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ABSTRACT:   

Hybrid fuel cells are becoming increasingly popular in 21st century energy systems engineering. 

These systems combine multiple features including various geometries, electromagnetic fluids, 

bacteria (micro-organisms), thermo-solutal convection and porous media. Motivated by these 

developments in the present work we simulate the two-dimensional magnetohydrodynamic 

(MHD) natural triple convection flow in a semi-trapezoidal enclosure saturated with electrically 

conducting water containing oxytactic microorganisms and oxygen species. The Darcy-Brinkman 

model is deployed for porous media drag effects. The primitive governing partial differential 

conservation equations for mass, momentum, energy, oxygen species and motile micro-organism 

species density are transformed using a vorticity-stream function formulation and non-dimensional 

variables into a nonlinear boundary value problem. A numerical solution is obtained using a finite 

difference method with incremental time steps. The mathematical model features a number of 

controlling parameters i.e. Prandtl number, Rayleigh number, Bioconvective Rayleigh number, 

Darcy parameter, Hartmann (magnetic body force) number, Lewis number, Péclet number, 

Oxygen diffusion ratio, fraction of consumption oxygen to diffusion of oxygen parameter. 

Transport characteristics (streamlines, isotherms, oxygen iso-concentration and motile micro-

organism concentration) are computed for several of these parameters. Microorganisms’ impact 

on the rate of heat transfer at the boundaries is found to be beneficial or destructive, depending on 

combination of other parameters in the simulations. Additionally, Nusselt number and oxygen 

species Sherwood number are computed at the hot vertical wall. The simulations are relevant to 

hybrid electromagnetic microbial fuel cells. 

 

KEYWORDS: Vorticity-stream function, semi-trapezoidal enclosure, hybrid fuel cells; Oxytactic 

bacteria, bioconvection; magnetohydrodynamics (MHD), porous medium; oxygen consumption. 
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1.INTRODUCTION  

The capacity of microorganisms to swim under a particular stimulus or taxis is known as 

bioconvection. It is increasingly being deployed in fuel cell technologies [1, 2]. Many different 

types of bioconvection arise in nature including photo-taxis, geo-taxis, gyro-taxis and chemotaxis 

(reflecting the response of microorganisms to light, gravity, torque and chemical concentration) 

etc. Bioconvection is generally induced by unstable density stratification which is caused by up-

swimming microorganisms. This unstable density stratification is produced when the 

microorganisms, which possess greater density than water, cluster in the upper regions of the fluid. 

Bioconvection has also been combined with porous media to achieve interesting results of 

relevance to fuel cells and other industrial technologies. Important studies in this regard include 

Kessler [3,4] who observed that a porous medium can be deployed to manipulate bioconvection 

and achieve for example elimination of harmful fungi from cultures. Many complex features can 

arise in bioconvection flows including plumes, bio-thermal convection etc. Bioconvection offers 

considerable promise in modern fuel cell technology [5]. It has also been exploited in lubrication 

engineering and tribological enhancement [6,7]. Two particularly popular bioconvection 

mechanisms are gyrotactic which are torque-driven and oxytactic which is oxygen-driven. Nima 

et al. [8] investigated theoretically the free-forced convective gyrotactic bioconvection flow in a 

Darcian porous medium fuel cell. They applied the finite difference method and also symbolic 

Maple 14.0 software to simulate the impact of buoyancy and bioconvection parameters on 

temperature, velocity, oxygen concentration and motile micro-organism density distribution, 

Nusselt number, Sherwood number and motile microorganism density gradient. They showed that 

gyrotactic microorganisms can be judiciously deployed to enhance both thermal and momentum 

transport characteristics in fuel cells. Another important application of bioconvection is microbial 

fuel cells in which for example, bio-electrochemical process can be exploited to generate 

electricity by using the electrons derived from biochemical reactions catalysed by motile micro-

organisms (bacteria). Microbial fuel cells feature oxidation and may be mediated or unmediated. 

Oxidation and oxygen fate in such systems is a critical issue [9-11]. Other important potential 

applications of bioconvection include bacterial oxygen generation [12], water treatment with 

phototrophic bacteria [13], phytoremediation [14] and water treatment optimization [15, 16].  

A new development in bio-fuel cells has been the deployment of magnetic fields. Electromagnetic 

bio-fuel cells [17, 18] simultaneously deploy magnetohydrodynamics (MHD) and bioconvection 
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mechanisms. Okada et al. [19] have investigated magnetic field gradients on 

electrochemical oxygen reduction in polymer electrolyte fuel (PEM) cells. They emphasized the 

influence of magnetic attractive force toward oxygen and noted that fuel cell performance can be 

enhanced with judicious deployment of magnetic field intensity. Zhou et al. [20] investigated 

magnetic microbial fuel cells (MFCs) over a range of static magnetic field (SMF) and observed an 

enhancement in exo-electrogenic biofilm production. Li et al. [21] who studied static magnetic 

field influence on electricity generation in microbial fuel cells. Further experimental investigations 

include Tong et al. [22], Yin et al. [23] and Sakai et al. [24] in which magnetic field has been 

shown to be manipulate biological fuel cell performance. Theoretical and computational studies 

of magnetohydrodynamic (MHD) bioconvection in enclosures have also been communicated in 

recent years. Taheri and Bilgen [25] used a control volume numerical method to investigate the 

gravitactic bioconvection in rectangular enclosures. They computed the effects of a range of 

bioconvection Péclet numbers on the stability of the flow. They noted critical Rayleigh number is 

reduced with elevation in bioconvection Péclet number and larger aspect ratio. Hussain et al. [26] 

used a Galerkin-based finite element method to compute the bioconvection of oxytactic 

microorganisms in an omega-shaped porous enclosure containing nano-encapsulated phase 

change materials (NEPCMs). They noted that both oxygen and motile micro-organism iso-

concentration is strongly increased with increment in bioconvection Rayleigh number. Balla et al. 

