkel, Kinetic Theory of Liquids (Oxford Univer-
sity Press, 1947).

[62] J. R. D. Copley and J. M. Rowe, Phys. Rev. Lett. 32,
49 (1974).

[63] W. C. Pilgrim, S. Hosokawa, H. Saggau, H. Sinn, and
E. Burkel, J. Non-Cryst. Sol. 250-252, 96 (1999).

[64] E. Burkel, Rep. Prog. Phys. 63, 171 (2000).
[65] W. C. Pilgrim and C. Morkel, J. Phys.: Condens. Matt.

18, R585 (2006).
[66] E. Pontecorvo et al., Phys. Rev. E 71, 015501 (2005).
[67] A. Cunsolo, C. N. Kodiuwakku, F. Bencivenga,

M. Frontzek, B. M. Leu, and A. H. Said, Phys. Rev. B
85, 174305 (2012).

[68] S. Hosokawa et al., Phys. Rev. Lett. 102, 105502 (2009).
[69] S. Hosokawa, M. Inui, Y. Kajihara, S. Tsutsui, and

A. Q. R. Baron, J. Phys.: Condens. Matt. 27, 194104
(2015).

[70] V. M. Giordano and G. Monaco, PNAS 107, 21985
(2010).

[71] V. M. Giordano and G. Monaco, Phys. Rev. B 84,
052201 (2011).

[72] S. Hosokawa et al., J. Phys.: Condens. Matt. 25, 112101
(2013).

[73] M. Baggioli, M. Vasin, V. Brazhkin, and K. Trachenko,
Physics Reports 865, 1 (2020).
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