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A B S T R A C T

Mathematical modeling of carbon nanotubes (CNTs) in biological fluids is essential for drug delivery, biosensing, 
and targeted therapy. This study explores the transport dynamics of single-walled carbon nanotubes (SWCNTs) 
and multi-walled carbon nanotubes (MWCNTs) based nanofluids under electro-osmotic peristaltic flow influ
enced by ciliary motion. A microfluidic channel lined with cilia, hair-like structures found in human airways and 
reproductive tracts, is considered. The coordinated beating of cilia generates a wavelike motion that propels the 
surrounding biological fluid. When an electric field is applied across the channel, electro-osmotic forces further 
modify the flow, affecting velocity and temperature distribution. A nanofluid, consisting of CNTs suspended in a 
base fluid, flows through this cilia-driven microchannel. The transport process is governed by electro-osmosis, 
heat transfer, and thermal radiation effects, with simplifications based on long-wavelength and low Reynolds 
number assumptions. The Caputo fractional model and Debye–Hückel linearization are used to analyze the 
interaction between electro-osmotic forces and thermal-mechanical effects. The results reveal that the negative 
Helmholtz-Smoluchowski parameter (Uhs) reduces the axial velocity in the core whereas it increases in the pe
riphery of the channel, while the opposite trend is observed for positive Uhs. Longer cilia (β) and higher electro- 
osmotic parameter (m) slow the core flow while accelerating peripheral transport. Thermal effects indicate that 
an increased heat source (B) raises temperature and axial velocity, whereas a higher nanotube volume fraction 
(ϕ) enhances axial velocity but reduces temperature. Notably, MWCNTs exhibit superior axial velocity and 
temperature enhancement compared to SWCNTs. These outcomes provide valuable insights into electro-osmotic cilia- 
driven nanofluid transport, offering a theoretical foundation for optimizing microfluidic and biomedical applications.

1. Introduction

Peristaltic flow, driven by rhythmic tube contractions, is vital in 
biological fluid transport, like in the gut and capillaries. This mechanism 
has engineering, biomedical, and industrial applications. Researchers 
study peristalsis to improve artificial fluid transport, leading to in
novations. Peristaltic micro-pumps and bio-inspired systems aid drug 
delivery and blood circulation in medical devices. Lab-on-a-chip tech 
uses it for precise diagnostics. Compact peristaltic channels help cool 

electronics. In industries with strict hygiene rules, peristaltic systems 
ensure sterile fluid handling. These systems are also tested in renewable 
energy technologies. Although peristaltic mechanisms were recognized 
in physiology long ago, mathematical studies on the subject began in the 
1960s with the application of the Navier-Stokes equations for viscous 
fluids. Notable contributions were made by Yin and Fung [1], as well as 
Shapiro et al. [2]. They introduced lubrication approximations and 
transformed the moving frame of reference into a stationary (wave) 
frame of reference, significantly simplifying the mathematics involved 
in peristaltic transport. Since then, many researchers have adopted this 
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approach, particularly in situations where the fluid being pumped must 
remain uncontaminated, such as blood, or non-corrosive, ensuring that 
it does not interact with the components of conventional pumping de
vices. Ary (wave) frame of reference to greatly simplify the mathematics 
of peristaltic transport. Subsequently, numerous researchers have 
adopted this concept and applied it in scenarios where the pumped fluid 
needs to remain uncontaminated, such as in the case of blood, or be 
non-corrosive, ensuring it does not come into contact with the working 
components of typical pumping devices. A noteworthy number of re
searchers have been investigating peristaltic transport phenomena 
across diverse geometries in recent years, owing to their practical ap
plications in manufacturing and magnetic industries. Rathod and 
Channakote [3] explored the impact of permeability on peristaltic 
transport in viscous fluids, modeling ureteral dynamics. Narla et al. [4] 
applied the Jeffrey’s elastic-viscous model to simulate unsteady 
magnetized pumping in a curved conduit influenced by peristaltic 
waves. Their study focused on the effects of curvature parameters, the 
ratio of relaxation to retardation time (the first viscoelastic parameter of 
Jeffrey), and the Hartmann number (which represents the magnetic 
field) on radial velocity distributions, bolus dynamics, and the charac
teristics of trapping and reflux. Ajithkumar et al. [5] investigated the 
application of biomimetic pumps for handling dangerous substances, 
examining the catalytic effects on the peristaltic movement of Jeffrey 
fluid through a flexible porous channel under an inclined magnetic field. 
Rathod and Mahadev [6] conducted a study on how ureteral peristalsis 
-wave-like contractions of the ureter that propel urine from the kidneys 
to the bladder is affected by a magnetic field. Their investigation 
explored the interaction between the physiological mechanism of peri
stalsis and external magnetic forces, aiming to understand whether and 
how magnetic fields might influence fluid movement or the behavior of 
smooth muscles within the ureter. An additional study by Hayat [7] 
explored how silver nanoparticles contribute to thermal energy pro
cesses that are influenced by peristalsis. The study by Choudhari et al. 
[8] focused on the peristaltic blood flow mechanism, investigating it 
through the lens of non-Newtonian fluids and the variability of liquid 
characteristics; Tripathi et al. [9], who employed differential transform 
methods to analyze asymmetric peristaltic propulsion in tubes filled 
with fractional Oldroyd-B viscoelastic-saturated Darcy-Brinkman 
porous media; and Ali et al. [10], who utilized a forward time center 
space finite difference method to examine carreau fluid pumping in 
curved ducts.

Furthermore bio-heat transfer in blood flow and peristaltic transport 
has widespread applications in medical treatments, drug delivery, di
agnostics, and artificial organ development. Advanced modeling tech
niques enhance the precision of biomedical devices and therapies, 
improving patient outcomes in various healthcare fields. Bio-heat 
transport principles aid in designing efficient dialysis machines and 
extracorporeal blood circulation systems, preventing thermal imbal
ances. Dolat Khan et al. [11,12] investigated the generalized two-phase 

free convection flow of a dusty Jeffrey fluid between two infinite vertical 
parallel plates, with a primary focus on heat transfer. They employed 
Caputo-Fabrizio time-fractional derivatives to describe the behavior of 
the dusty Jeffrey fluid. In a separate study, researchers analyzed the 
effectiveness of heat transfer and the corresponding entropy generation 
in a generalized dusty tetra-hybrid nanofluid within a microchannel. 
The flow in this scenario is governed by free convection and buoyant 
forces, which play a crucial role in the heat transfer process. Peristaltic 
motion in the intestines influences heat exchange, impacting digestion, 
metabolic reactions, and drug absorption. Peristaltic flow models play a 
vital role in exploring heat transport, particularly in therapies like 
cancer hyperthermia, where controlled heat is applied to tissues. Addi
tionally, heat-enhanced drug diffusion in peristaltic flow supports the 
targeted delivery of temperature-sensitive therapeutic agents. Asha and 
Deepa [13] studied entropy generation in peristaltic blood flow of a 
magneto-micropolar fluid in a tapered asymmetric channel with thermal 
radiation. Their research is important for understanding energy dissi
pation and fluid transport in biomedical and industrial applications, 
optimizing hemodynamic conditions, and improving efficiency in 
magnetohydrodynamic (MHD) fluid systems. Mahadev and Kalse [14] 
analyzed convective heat transfer and viscous dissipation in peristaltic 
flow of Ellis fluid through a non-uniform tube, highlighting its relevance 
in non-Newtonian fluid dynamics for biological and industrial applica
tions. The study by Imran et al. [15] focused on the examination of 
radiative heat transfer in the flow of electro-osmotic magneto-Nano 
fluids driven by ciliary propulsion. Some latest research articles related 
the heat transfer system for various fluids flow systems are provided in 
[16–20].