[27] investigated numerically bioconvection of oxytactic microorganisms in a square enclosure 

containing porous medium with thermal radiative heat flux. They considered the Darcy model of 

Boussinesq approximation. They noted that bioconvection patterns are intensified with larger 

Rayleigh number and suppressed with thermal radiation parameter. They also noted oxygen 

density and motile iso-concentration are both considerably boosted with Rayleigh number and 

radiation parameter.  

An inspection of the literature has shown that further investigations are warranted regarding the 

impact of bioconvection micro-organisms on fuel cell performance in the presence of magnetic 

fields with oxygen depletion (consumption). Micro-organisms in the studies mentioned earlier [24-

27] may variously intensify or suppress heat transfer rates depending on magnetic field intensity 

or other factors including porous media and oxygen levels. A detailed analysis is therefore 

presented to elucidate in more detail the thermal/species/momentum characteristics in two-

dimensional magnetohydrodynamic (MHD) natural triple convection flow in a semi-trapezoidal 
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enclosure saturated with electro-conductive water containing oxytactic microorganisms and 

oxygen species. Darcy’s model is used to simulate porous media drag effects. The transport 

equations for mass, momentum, energy, oxygen species and motile micro-organism species 

density are rendered non-dimensional using a vorticity-stream function formulation and non-

dimensional variables into a nonlinear boundary value problem. A robust finite difference method 

[28, 29] with incremental time steps is deployed to obtain computational solutions. Mesh 

independence and validation with previous studies is included. The transport characteristics 

(streamlines, isotherms, species iso-concentration and motile micro-organism concentration) are 

computed for a wide range of involved controlling parameters i.e. Prandtl number, Rayleigh 

number, Bioconvective Rayleigh number, Darcy parameter, Hartmann (magnetic body force) 

number, Lewis number, Péclet number, Oxygen diffusion ratio, fraction of consumption oxygen 

to diffusion of oxygen parameter. It is envisaged that the present simulations will provide further 

insight into improving performance characteristics of hybrid MHD bioconvection fuel cells [20-

23]. 

  

2. MATHEMATICAL FORMULATION: 

The physical model is illustrated in Fig. 1 with reference to an (x, y) coordinate system. The regime 

studied comprises incompressible, laminar unsteady two-dimensional buoyancy driven flow in a 

semi-trapezium cavity containing a Darcian porous medium saturated with Newtonian 

electroconductive water and containing oxygen species and self-propelling motile micro-

organisms. A temperature Th is prescribed along the right vertical hot wall (height H) and Tc at the 

cold inclined left wall. The upper wall (length 2H) and lower horizontal wall (length H) are 

adiabatic. All boundaries are electrically insulated, and the no slip velocity condition is imposed 

on the interior surfaces. We examine triple convective phenomena (heat, oxygen species and 

bacterial micro-organisms). The enclosure (fuel cell) is subjected to a horizontal static magnetic 

field, with intensity, Bo in the enclosure which generates a Lorentz force due to the mutual 

interaction of the imposed magnetic field and fuel cell fluid through its electrical conducting 

characteristics and ( )=j E + V×B  with a zero electric field intensity, 0=E . This magnetic body 

force acts in the vertical downward direction. Magnetic induction effects are neglected as the 

magnetic Reynolds number is sufficiently low in magnitude.     
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Fig 1: Physical model for hybrid porous medium magnetic bioconvection fuel cell 

 

Electrical polarization and Hall current effects are ignored as are viscous dissipation, thermal 

dispersion and thermal stratification. The micro-organisms are assumed to be much smaller than 

the pore dimensions and the percolating water and porous medium are in local thermal equilibrium.  

Darcian drag forces appear in both the x- and y-momentum conservation equations. Thermal 

buoyancy and species buoyancy force are also present. Under these assumptions, and utilizing the 

Boussinesq approximation for buoyancy, following Hussain and Geridonmez [30], the governing 

equations can be presented as follows: 
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Here (u,v) are the (x,y) velocity components, t is time,  is water density, p is pressure, is 

kinematic viscosity of water, K is porous medium permeability,   is electrical conductivity, Bo is 

static magnetic field strength, 𝑢̃ =
𝑏𝑊𝑐

𝐶

𝜕𝐶

𝜕𝑥
  and 𝑣̃ =

𝑏𝑊𝑐

𝐶

𝜕𝐶

𝜕𝑦
 are mean swimming velocities of the 

micro-organisms in the x, y directions, b is a bioconvection constant, Wc denotes maximum 

swimming speed, C = Co - Cmin where Co denotes the oxygen concentration at the left wall and 

Co is the minimum oxygen concentration at the right hot wall,  is the mean volume of bacteria 

(micro-organisms), n denotes motile micro-organism density number, g is gravity, T is thermal 

expansion coefficient, T is temperature of fluid (water),  is thermal diffusivity, C is oxygen species 

concentration,  is oxygen consumption rate, Dc is oxygen molecular diffusivity and Dn is the 

micro-organism (bacterial) diffusivity. The primitive equations (1)- (6) can be simplified by 

introducing scaling transformations which are defined as follows:  

2
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     (7) 

Here  is dimensionless time variable, (X, Y) are dimensionless (x, y) coordinates, U, V are 

dimensionless (X, Y) velocity components,  is non-dimensional temperature function, P is 

dimensionless pressure,  is dimensionless oxygen concentration, N is dimensionless motile micro-

organism density number,  is dimensionless stream function,  is dimensionless vorticity, ̃ is 

dimensional stream function and ̃ is dimensional vorticity. Introducing a vorticity-stream 

function (-) formulation, we define: 