Nanoparticle research in fluid mechanics has surged in the 21st 
century due to applications in medicine, energy, propulsion, lubricants, 
and bioengineering. Their nanoscale properties significantly impact 
fluid dynamics, offering advantages over traditional fluids. Mathemat
ical modeming and experiments are key to understanding and opti
mizing their potential in various fields. Nano fluids, colloidal 
suspensions of nanoparticles in base fluids, have emerged as a promising 
medium for enhancing heat transfer and fluid transport due to their 
superior thermal and rheological properties, making them promising 
candidates in many emerging technologies including cancer treatment, 
sterilization of biological devices, renewable energy, space propulsion 
(rocket fuel gels), industrial coolants and lubricants. The integration of 
nanofluids with engineered peristaltic systems holds significant poten
tial for advancements in various industrial sectors, including medical 
devices, soft robotics, materials processing, manufacturing, and envi
ronmental protection. This is due to the ability to utilize the unique 
properties of nanoparticles to enhance fluid dynamics and heat transfer 
processes. Nowadays, the study of Nano fluid has gained great interest 
due to its medical, industrial, and biological applications. Some studies 
relating to the peristaltic flow of Newtonian and non-Newtonian fluids 
are given in Refs [21–24]. Choi [25] introduced the term "nanofluid" to 

Nomenclature

Ũ and W̃ velocity components in fixed frame
u and w velocity component in wave frame
μnf viscosity of the nano liquid
ρnf effective density
knf thermal conductivity
(cp)nf specific heat
αnf thermal expansion coefficient
ϕ volume fraction of nanoparticle
ρe the charge density
εr relative permittivity of the medium

ε0 permittivity of the vacuum
n+,n− cation and anion densities
Φ electric potential
ER and Ez the electric body force in the radial and axial co-ordinates
Br Brinkman number
UhS electro-osmotic parameter
m Debye–Huckle parameter
Q the time-averaged flow rate
β cilia length
B thermal source/sink parameter
Gr Grashof number
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describe a mixture of a base fluid and nanoparticles that possess 
distinctive chemical and physical characteristics. Buongiorno [26] sug
gested that thermophoresis and Brownian motion play crucial roles in 
the dynamics of Nano fluids. He developed a two-component nanoscale 
model that takes into account both thermal diffusion and mass diffusion 
(nanoparticle concentration). In essence, a nanofluid is a liquid sus
pension made up of tiny particles that are <100 nanometres in diameter. 
These particles are typically composed of non-metals like graphite and 
carbon nanotubes, or metals such as carbides, nitrides, and oxides. 
Several researchers have therefore investigated theoretically and 
computationally peristaltic flows of nanofluids motivated by biomedical 
and energy device applications. The study of peristaltic flow has 
advanced with nanotechnology, particularly through Nano 
fluids-suspensions of nanoparticles in base fluids. These fluids enhance 
thermal conductivity, viscosity, and heat transfer. Integrating peristaltic 
flow with Nano fluids has expanded possibilities for efficient transport in 
micro- and nano-scale systems. Tripathi and Bég [27] conducted one of 
the earliest studies on the peristaltic propulsion of nanofluids, focusing 
on applications in pharmacodynamics. They utilized Buongiorno’s 
model to analyze how various factors, such as thermal and species 
Grashof numbers, Brownian motion, and thermophoretic body force 
parameters, influence the distributions of velocity, nanoparticle frac
tion, temperature, and pressure gradients. Nadeem et al. [28] applied 
the homotropy perturbation method (HPM) to investigate the peristaltic 
flow of a nanofluid through eccentric tubes containing Darcian porous 
media. Their findings indicated that pressure rise is reduced with an 
increase in the thermal Grashof number, while it is enhanced with a 
higher peristaltic wave amplitude ratio in the retrograde pumping zone. 
Conversely, the opposite effect was observed in the peristaltic pumping 
and augmented pumping zones. Additional research on the mechanics of 
peristaltic nanofluids includes work by Tripathi et al. [29], who 
explored the effects of unsteady and finite length conditions in nanofluid 
peristaltic micro-pumps, and Prakash et al. [30], who examined the 
impacts of thermal radiation and viscosity variations in magnetic 
nanoparticle-infused solar collector fluids. Collectively, these studies 
confirmed a significant enhancement in thermal properties and 
demonstrated that optimized hydromechanical peristaltic pumping ef
ficiency can be achieved through careful selection of nanoparticle vol
ume fractions.

Various nanostructures, including carbon nanotubes (CNTs) like 
single-walled (SWCNTs) and multi-walled (MWCNTs), have been syn
thesized and studied for their exceptional thermal conductivity and 
mechanical strength. Incorporating CNTs into viscoelastic fluids can 
improve their performance for advanced engineering and biomedical 
applications [31–33]. These nanostructures, such as nano-shells, 
nano-dots, and nanowires, have diverse industrial applications, from 
aerospace to biomedical systems. CNTs, with their superior thermal 
properties and structural stability, can enhance the thermal character
istics of materials like fluids and solids. Their unique properties make 
them ideal for improving thermo-fluid performance in various applica
tions, including coating systems and tissue engineering. CNT-based 
nanofluids have been investigated for peristaltic systems, showing 
promising results in enhancing fluid flow and viscosity. Studies have 
demonstrated the potential of CNTs, particularly SWCNTs, in improving 
the efficiency of peristaltic transport and fluid dynamics in biomedical 
applications. Nadeem and Sadaf [34] conducted a study on the peri
staltic transport of a hybrid nanofluid with varying viscosity in a curved 
duct, using single-walled carbon nanotubes (SWCNT) and multi-walled 
carbon nanotubes (MWCNT) in water. Iqra Shahzadi et al. [35] inves
tigated the peristaltic flow of nanofluid through a permeable-walled 
annulus, analyzing the effect of single-walled carbon nanotubes 
(SWCNT) on effective viscosity. They observed a significant increase in 
SWCNT-blood flow with higher viscosity parameters, as well as an 
improvement in the pressure differential within the annulus.

Cilia are tiny hair-like structures found in various biological systems, 
such as the respiratory tract, reproductive organs, and gastrointestinal 

lining, respiratory tract, kidneys, nasal passages, and lungs, among other 
organs, where they support vital processes. Their coordinated beating 
creates intricate wave patterns that are essential for peristaltic transport, 
which moves fluids, mucus, or particles through narrow channels. This 
mechanism is vital for functions like clearing mucus in the lungs, moving 
cerebrospinal fluid in the brain, and transporting eggs in the fallopian 
tubes. In addition to peristalsis, nature exhibits various other propulsion 
mechanisms. Ciliary motion can be categorized into two main wave 
patterns: Metachronal Waves, where successive cilia beat in a coordi
nated wave-like sequence to propel fluids efficiently with minimal en
ergy loss, and symplectic and antipleptic waves, involving synchronized 
or opposite-phase motion of neighboring cilia to regulate flow rate and 
mixing efficiency. Complex cilia waves improve the efficiency, control, 
and adaptability of biological peristaltic mechanisms. The integration of 
cilia dynamics with electro-osmotic effects, heat transfer, and nano
technology presents new opportunities in biomedical engineering, drug 
delivery, and artificial organ development. Understanding these dy
namics is crucial for advancing bio-inspired fluid transport systems in 
medical and industrial applications. One particularly efficient method is 
known as cilia-driven flow [36]. All mammalian cells feature these tiny, 
hair-like structures on their surfaces, which are essential for many 
physiological functions in the human body. Mathematical modeling 
interest in cilia-driven flows emerged in the 1970s with the pioneering 
studies of Blake [37] who developed an elliptical cilia-beating model, 
valid for metachronal propulsion in which the cilia drive fluid in a 
particular direction and there is an effective stroke followed by a re
covery stroke. The flow is therefore generated due to a metachronal 
wave propagation which is produced by the collective, rhythmic beating 
of the cilia with constant wave speed. This initial work was however 
confined to Newtonian viscous fluids. Much later interest emerged in 
generalizing Blake’s approach to non-Newtonian liquids, which have 
diverse applications in for example cilia-assisted micro-duct propulsion, 
bio-micro-mechanical systems etc. Almheidat et al. [38] conducted a 
study on thermal analysis using Prandtl nanofluid in a non-uniform 
channel. The study focused on complex cilia waves in a computational 
paradigm.

Ramesh et al. [39] studied the magneto-hydrodynamic propulsion of 
cilia in Stokesian couple stress fluids in a conduit. They found that 
increasing cilia length led to a slight increase in maximum shear stress at 
the inner walls but a significant decrease in troughs. Additionally, they 
observed that cilia length had a greater impact on volumetric flow rates 
compared to cilia eccentricity. A recent analysis and references on this 
topic can be found in [40–49].

Electro-osmosis is the process by which an ionic liquid moves 
through a capillary or other porous material under the action of an 
applied electric field, which may be static or alternating in nature. 
Electro-osmotic flow may be impacted by the fluidic ion content. In 
recent years a number of researchers have combined electro-osmotic 
flows with peristaltic pumping mechanisms, owing to emerging appli
cations in bio-microfluidics. The overall transport qualities of the peri
staltic system can be influenced by the way ions travel in response to an 
electric field. Electro-osmosis can be used to boost the flow rate in 
peristaltic systems. An electric field applied perpendicular to the flow 
direction can induce electro-osmotic flow in addition to peristaltic flow, 
resulting in increased fluid velocity. Better control over the fluid 
behavior is made possible by the interaction of the electro-osmotic and 
peristaltic effects. The direction and speed of fluid flow may be adjusted 
using the electric field, giving further control over the transport process. 
Early work in electro-osmotic peristalsis in Newtonian fluids was con
ducted by Chakraborty [50]. Building on this, further studies general
ized this model to consider non-Newtonian effects. Relevant studies in 
this regard include Tripathi et al. [51] (on couple stress fluids), Chan
nakote et al. [52] (on viscoelastic Jeffery fluids with radiative flux and 
wall suction effects) and Ali et al. [53] (on two fluid Ellis/Newtonian 
electro-osmotic peristaltic axisymmetric conduit flows). Several studies 
have also addressed electro-osmotic peristaltic flows of nanofluids 
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including Tripathi et al. [54] (who examined Joule dissipation effects in 
finite conduits), Prakash et al. [55] (who considered magnetic body 
force effects in radiative-convective electro-osmotic peristaltic pumping 
of nanofluids) and Tripathi et al. [56] (who considered multiple peri
staltic wave forms and thermal buoyancy effects). Imran et al. [57] (on 
Electro osmotic flow of nanofluids within a porous symmetric tapered 
ciliated channel). These investigations demonstrated that nanofluid 
properties, electro-osmotic body force and peristaltic waves can be 
combined to optimize pumping efficiencies in many micro-scale designs.

The Second-Grade fluid model is an important theoretical model in 
fluid mechanics used to describe complex, non-Newtonian fluids that 
exhibit viscoelastic properties. It incorporates higher-order terms into 
the stress-strain relationship, making it suitable for modeling fluids that 
exhibit both viscous and elastic behaviors. This model is particularly 
useful when dealing with fluids in advanced engineering, biology, and 
nanotechnology. The second-grade fluid model is widely used in fluid 
dynamics and engineering to describe complex, non-Newtonian fluid 
flows with both elastic and viscous characteristics. Scientific evidence 
from research in various fields such as polymer processing, blood flow 
modeling, and nanofluid studies consistently supports the use of the 
second-grade fluid model for accurately simulating the behavior of 
complex fluids. This model plays a critical role in improving the design 
and optimization of systems that involve non-Newtonian fluids.

Recent advancements in fractional calculus have enabled researchers 
to model viscoelastic fluids with more accuracy by capturing memory 
effects and hereditary properties inherent in such materials. A fractional 
second-grade fluid is an extension of the classical second-grade fluid 
model that incorporates fractional calculus to account for memory ef
fects and hereditary properties of viscoelastic materials. The governing 
equation typically involves a fractional-order derivative, allowing for 
more accurate modeling of complex fluids such as biological fluids, 
polymeric solutions, and nanofluids. The classical second-grade model is 
a subclass of non-Newtonian fluids that introduces a normal stress dif
ference, but it lacks the ability to describe long-term memory effects. 
The fractional second-grade model corrects this by using fractional de
rivatives, which better capture the time-dependent behavior and stress 
relaxation found in biological and engineered nanofluids. Experimental 
studies on blood flow and polymeric solutions have confirmed that 
fractional models provide a more accurate representation of real visco
elastic fluids than classical integer-order models.

The Caputo fractional derivative, in particular, provides a robust 
framework to describe these properties, offering insights into the time- 
dependent behavior of viscoelastic fluids. Despite significant progress, 
the combined effects of fractional derivatives, electro-osmosis, and 
nanofluids on peristaltic flow in ciliated geometries remain underex
plored. Several important studies have been conducted in the field of 
peristaltic pumping of fractional second-grade fluids.

Channakote et al. [58] studied heat and mass diffusion in this 
context, while Abd- Alla et al. [59] focused on the effects of porous 
media. Channakote et al. [60] also analyzed bolus characteristics in 
thermal electro-osmotic analysis. Tripathi et al. [61] and Hameed et al. 
[62] explored hydro magnetic heat transfer during peristaltic pumping. 
Other significant contributions include the studies by Rathod and 
Mahadev [63] and Guo and Haito [64]. These studies highlight the 
importance of the fractional parameter in influencing flow characteris
tics in electro-osmotic peristaltic transport within cylindrical conduits. 
Tripathi and Bég [65] demonstrated that in the peristaltic pumping of 
fractional second-grade viscoelastic fluids through inclined conduits, the 
fractional parameter and Froude number increase hydrodynamic 
impedance, while the viscoelastic parameter, Reynolds number, incli
nation angle, and wave amplitude enhance flow facilitation. We 
examine the interaction between nanotubes and ciliated walls in 
electro-osmotic peristaltic flow using the elliptic beating cilia model, 
with heat transfer and heat generation effects, as a model of a hybrid 
ciliated peristaltic micro-pump for potential industrial hazardous ma
terials applications [5] and emerging soft robotic applications [47,64, 

66,68].
This paper focuses on the peristaltic flow in tubes, highlighting its 

relevance in contemporary applications and addressing the challenges of 
integrating modern materials and technologies. Through this study, we 
aim to provide insights into the mechanisms and potential advance
ments that peristaltic flow can offer in cutting-edge scientific and en
gineering solutions. This study extends the existing literature by 
incorporating fractional-order derivatives for anomalous transport, 
ciliary motion for enhanced flow control, CNT nanofluids for improved 
thermal and electrical properties, and electro-osmosis in a unified 
peristaltic framework. These additions make it a more generalized and 
biologically relevant model.

The novelty of this study is attributed to its concurrent examination 
of ciliated walls, peristalsis, electro-osmotic body force, heat sources, 
thermal buoyancy, fractional viscoelastic fluid dynamics, and the 
incorporation of carbon nanotubes (CNTs). The analysis of physiological 
and biological fluids serves several key purposes. 

• This study uniquely integrates fractional derivatives with the Caputo 
model to analyze the complex dynamics of viscoelastic nanofluids, 
providing new insights into electro-osmotic peristaltic streaming.

• It provides a comparative analysis of the effects of single-walled 
carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes 
(MWCNTs) on the flow and thermal behavior of nanofluids.

• Fractional derivatives offer a better representation of anomalous 
transport behaviors, particularly in complex fluids such as CNT- 
based nanofluids.

• CNTs significantly enhance thermal conductivity and electro- 
osmotic effects, making their inclusion a notable advancement in 
modeling.

• The findings bridge gaps in understanding nanofluid transport in 
confined geometries, emphasizing applications in drug delivery, bio- 
inspired propulsion systems, and medical micro-pumps.