2 2

2 2X Y
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
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By virtue of Eqns. (7)-(9), the conservation equations (1)-(6) assume the following non-

dimensional form: 

2 2
2

2 2

Pr
Pr Pr Pr

V N
U V Ha Ra Rb

X Y X Y Da X X X

     




         
+ + = + − − + −            

   (10) 

2 2

2 2
U V

X Y X Y

    



     
+ + = + 

     
        (11) 

2 2

1

2 2

1
U V N

X Y Le X Y Le

    



     
+ + = + − 

     
      (12) 

2 2

2 2

2 2

2 2

1N N N N N
U V

x y Le x y

Pe N N
N N

Le x y x x y y




   

      
+ + = +  

       

      
− + + + 

      

    (13) 

The following non-dimensional boundary conditions are imposed at the walls of the fuel cell 

enclosure: 
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We further note that homogeneous Dirichlet boundary conditions,  = 0,  are applied on the 

stream function,  which represents the no-penetration or kinematic boundary condition at the 

impermeable walls. The no-slip boundary conditions at the solid walls, is 
n




 = n  = 0.  

In Eqns. (1) – (14) the dimensionless numbers which arise are defined in Table 1. 
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Table 1: Dimensionless numbers in model 

Prandtl number 
Pr




=  

Rayleigh number    
Ra =

gβ(Th − Tc)H3

αυ
 

Bioconvective Rayleigh number 

 

Rb =
gγΔρn0H3

α2ρ
 

Darcy Parameter  Da =
K

H2
 

Hartmann number  
Ha = B0H√

α

μ
 

Lewis number 

C

Le
D


=  

Péclet number C

n

bW
Pe

D
=  

Oxygen diffusion ratio c

n

D

D
 =  

Parameter defining fraction of oxygen 

consumption to oxygen diffusion. 
σ1 =

n0λH2

DCΔC
 

 

Important wall characteristics for fuel cell design are the local Nusselt number Nu and oxygen 

species Sherwood number (Sh) along the right vertical heated wall. These take the following 

expressions: 

Nu = − (
∂θ

∂Y
)

atX=2
        (15)  

Sh = − (
∂ϕ

∂Y
)

atX=2
      (16) 

 

3. NUMERICAL SOLUTION AND VALIDATION  

The transformed non-linear boundary value problem defined by Eqns. (10) – (13) under boundary 

conditions (14) has been solved by the help of vorticity-stream function formulation and the finite 

difference method. This involves discretizing the semi-trapezoidal enclosure on a grid to for 

vorticity, stream function, temperature, and concentration fields. The energy transport equation, 

oxygen species transport equation and motile micro-organism density number equation, are solved 

using explicit time-stepping and central difference spatial discretization. The vorticity transport 
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equation, which describes the evolution of vorticity, is solved explicitly using central differences 

for spatial derivatives and an explicit Euler method for time stepping. The stream function is 

obtained by solving the Poisson equation iteratively using, for example, Jacobi or Gauss-Seidel 

iteration. The velocity components are then derived from the stream function. Boundary conditions 

for velocity, temperature, oxygen concentration and micro-organism density are applied to ensure 

physical accuracy. The coupled problem is iteratively solved for the velocity components derived 

from the stream function, and thereafter temperature and oxygen concentration and motile micro-

organism density fields are computed.  First, we present the average Nusselt numbers of the hot 

wall of the enclosure with Ra = 105, Pr = 6.2, Ha = 0, and absence of Darcy number Da, for 

different grid sizes (Table. 2). The average Nusselt number values are observed with grids of sizes 

80 × 40, 100 × 50, 120 × 60, 140×70, 160×80 and 180×90. Therefore, grids of sizes 140 × 70 are 

considered for the other computational results presented. The current numerical methodology has 

been deployed in a wide array of fuel cell enclosure thermal fluid dynamics problems and readers 

are referred to Venkatadri et al. [31-34]. To validate the present numerical code, we have compared 

streamline and isotherm contours with the earlier study of Venkatadri et al. [35] for the special 

case of Ra = 105, Da = 0.01 with zero nanoparticle volume fraction (Փ = 0 is set in [35] to obtain 

a comparison, since nanofluids were considered in [35]) and neglecting oxygen and micro-

organism concentration equations. Very close correlation has been achieved confirming the 

accuracy of the present simulations.  
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Figure. 2. Comparison of streamline and isotherm contours for Ra = 105, Da = 0.01: Top row- 

numerical results from [35]; Bottom row- present finite difference method computations 

 

Table 2. Grid sensitivity test with Ra = 105, Pr = 6.2, Ha = 0, and absence of Darcy number (Da). 

 

Grid size 80 X 40 100 X 50 120 X 60 140 X 70 160 X 80 140 X 140 

Nu avg 2.1637 2.2120 2.2641 2.2635 2.2638 2.2637 

 

4. RESULTS AND DISCUSSION: 

Detailed computations have been presented in this section for the influence of Prandtl number, 

Rayleigh number, Bioconvective Rayleigh number, Darcy parameter, Hartmann (magnetic body 

force) number, Lewis number, Péclet number, Oxygen diffusion ratio, fraction of consumption 

oxygen to diffusion of oxygen parameter on streamline, isotherm, oxygen iso-concentration 

contours and motile micro-organism density (concentration) contours. These are shown in Figs. 3-

6. Additionally, Figs. 7 to 9 provide graphical solutions for the variation of local Nusselt number 

and oxygen concentration Sherwood number at the right hot wall of the enclosure. 
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Fig. 3. Streamlines () and isotherm () contour variation with Darcy number (Da) for Pr = 6.2, 

Rb = 2.0, Ha = 2, Le = 2, Pe = 1, Ra = 105 , =1 and    1=1.
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Fig. 4. Oxygen iso-concentration () and micro-organism density contours (N) with Darcy number 

(Da)

 

for Ra = 105, χ = 1, σ1 = 1, Pr = 6.2, Rb = 2.0, Ha = 2, Le = 2, Pe = 1.
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Fig. 5. Streamline () and isotherm () contours with Ra for Pr = 6.2, Rb = 2.0, Ha = 2, Le = 2,  

Pe = 1, Da = 0.01, χ = 1, σ1 = 1. 
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Fig. 6. Oxygen iso-concentration () and micro-organism density contours (N) with Ra for Da =

0.01, χ = 1, σ1 = 1, Pr = 6.2, Rb = 2.0, Ha = 2, Le = 2, Pe = 1. 
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Fig. 7. Local Nusselt number and oxygen species Sherwood number along right wall for various 

Darcy numbers (Da) with Pr = 6.2, Rb = 2.0, Ha = 2, Le = 2, Pe = 1 
5

110 , 1, 1Ra  = = = . 
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Fig. 8. Local Nusselt number and oxygen species Sherwood number along right wall for various 

Hartmann numbers (Ha) with Pr = 6.2, Rb = 2.0, Da = 0.01, Le = 2, Pe = 1 

5

110 , 1, 1Ra  = = = . 
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Fig. 9. Local Nusselt number and oxygen species Sherwood number along right wall for various 

Rayleigh numbers (Ra) with Pr = 6.2, Rb = 2.0, Da = 0.01, Ha = 2, Le = 2, Pe = 1 χ = 1, σ1 = 1. 
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In the computations we prescribe values of the controlling parameters as follows:  bioconvective 

Rayleigh number (Rb = 0–100), Peclet number (Pe = 0.1–5.0), Lewis number (Le = 0.1–5.0), 

porous substance permeability (Da = 10–4–10–1), magnetizing field strength (Ha = 0–25), and 

Rayleigh number (Ra = 10–104). This data is consistent with actual bioconvective magnetic fuel 

designs [16-20].  

Figure 3 illustrates the numerical results for flow patterns (streamlines) and temperature contours 

with increment in Darcy number (Da). We first consider the streamline plots (left column) and 

then the isotherm contours (right column). At very low Darcy number i.e. Da = 0.0001 (very small 

permeability), there are two distinct vortex cells visible in the regime (left column), a larger one 

towards the left inclined wall and a narrow constricted one towards the right hot vertical wall. 

Clearly the internal circulation is supressed with low permeability since the Darcian drag force 

components, -(Pr/Da) in the vorticity-stream function reduced momentum eqn. (10) are both 

enhanced considerably. The lower permeability indicates a reduction in pore space and 

proliferation in solid material fibers in the porous medium. This produces significant retardation 

to the circulating magnetic fluid. There is clearly an inverse relationship between Darcian drag 

force and Darcy number. The bulk matrix resistance to the percolating magnetic fluid is amplified 

with low permeability. As Darcy number is elevated by a factor of ten to Da = 0.001, permeability 

is enhanced, since  Da =
K

H2 i.e. Darcy number is directly proportional to medium permeability 

(hydraulic conductivity). This causes the dual vortex cell structures to merge into a single larger 

vortex cell which is orientated diagonally in alignment with the cold left slanted wall of the fuel 

cell enclosure. While the intensity of circulation remains strongest (red streamline contours, ) at 

the centre of this vortex cell, the vortex cell is stretched increasingly from the top left enclosure 

corner towards the base horizontal wall. This effect is further exacerbated with a subsequent 

increase in Darcy number to the maximum value of Da = 0.01.  In all cases low velocity blue zones 

dominate near the hot vertical wall and in the periphery of the vortex cell (boundaries). The internal 

flow distribution is clearly strongly influenced with a change in porous medium permeability. 

Regarding the isotherm contours (, right column) we observe that high magnitudes consistently 

arise near the hot vertical wall (right hand side boundary of the enclosure). Isotherms are initially 

parallel to the vertical hot wall; however, they become increasingly distorted as we progress to the 

left cold slanted wall and also decrease significantly in magnitude. Strong blue cool zones 

dominate the left half space of the enclosure. As Darcy number increases, hotter fluid spreads to 
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occupy the upper half space increasingly whereas cooler zones penetrate the lower half space and 

increasingly impinge on the lower horizontal wall. As Darcy number is increased, the percentage 

concentration of solid matrix fibers is reduced in the enclosure. This assists percolation of the 

magnetic fluid but alters heat transfer behaviour. Thermal conduction is reduced due to the 

depletion of solid material. This results in significant cooling in the lower half space. Internal heat 

distribution is considerably modified with larger permeability (Darcy number); however, the 

transport of heat is sustained in the upper right corner of the enclosure although the heated zone is 

contracted in the lower zone near the horizontal base wall. Sigmoidal patterns are intensified with 

increasing Darcy number in particular towards the left slanted wall. The permeability of the porous 

medium clearly exerts a substantial influence on energy transmission in the fuel cell geometry.  