2. Mathematical formulation

In this study, we investigate electro osmosis-regulated peristaltic 
flow in a vertical ciliated micro-tube with a constant radius a. The fluid 
is an aqueous ionic nanofluid doped with carbon nanotubes (CNTs). The 
motion of ionic species in the fluid is induced by an external electric field 
applied across the electric double layer (EDL). The flow is influenced by 
electroosmotic and gravitational forces in a symmetric duct resembling a 
peristaltic micro-pump or soft robotic limb. Peristaltic pumping is 
generated by sinusoidal waves along the tube walls with a constant wave 
speed c and wavelength λ. The physical model is illustrated in Fig. 1 with 
a static electric field applied. The cylindrical coordinate system (r, z, t)
is used for mathematical analysis of the flow phenomena.

This study is based on specific assumptions that also serve as 
limitations. 

• The fractional viscoelastic second-grade Reiner-Rivlin differential 
model is used to study rheological effects.

• A nanofluid is created by suspending carbon nanotubes in a base 
fluid.

• An external electric field with a constant strength Ez is applied to 
blood flow in the positive z-direction to induce electro-osmotic force.

• Caputo’s fractional derivative is employed to model viscoelastic 
memory effects, crucial for capturing the time-dependent stress- 
strain behavior of biological fluids.

• The Debye–Hückel hypothesis simplifies the Poisson–Boltzmann 
equation for a more accurate calculation of the electric potential in 
the electric double layer. However, this simplification may neglect 
important nonlinear dynamics in real-world situations.

• The channel walls are maintained at a constant temperature T0.

The fractional-order derivative according to Caputo’s is defined 
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following Tripathi and Bég [61] as: 

Dα∗ f(t) =
1

Γ(n − α∗)

∫t

b

f n(τ)
(t − τ)α∗+1− n dτ(n − 1<Re(α∗) ≤ n, n ∈ N), (1) 

Let n be a natural number, and Re(α∗) ≤ n, where α∗ represents the order 
of the derivative and can be real or complex. Let b be the initial value of 
the function f . For Caputo’s derivative, we have: 

Dα∗ tβ1 =

⎧
⎪⎨

⎪⎩

0 if (β1 ≤ α∗ − 1)

Γ(β1 + 1)
Γ(β1 − α∗ + 1)

tβ1 − α∗ if (β1 > α∗ − 1).
(2) 

The equation for a fractional second-grade liquid with the fractional 
model is: 

S̃ = μ
(

1+ λ̃1
α1 ∂a1

∂̃ta1

)

γ̇, (3) 

The shear stress is denoted by S̃, the material parameter by λ̃1, the 
time by ̃t, the dynamic viscosity by μ, the shear strain rate by γ̇, and the 
fractional parameter by α1 such that (0 < α1 ≤ 1). The model simplifies 
to the traditional second-grade model when α1 = 0, and the classical 
Newtonian (Navier-Stokes) case occurs when λ̃1 = 0.

The metachronal motion of the cilia tip envelops on the inner sur
faces of the cylindrical micro-tube wall is simulated, following Ramesh 
et al. [39] by the following expressions:

The distensible micro-tube wall contracts and relaxes, and the 
compliant motion can be mathematically expressed as follows: 

h̃ = a + bcos[2π(Z̃ − c̃t)] (4) 

R̃ = H̃ = f(Z̃, t̃) = a + a ϵcos
(

2π
λ̃
(Z̃ − c t̃)

)

, (5a) 

Z̃ = g̃(Z̃, Z̃0, t̃) = a + a ϵα sin
(

2π
λ̃
(Z̃ − c t̃)

)

, (5b) 

Here a represents the mean radius of the tube, ϵ is a non- dimensional 
measure with respect to the cilia length, and ̃λ is the wavelength of the 
metachronal wave, c is the wave speed, ̃Z0 is the reference position of the 
particle and a is the measure of the eccentricity of the elliptical motion. 
The cilia are evenly spaced and extend from both walls of the infinite 
channel. A metachronal wave is created by the natural movement of the 
cilia, propagating parallel to the fluid flow.

The cilia are arranged at equal intervals and protrude normally from 
both walls of the infinitely long channel. A metachronal wave is 
generated due to natural beating of cilia and the direction of wave 
propagation is parallel to the direction of fluid flow. The governing 
equations for mass, momentum and energy (heat) conservation are 
developed by generalizing previous studies [40,41,60,64,65] to include 
heat source, electro-osmotic body force, fractional second grade visco
elastic and thermal convection effects as follows: 

∂Ũ
∂R̃

+
Ũ
R̃

∂W̃
∂R̃

= 0, (6) 

ρnf

(
∂Ũ
∂̃t

+ Ũ
∂Ũ
∂R̃

+ W̃
∂Ũ
∂Z̃

)

= −
∂p̃
∂R̃

+ μnf

(

1+ λ̃
α1

1
∂α1

∂̃tα1

)[
1
R̃

∂
∂R̃

(

R̃
∂Ũ
∂R̃

)

+
∂2Ũ

∂Z̃
2

]

+ ρeER

(7) 

ρnf

(
∂W̃
∂̃t

+Ũ
∂W̃
∂R̃

+W̃
∂W̃
∂Z̃

)

= −
∂p̃
∂Z̃

+μnf

(

1+λα1
1

∂α1

∂̃tα1

)[
1
R̃

∂
∂R̃

(

R̃
∂W̃
∂R̃

)

+
∂2W̃

∂Z̃
2

]

+ (ργ)nf (T̃ − T0)g+ρeEz

(8) 

(
ρcp
)

nf

(
∂ T̃
∂̃t

+ Ũ
∂T̃
∂R̃

+ w̃
∂T̃
∂Z̃

)

= knf

(
∂2T̃

∂R̃
2 +

1
R̃

∂ T̃
∂R̃

+
∂2T̃

∂Z̃
2

)

+ Q̃0, (9) 

In the context of Eqs. (6)–(9), Ũ and W̃ denote the velocity com
ponents in the radial and axial directions, respectively. ER and Ez 

represent the electric body forces in the radial and axial coordinates.
In eqn. (7) the terms on the left relate to unsteady and convective 

acceleration, the first term on the right is the radial pressure gradient, 
the next terms are the modified fractional viscoelastic terms and the 
final term on the right is the radial electro-osmotic body force. In qn. (8), 
the terms on the left relate again to unsteady and convective accelera
tion, the first term on the right is the axial pressure gradient, the next 
terms are the modified fractional viscoelastic terms, the penultimate 
term is thermal buoyancy and the final term on the right is the axial 
electro-osmotic body force. In the energy eqn. (9) the first term on the 
left is the transient temperature term, followed by the convective ther
mal terms. On the right-hand side, the first terms are thermal diffusion 
(based on the Fourier heat conduction law) and the final term is heat 
generation/absorption.

When the no-slip boundary condition is applied, the velocity com
ponents of the CNT-ionic nanofluid are influenced by the motion of cilia 
tips, which can be mathematically expressed accordingly. 

W̃ =

(
∂Z̃
∂̃t

)

z̃0

=
∂g̃
∂̃t

+
∂g̃
∂Z̃

∂Z̃
∂̃t

=
∂g̃
∂̃t

+
∂g̃
∂Z̃

W̃, (10) 

Fig. 1. Physical model.
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Ũ =

(
∂R
∂̃t

)

z̃0

=
∂f
∂̃t

+
∂f
∂Z̃

∂Z
∂̃t

=
∂f̃
∂̃t

+
∂f̃
∂z̃

W̃. (11) 

Equations. (5a, b) when implemented in Eqns. (10) and (11), yield: 

W̃ =

−
2π
λ

(

ϵαaccos
(

2π
λ

)

(Z − ct)
)

1 −
2π
λ

(

ϵαacos
(

2π
λ

)

(Z − ct)
), (12) 

Ũ =

2π
λ

(

ϵac sin
(

2π
λ

)

(Z − ct)
)

1 −
2π
λ

(

ϵαa cos
(

2π
λ

)

(Z − ct)
), (13) 

The effective density ρnf , specific heat (cp)nf and thermal expansion 
coefficient αnf of the CNT-aqueous ionic nanofluid are determined using 
the general mixing rule. Subsequently, the viscosity μnf and thermal 
conductivity knf of the nanofluid are calculated using the Maxwell model 
and Brinkman’s relations, which are given respectively as follows: 

ρnf = (1 − ϕ)ρf + ϕρCNT , μnf =
μf

(1 − ϕ)2.5

(
ρcp
)

nf = (1 − ϕ)
(
ρcp
)

f + ϕ
(
ρcp
)

f , anf =
knf

(
ρcp
)

nf

(ργ)nf = (1 − ϕ)(ργ)f + ϕ(ργ)CNT ,

knf = kf

⎛

⎜
⎜
⎝

(1 − ϕ) +
2ϕkCNT

kCNT − kf
log
(

kCNT + kf

2kf

)

(1 − ϕ) +
2ϕkf

kCNT − kf
log
(

kCNT + kf

2kf

)

⎞

⎟
⎟
⎠

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (14) 

Here ϕ represents the volume fraction of carbon nanotubes (CNTs), 
subscript f represents the properties of the base fluid and superscript p 
represents the solid particle properties.

The Poisson–Boltzmann equation describes the distribution of the 
electric potential in the aqueous ionic nanofluid as follows: 

∇2Φ̃ =
1
R̃

∂
∂R̃

(

R̃
∂Φ̃
∂R̃

)

=
ρe

εrε0
. (15) 

Here, ∇2 is the Laplacian operator, Φ is the electric potential, ρe is the 
charge density, and εr is the relative permittivity of the medium, ε0 
denotes the permittivity of the vacuum, and the electric number density 
in terms of the number cations n+ and the anions n− is described as 
follows: 

ρe = ez(n+ − n− ). (16) 

In order to analyze the fluid dynamics of the peristaltic moving 
boundary problem in a steady state, it is essential to convert the co
ordinates from the laboratory frame (Z̃, R̃) to a wave frame of refer
ence(r, z). The transformation equations for the coordinates can be 
expressed as follows: 

r̃ = R, z̃ = Z̃ − c̃t, ũ = Ũ, w̃ = W̃ − c, p̃(z̃, r̃, t̃) = p̃(Z̃, R̃, T̃). (17) 

The flow problem under consideration can be effectively simplified 
through the application of non-dimensional analysis. This involves 
introducing dimensionless scaling variables which are Sadaf and 
Nadeem [34] and Iqra et al., [35] defined as follows: 

m=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2n0 e2z2a2

ε0εrkf T̃avg

√

=
a
λd
,Uhs =

Ezεr kf T̃avgε0

ezμf c
, p=

a2p̃
cλ μf

, θ=
T̃ − T0

T0
, t=

c̃t
λ
,

B=
Q0d2

T0kf
, Φ=

ezΦ̃
kf Tavg

,w=
w̃
c
, W=

W̃
c

u=
Ũ
cδ
, z=

Z̃
λ
,Z=

Z̃
λ
,R=

R̃
a
, r=

r̃
a
,

L=
(ργ)nf

(ργ)f
, Re=

ρf c a
μf

,u=
λũ
ac
,δ=

a
λ
,ϵ=

b
a
, h=

h̃
a
,Pr=

cpμf

kf
,λα1

1 =
cλ̃α1

1

λ
,

Gr=
(ργ)f ga2T0

μf c
,

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(18) 

Next, employing the lubrication linearization theory for long wave
lengths and low Reynolds numbers, we arrive at the following simplified 
equations: 

1
r

∂(r w)

∂r
+

∂u
∂z

= 0, (19) 

∂p
∂r

= 0, (20) 

∂p
∂z

=

(

1+ λα1
1

∂a1

∂ta1

) μnf

μf

{
1
r

∂
∂r

(

r
∂w
∂r

)}

+ GrL θ +
1
r

∂
∂r

(

r
(

∂Φ
∂r

))

Uhs,

(21) 

1
r

∂
∂r

(

r
∂θ
∂r

)

+ B

(
kf

knf

)

= 0, (22) 

1
r

∂
∂r

(

r
∂Φ
∂r

)

= m2
(n+ − n−

2

)
. (23) 

Here Uhs designate the electro-osmotic Helmholtz-Smoluchowski ve
locity, B is the dimensionless heat source parameter, Gr is the Grashof 
number, m is the electro-osmotic Debye–Hückel parameter, θ is the 
dimensionless temperature parameter, λ1 is second grade viscoelastic 
material parameter, (ϕ) is carbon nanotube (CNT) volume fraction and 
the cilia length parameter is denoted by (β). The linearized Boltzmann 
distribution is suitable for estimating the electric potential in a fluid 
medium when the zeta potential is low. This method provides an ac
curate assessment of the local ionic distribution of ionic species without 
introducing additional complexity to the flow problem. The resulting 
electric potential, similar to the majority of electrolyte solutions, typi
cally falls within the range of less than or equal to 25 mV. 

n± = e∓Φ. (24) 

Using Eq. (24) in Eq. (21) we get the Poisson–Boltzmann equation, 
following Tripathi et al. [51] as follows: 

1
r

∂
∂r

(

r
∂Φ
∂r

)

= m2sinh(Φ) . (25) 

With the use of the Debye–Hückel approximation, as proposed by Tri
pathi et al. [51],

Eq. (25) is further reduced, using the approximation that sinh(Φ) ≅

Φ, to: 

1
r

∂
∂r

(

r
∂Φ
∂r

)

= m2Φ. (26) 

In the wave frame, the suitable boundary conditions are defined by 
the following equations as proposed by Butt et al. [40] and Hanasoge 
et al. [42]: 

∂w
∂r

= 0 at r = 0, w =
− 2π ϵα βcos(2πz)

1 − 2π ϵ α βcos(2πz)
− 1 at r = h, (27) 
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∂θ
∂r

= 0 at r = 0, θ = 0, h = 1 + ϵcos(2πz), (28) 

∂Φ
∂r

= 0 at r = 0 and Φ = 1 at r = h(z). (29) 

3. Analytical solutions

By applying the boundary conditions from Eq. (29) to solve Eq. (26), 
we derive the electrical potential function as: 

Φ =
I0(m r)
I0(m h)

(30) 

Here I0 is a Bessel’s function. The exact solutions to Eqns. (21) and (22), 
satisfying the boundary conditions (27) and (28), emerge as: 

The solution of temperature is as follows: 

θ =
B kf

4knf

(
h2 − r2). (32) 

To calculate the pressure gradient, we use the volumetric flow rate in 
the moving frame, resulting in the following equation:

Q = 2
∫h

0

r w dr, in consequences as a result of Eqn. (31), becomes: 

Q =

(

B Gr h6 kf L − 6h4knf
dp
dz

)

μf

48knf A1μnf
+

h2

2παβϵcos(2πz) − 1
+

h2 μf I2(hm)Uhs

A1μnf I0(hm)
.

(33) 

The time-averaged flow rate Q is then computed as: 

Q̃ = Q +
1
2

(

1+
ϵ2

2

)

. (34) 

Eq. (33) as a result of Eq. (34) takes the form: 

dp
dz

= −

8A1μnf

(

Q − A2 −
h2

2παβϵcos(2πz) − 1
− A3

)

h4 μf
.

(35) 

Where, 

A1 =

(

1+ λα1
1

(
tα1

Γ(1 − α1)

))

,

A2 =
BGrh6kf Lμf

48knf A1μnf
,

A3 =
h2μf I2(h m)Uhs

A1μnf I0(h m)
.

The pressure rise Δp and friction force Fλ are, respectively, given by 

Δp =

∫1

0

∂p
∂z

dz, (36) 

Fλ =

∫1

0

(

− h2∂p
∂z

)

dz. (37) 

The expression for resultant stream function can be obtained by the 
following equations: 

w = − 1
r

∂ψ
∂z, w = 1

r
∂ψ
∂r at r = h . (38)

4. Results and discussion

Here, we have discussed the graphical representation of physical 
quantities for various senarios. We have provided detailed explanations 
for the trends in axial velocity, temperature, pressure gradient, pressure 
rise, and streamlines.