Figure 4 depicts the Oxygen iso-concentration () and micro-organism density contours (N) with 

increment in Darcy number (Da). Significantly different topologies are computed for these 

quantities compared with the streamlines and isotherms. Considering first the oxygen 

concentration contours, at minimal Darcy number (Da= 0.0001), we observe that a single 

concentration cell emerges from the upper horizontal adiabatic wall initially and spreads 

downwards into the enclosure with high oxygen concentrations near the periphery i.e. maximum 

oxygen concentration arises near the left sloped wall, base adiabatic wall and right hot vertical 

wall. Evidently as Da is increased to 0.001, the higher initial oxygen concentration at the upper 

boundary is replaced by lower concentrations. The concentration cell becomes increasingly 

distorted and higher oxygen diffusion is pushed towards the lower half space with oxygen 

depletion (blue zone) occupying the upper half space. Increasing permeability i.e. lower 

concentration of solid fibers therefore assists oxygen transport to the lower half of the fuel cell; 

however, it curtails oxygen diffusion in the upper half space. However, this trend is altered with 

subsequent increase in Darcy number to a maximum value of Da = 0.01. The blue low 

concentration zone of oxygen concentration now contracts considerably, and oxygen diffusion is 

encouraged to the majority of the fuel cell. Iso-concentration contours become increasingly 

distorted. However, oxygen distribution is strongly elevated. A critical Darcy number threshold 

therefore exists beyond which oxygen transport is significantly boosted in the fuel cell and this 

will in turn elevate efficiency in magnetic microbial fuel cell designs. While Darcy number does 

not arise explicitly in the oxygen concentration eqn. (12), there is very strong coupling between 

the momentum eqn. (10) -in which Darcy number features- and the oxygen eqn. (12) via the 



19 
 

 
 

nonlinear convective diffusion terms,  +U
∂ϕ

∂X
 and +V

∂ϕ

∂Y
. The influence of Darcy number is 

therefore imparted indirectly to the oxygen diffusion field. Evidently highly permeable fuel cell 

materials will encourage the effectiveness of oxygen transport whereas very low permeabilities 

will inhibit transport. Now inspecting the micro-organism density (iso-concentration) contours 

(N), we observe that at very low Darcy number (Da = 0.0001) much of the enclosure is occupied 

by a large blue low magnitude zone indicating weak bacterial (micro-organism) concentrations in 

the core of the fuel cell. In the peripheral zones higher magnitudes of N are computed. As with the 

oxygen species eqn. (12), there is no presence of Darcy number in the micro-organism 

concentration eqn. (13). However once again there is very strong coupling to the momentum eqn. 

(10) via the micro-organism (bacterial) eqn. (13) nonlinear convective mass diffusion terms, 

χ [U
∂N

∂x
+ V

∂N

∂y
]. Furthermore, the oxygen and micro-organism equation (13) is coupled via the 

term, −
σ1

Le
N in eqn. (12) and the diffusion terms, −

Pe

Le
[N

∂2

∂x2 + N
∂2ϕ

∂y2 +
∂N

∂x

∂ϕ

∂x
+

∂N

∂y

∂ϕ

∂y
]. In the plots 

in Fig. 4 only the impact of Darcy number is assessed. We have prescribed strong thermal 

buoyancy (Ra = 105), unity oxygen diffusion ratio ( =1), ratio of oxygen consumption to oxygen 

diffusion as unity (σ1 = 1), bioconvection Rayleigh number Rb = 2 (indicating that micro-

organism species buoyancy is dominant), Lewis number Le = 2 (i.e. the thermal diffusivity is 

double the oxygen molecular diffusivity),  bioconvection Péclet number Pe = 1 (i.e. the momentum 

diffusivity of the swimming micro-organisms and molecular diffusivity are equal). Additionally, 

Ha =2 i.e. the Lorentz magnetic drag is twice the viscous hydrodynamic force in the enclosure. 

Clearly the low permeability (Da = 0.0001) results in a strong damping in motile micro-organism 

concentrations. As Da is increased to 0.001 this blue low magnitude zone which originates at the 

upper boundary is progressively depleted and micro-organism diffusion is encouraged leading to 

an expansion of green, yellow, orange, red and brown zones. Peak concentrations in micro-

organisms are expanded along the slanted cold wall and also at the hot vertical wall and along the 

lower boundary. The micro-organism iso-concentrations are also increasingly warped towards the 

core zone of the enclosure. With maximum Darcy number (Da = 0.01), the low magnitude blue 

zone at the upper wall is further contracted and higher micro-organism concentrations encroach 

deeper into the core. Larger permeability values, therefore, as with oxygen concentrations, strongly 

assists in the promotion of micro-organism self-propulsion in the fuel cell. This is certainly 

beneficial to magnetic biofuel cell design and confirms the key role of a porous medium in 
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manipulating bacterial concentration distributions as noted by Kim and Fogler [16]. It is also 

important to note that the thermal buoyancy effect can influence the bacterial motions especially 

when micro-organism and fluid densities exhibit large differences. Oxytactic micro-organisms 

may either sink or float which in turn influences their stability and results in hydrodynamic 

disturbances in the magnetic carrier fluid in the fuel cell [36]. Buoyancy effects are also known to 

induce velocity modifications in enclosure fuel cell dynamics [17]. There is overall a very delicate 

interplay between the fluid, thermal, oxygen and micro-organism behaviour all of which are 

sensitive to multiple effects including the permeability of the porous medium, as simulated by 

Darcy number. An augmentation in bioconvection Péclet number number (Pe) can also suppress 

motile micro-organisms concentration [25] owing to biconvection plumes arising and to avoid this 

we have set this parameter as unity in the computations. 

Fig. 5 visualizes the streamline () and isotherm () contour plots with variation in Rayleigh 

number (Ra). As Rayleigh number is enhanced from 103 to 104 and finally 105, there is a strong 

modification in the single vortex cell structure. This cell is attached to the left slanted wall and is 

progressively expanded laterally towards the hot vertical wall as Rayleigh number is elevated. 