Fig. 2 and Table 1 show data on the effective thermal conductivity of 
nanofluids with single-walled carbon nanotubes (SWCNT) and multi- 
walled carbon nanotubes (MWCNT).

Notably, MWCNT exhibits a higher thermal conductivity compared 
to SWCNT. Furthermore, the difference between SWCNT and MWCNT 
becomes more pronounced as the volume fraction in the nanofluid in
creases (ϕ > 0). Next, we address the impact of key multi-physics pa
rameters on velocity, temperature, axial pressure gradient, and pumping 
and trapping characteristics for the regime. Mathematica software has 
been utilized to compute analytical solutions and represented as graphs 
with physically viable data.

4.1. Velocity profiles

The axial velocity distribution for various Helmholtz-Smoluchowski 
velocity parameter is illustrated in Fig. 3(a). It is observed that an in
crease in positive Uhs velocity leads to an increase in axial velocity for 
both SWCNT/water and MWCNT/water ionic nanofluids in the core 

Fig. 2. The efficient thermal conductivity of the nanofluid.

w =
1

2παβϵcos(2πz) − 1
+

μf

⎛

⎜
⎝

(
h2 − r2

)
(

− 16knf
dp
dz

+ BGrkf L
(
3h2 − r2

)
)

knf
+ 64

(

− 1 +
I0 (m r)
I0 (m h)

)

Uhs

⎞

⎟
⎠

64A1μnf
.

(31) 
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zone of the micro-tube (around the centerline r = 0) whereas a clear 
deceleration is encountered in the peripheral zone i.e. near the bound
aries of the tube(r = 1, − 1). The Helmholtz-Smoluchowski parameter, 

as defined in eqn. (18) as Uhs =
Ezεr kf T̃avgε0

ezμf c 
and is directly proportional to 

the axial electrical field, EZ. This parameter features in the electro- 

osmotic body force, 1
r

∂
∂r

(

r
(

∂Φ
∂r

))

Uhs, in the dimensionless axial mo

mentum conservation Eqn. (21). For positive values of Uhs the body force 
is assistive, and this induces acceleration in the core region. However, 
since the micro-tube has a closed boundary, conservation of momentum 

Table 1 
The thermal characteristics of the base fluid, specifically water, and carbon 
nanotubes [48].

Fluid phase (water) Cu SWCNT MWCNT

cp 4179 385 425 796
ρ 997.1 8933 2600 1600
k 0.613 400 6600 3000

Fig. 3. Axial velocity distribution with variation in (a) Helmholtz-Smoluchowski velocity parameter (Uhs), (b) electro-osmotic parameter (m),(c) Grashof number 
(Gr), (d) Thermal source/sink parameter (B), (e) carbon nanotube (CNT) volume fraction (ϕ). (f) Cilia parameter (β).
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leads to a deceleration in the peripheral zones. This trend has been 
observed in many other studies of electro-kinetic peristalsis including 
Chakraborty [50] where electrical field is shown to modulate benefi
cially the axial flow and therefore enhance volumetric flow rate. How
ever, when negative values of Uhs are prescribed this corresponds to a 
reversal in the direction of axial electrical field, Ez and the 
electro-osmotic body force becomes opposing which leads to a strong 
retardation in the core flow. As a result, a slight flow acceleration is 
produced in the peripheral zones near the boundaries. Reverse electrical 
field can therefore be utilized to modulate the peristaltic axial flow 
whereas aligned (positive) electrical field can be deployed to accelerate 
the flow. MWCNTs clearly attain a slightly greater axial velocity at all 
locations across the micro-tube cross-section relative to SWCNTs. The 
impact of the electro-osmotic parameter (m) on the axial velocity profile 
is depicted in Fig. 3(b). It is observed that an increase in the 
electro-osmotic parameter, m, corresponding to a smaller Debye length, 
results in a significant deceleration at the center of the micro-tube. For 
m = 2, 3 the core profile (topology) is parabolic, and the trend is 
consistent deceleration across the micro-tube i.e. for all radial locations; 
however, at the largest value of m = 4 the profile becomes an inverted 
parabola in the essential zone while deceleration still arises in the core 
zone, there is an accompanying minor axial flow speeding up in the 
peripheral zone which is absent for the other two smaller values of m. 
This indicates that a critical m value exists where axial flow response is 
modified in the micro-tube and after which the response in axial velocity 

is not consistent across the span of the micro-tube. The parameter, m =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2n0 e2z2a2

ε0εrkf T̃avg

√

features in the reduced electrical potential eqn. (26), in the 

term, m2Φ.. It does not explicitly arise in the axial momentum eqn. (21), 
however via the electrical potential coupling with the electro-osmotic 

body force term in eqn. (21), 1r
∂
∂r

(

r
(

∂Φ
∂r

))

Uhs, a significant indirect in

fluence is exerted on the axial velocity field. The parameter m as noted is 
inversely related to the electric double layer (EDL).

As m is increased a thinner EDL is produced and for smaller m the 
EDL is much thicker. This influences the ionic distribution and electrical 
potential generated at the boundaries which in turn modifies the ve
locity field. This pattern of behavior concurs with earlier studies 
including Guo and Haitao [64], among others. Again, marginally greater 
axial velocity magnitudes are observed for MWCNTs as compared to 
SWCNTs. Very close to the boundaries, flow reversal (backflow) is 
observed in both Fig. 3a and b, indicated by the negative velocities 
observed in these locations. Effectively both electrical potential and 
axial electrical field can be utilized to manipulate the axial flow distri
bution in micro-tube peristaltic propulsion and both these mechanisms 
are non-intrusive, offering significant control advantages in microfluidic 
device design. Fig. 3(c) illustrates the response of axial fluid velocity (w)

with (Gr). It is observed that across the entire span of the micro-tube, 
particularly in the core (middle) region, the velocity profile consis
tently increases with rising thermal Grashof number for both 
SWCNT/water and MWCNT/water nanofluids. A higher Gr value sig
nifies a stronger thermal buoyancy effect compared to viscous force. The 
thermal buoyancy body force, GrL θ in Eqn. (21) is amplified and this 
mobilizes strong natural convection currents which intensify and 
accelerate the flow. For the case Gr = 0, thermal buoyancy vanishes 
and forced convection is present (de-coupling of momentum Eq. (21)
with energy Eq. (22)). Fig. 3(d) visualizes the impact of heat source 
parameter, B on velocity distribution across the micro-tube radial span. 
A substantial enhancement in axial velocity in the core zone accom
panies an increase in heat generation (positive B). The addition of 
thermal energy to the ciliated peristaltic regime energizes the flow via 

the B

(

kf
knf

)

term in the energy eqn. (22). The heat generation may be 

associated with a thermal hot spot in the peristaltic micro-pump which 

can act as a source for heat injection into the regime. However, the core 
zone is accelerated strongly via momentum re-distribution; the periph
eral zone near the micro-tube walls experiences a deceleration. The 
impact on velocity distribution for different values of CNT volume 
fraction ϕ is presented in Fig. 3(e). The velocity of SWCNT/water and 
MWCNT/water nanofluids notably decrease as ϕ increases. As the vol
ume fraction of CNTs (ϕ) increases, the fluid becomes more viscous and 
experiences higher internal resistance (drag), leading to a noticeable 
reduction in the velocity of both SWCNT/water and MWCNT/water 
nanofluids. This effect is crucial for applications where controlling fluid 
flow or enhancing thermal properties are key, such as in biomedical or 
cooling systems. MWCNTs are slightly more effective than SWCNTs in 
this regard. Fig. 3(f) shows the impact of cilia slenderness parameter, β, 
on axial flow. Both cilia spacing and length influence the viscous resis
tance experienced by each cilium, affecting the axial flow. Longer cilia 
hinder axial flow, especially in the core region, altering the pressure 
gradient and energy distribution within the system governed by syn
chronized cilia beating along the microtube’s inner surfaces. When β =

0, (not plotted) indicating no cilia and metachronal wave activity, flow 
is driven solely by peristaltic action due to wall flexibility. Longer cilia 
restrict axial flow in the core region but accelerate flow in peripheral 
areas near the walls where cilia influence is more significant. However, 
excessive cilia length can have adverse effects in the core zone. Previous 
studies by Blake [37] and Manzoor et al. [45], support this observation, 
particularly for viscoelastic fluids. Determining a critical cilia length can 
optimize core flow in conjunction with peristaltic wave motion. More
over, multi-walled carbon nanotubes (MWCNTs) exhibit slightly higher 
axial velocity magnitudes than single-walled carbon nanotubes 
(SWCNTs) in the micro-tube. Overall, Fig. 3 demonstrates that axial flow 
may be optimized, at least in the core zone of the micro-tube, with 
smaller cilia length, positive aligned axial electrical field, strong heat 
source, higher CNT volume fraction and maximum thermal buoyancy 
effect (high Grashof number).