Thermal buoyancy therefore encourages circulation in the enclosure fuel cell and also expands the 

higher velocity core zone deeper towards the right hot wall. The elliptic core vortex warps 

significantly at peak Rayleigh number (Ra = 105) and becomes deeper towards the left slanted cold 

wall and narrower towards the right hot wall. The low velocity zone external to the single vortex 

cell is contracted with greater thermal buoyancy i.e. the blue zone is decreased in magnitude.  

Streamline magnitudes are higher with greater thermal buoyancy and the fuel cell enclosure is 

more fully occupied by the vortex cell. The implication is that a modification in thermal buoyancy 

force, as simulated via the term, RaPr [
∂

∂X
− Rb

∂N

∂X
] in the momentum eqn. (10), generates a 

significant alteration in internal circulation within the fuel cell. Inspection of the isotherm plots 

(right column) shows that at all Rayleigh numbers, peak temperatures are computed at and in the 

vicinity of the right hot wall of the enclosure. Isotherms are largely vertical for low thermal 

buoyancy effect (Ra = 103) and only become distorted after some distance into the enclosure from 

the right wall. This distortion arises more prominently when Ra increases to 104 and extends for a 

much greater proportion of the fuel cell enclosure. However sigmoidal warping in isotherms does 

not impinge on the vertical wall or immediately adjacent to it. At maximum Rayleigh number, 
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very significant distortion in isotherms is produced and commences near the upper right corner 

and encroaches throughout the cavity. The cold left blue zone near the inclined wall is 

progressively depleted and hot fluid penetrates further along the upper boundary and deeper into 

the core of the enclosure. However, a greater proportion of the lower horizontal adiabatic wall is 

exposed to this cool zone with maximum Rayleigh number (Ra = 105). Careful manipulation of 

thermal buoyancy (as with permeability of the porous medium), can therefore be utilized to 

successfully manipulate the heat distribution within the magnetic bioconvection fuel cell which 

holds promise for future designs [22]. 

Fig. 6 visualizes the Oxygen iso-concentration () and micro-organism density contours (N) with 

increment in Rayleigh number (Ra). Again, there is a very different structure to the plots compared 

with streamlines and isotherms. As Rayleigh number is enhanced from 103 to 104 and finally 105, 

there is a strong adjustment in the oxygen iso-concentration distributions. At low Rayleigh number 

(Ra = 103) it is evident that a large blue low oxygen concentration semi-circular cell arises and 

penetrates quite deeply into the fuel cell enclosure. This central cell is surrounded by progressively 

higher oxygen concentrations towards the other three boundaries (left inclined wall, base adiabatic 

wall and right vertical hot wall). As Rayleigh number is increased, the iso-concentrations are 

substantially warped, and the blue low oxygen concentration upper cell expands laterally but 

contracts vertically. Overall, the lower magnitude zone is reduced in size. Higher oxygen 

concentrations (green and yellow contours) impeach deeper into the core. With maximum 

Rayleigh number, (Ra = 105) the blue zone is further depleted and becomes isolated to a small 

section in the vicinity of the upper adiabatic horizontal boundary. Oxygen diffusion is strongly 

encouraged in the enclosure and much higher concentrations are distributed over a greater 

proportion of the enclosure, dominating the core zone and in particular the lower right corner of 

the fuel cell. Strong thermal buoyancy (high Rayleigh number) effectively encourages oxygen 

diffusion throughout the enclosure and produces a much more homogenous distribution relative to 

weak thermal buoyancy (low Rayleigh number).  With regard to the micro-organism density (iso-

concentration) contours (N), as visualized in the right column, it is apparent that at low Rayleigh 

number (Ra = 103) a much larger low concentration cell is computed which penetrates deep into 

the fuel cell enclosure, emanating from the upper horizontal boundary. This low concentration 

semi-elliptic (blue) zone for micro-organisms is much larger than the corresponding oxygen 

concentration zone. The presence of low concentration micro-organism and also low oxygen iso-
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concentration zones at the upper boundary is intimately connected to the boundary conditions 

prescribed there in eqn. (14), viz, ϕ = 1, PeN
∂ϕ

∂Y
−

∂N

∂Y
= 0, atY = 0 (at the lower adiabatic wall) 

and 
∂ϕ

∂Y
= 0,

∂N

∂Y
= 0, atY = 1  (at the upper boundary). For the scenario where the upper layer of 

the fluid is very thick (near the adiabatic boundary), microorganisms descend, resulting in 

bioconvection patterns. Certain oxytactic bacteria, like Bacillus subtilis, are known to be propelled 

by the oxygen they consume as they are oxytactic. Via surface diffusion, however, the oxygen is 

replenished in natural environmental situations (free surface flows, lakes, oceans etc). However, 

in fuel cell enclosures as considered here, the oxygen replenishment can be mobilized artificially 

[17]. As Rayleigh number is increased to 104 the blue zone is distorted and contracts diagonally 

but expands along the upper boundary. The high micro-organism concentration zone along the 

lower section of the inclined left cold wall is expanded and higher iso-concentrations also emerge 

at the lower horizontal adiabatic boundary. These trends are further amplified with further 

increment in Rayleigh number to 105, and the blue low micro-organism concentration zone is 

isolated towards the upper left corner of the enclosure. Higher concentration of micro-organisms 

is produced in the majority of the enclosure. Thermal buoyancy is therefore observed to strongly 

accentuate the self-propulsion of micro-organisms (bacteria) in the fuel cell.  

Figs. 7 to 9 show the distributions along the right hot vertical wall of local Nusselt number (Nu =

− (
∂θ

∂Y
)

atX=2
) and oxygen concentration Sherwood number (Sh = − (

∂ϕ

∂Y
)

atX=2
) ) with various 

selected parameters. Inspection of Fig. 7 (top plot) reveals that as we progress from the base of the 

vertical wall (Y =0) to the top (Y = 1), Nusselt number is significantly suppressed i.e. heat transfer 

rate to the vertical wall is diminished. However, with increasing Darcy number since greater 

permeability induces a cooling effect within the enclosure, as computed earlier in the contour plots 

for isotherms, the net effect of larger Darcy number (higher permeability) is a boost in heat 

diffusing to the vertical wall. This induces a heating effect at the wall boundary and associated 

elevation in Nusselt number. Maximum Nusselt number for which thermal convection is maximum 

relative to thermal conduction at the vertical wall, is always computed at the base of the wall and 

minimal Nusselt number generally arises at the top of the wall. A very different response in oxygen 

species Sherwood number (lower plot) is observed with increasing Darcy number and also with 

location along the vertical hot wall of the enclosure. Peak oxygen Sherwood number is computed 

always at the top of the wall (Y = 1) and the minimal Sherwood number arises at the base (Y = 0). 
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Sherwood number is observed also to be strongly suppressed with increasing Darcy number. As 

elaborated earlier, since the oxygen diffusion is encouraged by larger permeability, concentrations 

are higher within the fuel cell enclosure (bulk flow). This leads to a depletion in oxygen diffusing 

to the boundary (vertical wall) which manifests in a plummet in oxygen Sherwood number. Clearly 

therefore both the oxygen diffusion to the internal circulating flow and oxygen migration to the 

boundaries of the fuel cell (oxygen Sherwood number) can be manipulated effectively with 

different permeability of the porous medium utilized in fuel cell design. In other words, lower 

permeability (Darcy number) accentuates the oxygen diffusion rate to the hot vertical wall whereas 

higher permeability (Darcy number) induces the opposite effect. Fig. 8 (top plot) shows reveals 

that as we progress from the base of the vertical wall (Y =0) to the top (Y = 1), Nusselt number is 

markedly reduced i.e. heat transfer rate to the vertical wall is suppressed and thermal convection 

becomes dominated increasingly by thermal conduction. With elevation in Hartmann number (Ha) 

from 0 (non-magnetic case) through 5, 10 to 25, there is a considerable suppression in Nusselt 

number. The Hartmann number features in the linear Lorentzian magnetic drag term, in the 

momentum eqn. (10), viz, -Ha2Pr
∂V

∂X
. As magnetic field is elevated the Lorentzian force is 

amplified and the magnetic enclosure fluid has to expend more work to drag itself against the 

action of the increasing electromagnetic impedance force. This supplementary work is dissipated 

as thermal energy which leads to a boost in isotherm magnitudes (not plotted). As result since 

heating is induced within the enclosure, the net effect is to draw thermal energy away from the 

boundaries. Consequently, the Nusselt number at the hot vertical wall is depleted as observed in 

Fig. 8. In practical magnetic fuel cell operations, this reduction in heat transfer at the boundary is 

advantageous since it permits thermal management to be achieved and mitigates over-heating of 

the fuel cell boundaries which could lead to corrosion and other operational problems [19]. 

Inevitably the oxygen levels in the fuel cell will also contribute to corrosion, although this aspect 

has not been considered in the current simulations and may be addressed in future investigations.  

Generally magnetic field is found to be very beneficial for heat control at the vertical wall and 

simultaneously elevates temperatures within the enclosure fuel cell leading to enhanced thermal 

fuel cell efficiencies. While Fig 8 (lower) also demonstrates that oxygen Sherwood number is 

reduced with magnetic field (Hartmann number); however, the topology of the profiles is very 

different as we progress from the base to the top of the hot vertical wall. Oxygen Sherwood number 

profiles oscillate with distance along the wall. The peak value arises a greater distance above the 
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base of the wall and while magnitudes plummet at the top of the wall, they are considerably greater 

than for the Nusselt number. A relatively high oxygen Sherwood number is therefore sustained 

along the vertical wall whereas Nusselt number is only high near the base of the wall, at any value 

of Hartmann number. Finally, Fig. 9 shows the impact of Rayleigh number (Ra) on local Nusselt 

number (top plot) and oxygen species Sherwood number (lower plot) along the right vertical hot 

boundary. As Rayleigh number increases, Nusselt number is strongly boosted at the base of the 

wall (Y =0). However further up the wall, beyond the mid-point (Y =0.5), this trend is reversed 

and Nusselt number is suppressed with greater Rayleigh number. For the minimal Rayleigh 

number (Ra = 103), the Nusselt number essentially remains invariant along the entire extent of the 

vertical wall. However, for higher Rayleigh numbers heat transfer rate to the vertical wall is 

boosted in the lower half-section (0< Y<0.5) but depleted in the upper half section (0.5< Y< 1). 

Thermal buoyancy therefore has a complex influence on heat transfer rate to the vertical boundary. 

This behaviour is spatially dependent and associated with the location along the vertical wall. A 

more consistent response is computed for the oxygen Sherwood number. Magnitudes are 

consistently decreased with increasing Rayleigh number since oxygen diffusion within the 

enclosure fuel cell is encouraged with greater thermal buoyancy, as observed in earlier contour 

plots. Effectively therefore thermal buoyancy opposes the diffusion of oxygen in the fuel cell from 

the interior to the boundary and this produces the depletion in oxygen Sherwood numbers. Peak 

oxygen Sherwood number is always observed at the top of the vertical wall and the minimum value 

corresponds to the base of the wall. In magnetic biofuel cell design, therefore it is apparent that 

oxygen transport can be boosted or suppressed depending on the intensity of natural thermal 

convection (buoyancy) within the regime. This can be exploited by fuel cell designers to achieve 

optimal rates of oxygen mass transfer to or from specific boundaries.  