4.2. Temperature profiles

The impact of the heat source/sink parameter, denoted as B and the 
CNT volume fraction, ϕ, on the temperature profiles across the micro 
tube are visualized in Fig. 4(a) and (b). The influence of the heat source 
parameter on the temperature distribution is clearly illustrated in Fig. 4
(a). The temperature profile exhibits an increasing trend with higher 
values of the heat source parameter (B) across all radial positions. The 
injection of thermal energy significantly enhances temperature levels 
within the ciliated peristaltic flow regime. Although the heat sink sce
nario (B < 0) has not been depicted, it would induce the opposite effect, 
leading to cooling throughout both the core and peripheral regions of 
the microtube.

In contrast, an increase in the CNT volume fraction (ϕ) results in a 
reduction in temperature across the domain. This phenomenon arises 
due to the high thermal conductivity of CNTs, which facilitates rapid 
heat dissipation toward the channel walls. Consequently, the fluid 
temperature experiences a sharp decline as the thermal energy gener
ated by the heat source is efficiently conducted away. This characteristic 
underscores the suitability of CNTs in applications requiring effective 
heat removal, such as thermal regulation in micro-peristaltic ciliated 
pumps used for hazardous waste transport [5] and temperature control 
in soft robotic limbs [67]. The observed thermal behavior aligns well 
with trends reported in previous studies [44].

4.3. Axial pressure gradients

In peristaltic flow, a controlled pressure gradient is essential for 
directing fluid movement within tubes or biological conduits. Muscle 
contractions create a unidirectional wave-like motion, preventing 
backflow. The pressure gradient magnitude and peristaltic wave fre
quency and amplitude influence flow rate, allowing precise control by 
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adjusting muscle (or artificial wall) contractions. In biological systems, 
peristaltic flow efficiently transports substances, and understanding and 
manipulating the pressure gradient are crucial in applications such as 
medical devices, industrial micro-pumps etc. in order to achieve opti
mized fluid transport. The pressure gradient for different values of 
m and Uhs, and at different axial coordinate (z), are plotted in 
Fig. 5a–d. Fig. 5(a) illustrates the relationship between the pressure 
gradient and the inverse thickness of the electrical double layer (EDL), 
characterized by the Debye–Hückel parameter, (a/λd). The results 
demonstrate that as m increases, the pressure gradient also rises. Phys
ically, this implies that when the characteristic thickness of the EDL 
decreases (i.e., when the electrostatic screening length λd becomes 
smaller relative to the characteristic length scale a), the system exhibits 
a stronger tendency toward a negative pressure gradient. This phe
nomenon can be understood in terms of electrostatic interactions and 
fluid dynamics. A thinner EDL corresponds to a higher charge density 
near the surface, leading to stronger electrostatic forces that influence 
the flow characteristics within the system. As the EDL becomes more 
compact, the interplay between electrostatic forces and hydrodynamic 
effects intensifies, which in turn alters the pressure distribution. The 
increasing magnitude of the negative pressure gradient suggests that the 
fluid experiences greater resistance or suction effects due to the 
enhanced electrostatic forces, which could impact flow stability and 
overall transport properties within the system. In Fig. 5(b), it is evident 
that an increase in the Helmholtz-Smoluchowski velocity (Uhs), which 
scales proportionally with the applied axial electric field, enhances the 
electroosmotic flow. This, in turn, results in a steady increase in the 
pressure gradient along the channel. Physically, this occurs because the 
externally applied electric field exerts a stronger electrokinetic force on 
the charged fluid near the channel walls, inducing greater fluid motion. 
Additionally, as the electric field intensity rises, it counteracts adverse 
pressure gradients that would otherwise lead to flow reversal or insta
bility. This stabilizing effect reduces the likelihood of localized back
flows and ensures smoother fluid transport under such conditions. The 
influence of electro-osmotic parameters-such as the inverse electric 
double-layer (EDL) parameter (m) and the Helmholtz-Smoluchowski 
velocity (Uhs)-remains uniform across all axial positions (z − values), 
indicating a sustained interaction between electrokinetic forces and the 
fluid motion. Additionally, a comparison between multi-walled carbon 
nanotubes (MWCNT) and single-walled carbon nanotubes (SWCNT)
reveals that (MWCNT) based nanofluids exhibit a slightly higher- 
pressure gradient. This difference is likely due to the increased ther
mal conductivity and surface interactions of (MWCNTs), which enhance 
heat transfer and modify the fluid’s rheological properties, thereby 
influencing the overall pressure distribution within the microtube.

Fig. 5(c) and (d) illustrate the variation of the axial pressure gradient 
for diverse values of the thermal Grashof number (Gr) and the heat 

generation parameter (B). These figures clearly indicate that an increase 
in either Gr or B results in a corresponding rise in the pressure gradient. 
This behavior can be understood through the combined effects of ther
mal buoyancy and internal heat generation, both of which enhance the 
driving force for fluid motion. From a physical standpoint, the thermal 
Gasthof number (Gr) quantifies the influence of buoyancy forces relative 
to viscous forces in a thermally driven flow. Buoyancy effects arise due 
to temperature-induced density variations within the fluid. When the 
temperature of the fluid near a heated surface increase, thermal 
expansion reduces its density, making it lighter relative to the sur
rounding cooler fluid. This density difference creates an upward 
buoyant force that promotes convective motion. As Gr increases, the 
strength of this buoyant force grows, thereby intensifying fluid move
ment and leading to a steeper pressure gradient. Similarly, the heat 
generation parameter (B) accounts for internal energy sources within 
the fluid, which further modify the thermal environment. Internal heat 
generation could stem from various physical mechanisms, such as 
exothermic chemical reactions, viscous dissipation, or radiative heating. 
When (B) increases, additional heat is introduced into the system, 
further elevating the fluid temperature. This localized heating reinforces 
thermal buoyancy by amplifying temperature gradients, which in turn 
enhances the upward motion of the fluid. The combined effect of 
stronger buoyancy and increased internal energy leads to a more pro
nounced pressure gradient, as the fluid experiences greater thermal 
forcing that drives its movement. Thus, the observed increase in the 
pressure gradient with higher Gr and B values can be attributed to the 
strengthening of convective transport mechanisms, where thermal en
ergy contributes to dynamic pressure variations that influence the 
overall flow characteristics within the system. These combined effects 
enhance the axial pressure gradient, leading to an increase in flow 
momentum throughout the microchannel. The pressure gradient reaches 
its maximum at the midpoint of the microtube (z= 0.5), suggesting that 
the flow experiences the highest hydrodynamic resistance at this loca
tion due to the competing effects of peristaltic motion, electro-osmosis, 
and ciliary propulsion. In contrast, near the inlet (z = 0) and outlet 
(z= 1), the pressure gradient is lower, implying a gradual acceleration 
of the fluid as it moves toward the center, where resistance is highest, 
followed by a deceleration as it exits the channel. This behavior is 
characteristic of pressure-driven microchannel flows, where the balance 
between viscous forces, electrokinetic effects, and peristaltic pumping 
governs the overall transport dynamics.