 

5. CONCLUSIONS 

As a simulation of a hybrid magnetohydrodynamic (MHD) biconvection fuel cell, a mathematical 

model has been developed to study theoretically and numerically thermal/species/momentum 

characteristics in two-dimensional triple convection flow in a semi-trapezoidal enclosure saturated 

with electro-conductive water containing oxytactic micro-organisms and oxygen species. Darcy’s 

model has been deployed to simulate porous media drag effects. The transport equations for mass, 

momentum, energy, oxygen species and motile micro-organism species density have been 
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transformed into non-dimensional form using a vorticity-stream function formulation and 

appropriate dimensionless variables. The model has been shown to be controlled by several key 

dimensionless numbers, namely, parameters i.e. Prandtl number, Rayleigh number, Bioconvective 

Rayleigh number, Darcy parameter, Hartmann (magnetic body force) number, Lewis number, 

Péclet number, Oxygen diffusion ratio and fraction of consumption oxygen to diffusion of oxygen 

parameter. This nonlinear boundary value problem has been solved computationally with a well-

tested finite difference method with incremental time steps is deployed to obtain computational 

solutions. Validation with previous studies has been included. The transport characteristics 

(streamlines, isotherms, species iso-concentration and motile micro-organism concentration) have 

been studied for the effects of selected parameters. Local Nusselt number and oxygen Sherwood 

number at the vertical hot wall of the enclosure have also been computed. The main findings of 

the present analysis may be summarized as follows: 

i) With increasing Rayleigh number (Ra), Nusselt number is initially elevated at the base 

of the right hot vertical wall (Y =0), whereas further up the wall, beyond the mid-point 

(Y =0.5), this trend is reversed and Nusselt number is suppressed with greater Rayleigh 

number. 

ii) With elevation in Rayleigh number, the oxygen iso-concentrations are greatly distorted, 

evolving into sigmoidal topologies, and the original (blue contour) low oxygen 

concentration upper cell is stretched laterally but contracts vertically. Furthermore, 

greater oxygen concentrations (green and yellow contours) incur more deeply into the 

fuel cell central region.  

iii) With greater Rayleigh number A significantly higher concentration of micro-organisms 

is produced in the majority of the enclosure. Thermal buoyancy significantly assists the 

self-propulsion of micro-organisms (bacteria) in the fuel cell. 

iv) With increasing Darcy number (Da), oxygen Sherwood number is considerably 

depleted. Peak oxygen Sherwood number is computed always at the top of the wall (Y 

= 1) and the minimal Sherwood number arises at the base (Y = 0). 

v) With increasing Darcy number (Da), peak concentrations in micro-organisms are 

expanded along the slanted cold wall and also at the hot vertical wall and along the 

lower boundary. Larger permeability values, therefore, as with oxygen concentrations, 
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strongly assist in the promotion of micro-organism self-propulsion in the fuel cell, 

producing higher performance efficiencies. 

vi) With increasing Hartmann number (Ha) i.e. stronger magnetic field, oxygen Sherwood 

number is significantly reduced at the right hot vertical wall, and similarly there is a 

strong reduction in local Nusselt number. 

 

The current study has revealed some novel features of oxygen diffusion and oxytactic micro-

organism (bacterial) dynamics in hybrid magnetic porous media fuel cells. Future investigations 

may consider in more detail the effects of oxygen consumption and also non-Newtonian working 

fluid effects which are also of interest in 21st century fuel cell technologies. Additionally, wavy 

boundary geometries and nanofluids [37-40] may be considered.  

 

NOMENCLATURE: 

 

Roman 

0B    Magnetic field strength 2 1kg s A− −  
 

C     Dimensional oxygen concentration 3kg m−  
 

Cc    Low concentration 3kg m−    

Ch    High concentration 3kg m−    

cD    Oxygen diffusivity 2 1m s−  
 

nD    Bacteria’ diffusivity 2 1m s−  
 

Da    Darcy number  −  

g       Acceleration due to gravity 2m s−  
 

Gr    Grashof number  −  

H     Height of the enclosure  m  

Ha   Hartmann number  −  

K     Permeability of the porous medium 2m  
 

L      Length of the cavity  m  

Le    Lewis number 

n      Density of motile microorganisms 3kg m−  
 

Nu   Local Nusselt number  −  

p     Dimensional pressure [Pa] 
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P     Dimensionless pressure  −  

Pr    Prandtl number  −  

Ra    Rayleigh number  −  

Rb    Bioconvective Rayleigh number 

t       Dimensional time s  

T      Dimensional temperature of the fluid  K  

hT     Temperature of the hot wall  K  

cT      Temperature of the cold wall  K  

,U V  Dimensionless velocities along X  and Y  directions  −  

,u v   Dimensional velocity components in x and y directions 1m s−  
 

0U    Constant reference velocity  1m s−  
 

,X Y  Dimensionless Cartesian coordinates  −  

;x y  Dimensional Cartesian coordinates  m  

 

Greek  

     Thermal expansion coefficient 1K −    

 n   Consumption of microorganisms 

      Dimensionless concentration  −  

      Dimensionless temperature  −  

      Electrical conductivity of the fluid 1S m−  
 

      Dynamic viscosity of the fluid 2 1kg m s− −    

      Kinematic viscosity of the fluid 2 1m s− −    

     Thermal diffusivity of the fluid 2 1m s− −    

f    Density of the fluid 3kg m−    

p    Density of the nanoparticle 3kg m−    
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