Fig. 5e illustrates the influence of the slenderness parameter (β) on 
the pressure gradient within the tube. Physically, an increase in β sig
nifies longer or more elongated cilia, which enhance resistance to flow 
in the central region. This leads to a steeper axial pressure gradient along 
the tube’s core. However, near the tube walls, the opposite effect is 
observed-the pressure gradient decreases. This suggests that beyond a 

Fig. 4. (a) Impact of B on θ Fig. 4(b) Impact of ϕ on θ 
[For fixed values of other parameters(ϕ = 0.11, ϵ = 0.1, z = 0.5)].
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certain length, the cilia’s ability to influence fluid movement in the 
peripheral region diminishes, reinforcing the existence of an upper limit 
to their effective reach into the core flow zone. Larger cilia while 
inducing flow deceleration in the core zone (as computed earlier) 
however are beneficial to mobilizing larger axial pressure gradients in 
the core flow. Fig 5(f) shows that increasing CNT volume fraction(ϕ)
increases the pressure gradient. Effects of MWCNT increases the pres
sure gradient more prominently in comparison with single wall carbon 
nano tube SWCNT.

4.4. Pumping characteristics

In bio-inspired peristaltic micropumps, and natural mechanisms e.g. 
human swallowing and digestion, peristaltic flow is very efficient at 

propelling liquids. The pressure rise ensures efficient transport of nu
trients and waste products. The significance of pressure rise in peristaltic 
flow lies in its ability to facilitate fluid transportation, mixing, metering, 
dispensing, contamination control, gentle handling of fluids, and its 
relevance in various biological and industrial processes. In order to 
properly understand pumping dynamics, the pressure rise per wave
length is crucial, as depicted in Fig. 6(a)–(e). Fig. 6(a) and (b) illustrate 
the profile for the pressure rise of the ionic nanofluid versus the time- 
averaged volume flow rate Q̃ for various values of the Helmholtz- 
Smoluchowski velocity (Uhs) and Debye- Hückel parameter i.e. inverse 
EDL parameter (m). It becomes evident that the pressure rise follows a 
linear trend with flow rate and diminishes as the flow rate increases. 
Fig. 6(a) clearly illustrates that an increase in the Debye–Hückel 

Fig. 5. Axial pressure gradient distributions with variation in (a), electro-osmotic parameter (m), (b) Helmholtz-Smoluchowski parameter Uhs, (c) thermal Grashof 
number Gr, (d) thermal source parameter (B),(e), Slenderness parameter (β), (f), the CNT volume fraction (ϕ), and for fixed values of other parameters (Q̃ = 0.1, t =
0.5, λ1 = 2, z = 0.5, L = 1,α = 0.2, α1 = 0.2).
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parameter leads to a notable rise in pressure. This trend can be attrib
uted to the reduction in the characteristic thickness of the electric 
double layer (EDL), which enhances the electrostatic interactions within 
the system. Furthermore, when comparing different nanostructures, 
multi-walled carbon nanotubes (MWCNTs) exhibit significantly higher 
pressure rise magnitudes than single-walled carbon nanotubes 
(SWCNTs). This difference arises due to the additional concentric 

graphene layers in MWCNTs, which contribute to an increased surface 
area and a more pronounced influence of electrokinetic effects on fluid 
flow. The impact of Helmholtz-Smoluchowski velocity is illustrated in 
Fig. 6(b). The Helmholtz-Smoluchowski velocity influences fluid motion 
in a manner similar to the Debye–Hückel parameter, affecting all three 
key pumping regions. In the retrograde pumping zone (where the 
pressure difference, Δp, is positive and the flow rate, Q̃, is negative), the 

Fig. 6. Pressure rise versus mean flow rate Q̃ with variation in (a), electro-osmotic parameter(m), (b) Helmholtz-Smoluchowski parameter (Uhs) (c) Source sink 
parameter(B), (d) viscoelastic material parameter(λ1), (e), and Cilia parameter (β) and for fixed values of other parameters(ϕ = 0.2, t = 0.5,Gr = 4, z = 0.5,L = 1,
α1 = 0.2).
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electrokinetic effects oppose the natural flow direction, causing fluid to 
move in reverse. In the peristaltic pumping region (where both Δp and Q̃ 
are positive), the electrokinetic influence enhances the forward move
ment of the fluid, reinforcing the natural pumping action. In the 
augmented pumping zone (where Δp is negative and Q̃ is positive), the 
electrokinetic effects assist fluid motion even against a pressure 
gradient, effectively increasing the overall flow rate. These interactions 
illustrate how surface charge and electrokinetic effects modify fluid 
transport in microfluidic and biological systems. In Fig. 6(c), we can see 
that the peristaltic pumping rate of the ionic nanofluid increases with 
the heat source parameter, B. This is because the thermal energy from 
the heat source boosts the kinetic energy of the fluid particles. As the 
temperature rises, the viscosity of the ionic nanofluid decreases due to 
thermal thinning effects, reducing flow resistance. This allows the 
peristaltic waves to drive the fluid more effectively, resulting in a higher 
pumping rate. Fig. 6(d) shows that as the second-grade material 
parameter λ1 increases, the pressure rise also increases consistently. This 

parameter, given by λ1 = c̃λ1
λ , represents the ratio of relaxation time to 

retardation time in the fluid. It appears in the modified fractional 
viscoelastic shear term of the momentum Eq. (21), influencing how the 
fluid responds to applied forces. Physically, a higher λ1means that the 
fluid takes longer to return to its original state after being stressed. This 
delayed relaxation reduces the axial pressure gradient, meaning that less 

force is required to sustain flow. As a result, the pressure rise becomes 
more pronounced with increasing λ1, reflecting the greater resistance of 
the fluid to deformation and its slower recovery after stress is removed. 
Fig. 6(e) clearly demonstrates that as the slenderness parameter (β) in
creases, the magnitude of pressure rise per wavelength decreases. 
Although longer cilia enhance axial pressure gradients in the central 
region, they simultaneously reduce the overall pressure rise as the 
volumetric flow rate increases. This behavior suggests that while 
extended cilia generate localized resistance, they also facilitate 
smoother fluid transport, thereby lowering the net pressure rise. 
Furthermore, multi-walled carbon nanotubes (MWCNTs) consistently 
exhibit higher pressure rise magnitudes (Δp) compared to single-walled 
carbon nanotubes (SWCNTs), indicating their superior ability to influ
ence fluid dynamics within the system.

4.5. Trapping characteristics (Bolus dynamics)

The trapping phenomenon can be studied by computing streamline 
distributions which enable a deeper understanding of how fluid zones 
(boluses) are formed within the peristaltic regime and how matter is 
transported, such as cells, waste materials, robotic ionic fluids etc., in 
micro-peristaltic pump systems. This is relevant in biological and 
biomedical applications where controlled transport of materials is crit
ical. It is also relevant to cell sorting or tissue engineering. Mixing 

Fig. 7. Streamlines with variation in electro-osmotic parameter (m) and thermal conductivity of MWCNT (KMWCNT) and SWCNT (KSWCNT).
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enhancement and controlled manipulation of substances within micro
fluidic systems can be optimized with bolus dynamics analysis.

Figs. 7–9 show the streamlines pattern for SWCNT and MWCNT flow 
against different values of electro-osmotic parameter m, Helmholtz- 
Smoluchowski velocity parameter Uhs. In all three plots we also 
consider the variation in thermal conductivity of MWCNT (KMWCNT) for 
the top row of streamlines and SWCNT (KSWCNT) for the base row. Fig. 7
show the streamlines pattern for different values of electro-osmotic 
parameter m and thermal conductivity of MWCNT (KMWCNT) for the 
top row of streamlines and SWCNT (KSWCNT) for the base row. The fluid 
is transported via the peristaltic action with the assistance of the ciliated 
boundary walls, as seen by the trapped bolus inside the streamlines. A 
dual bolus structure is computed, and the magnitude of the upper and 
lower bolus is enhanced with increasing electro-osmotic parameter m. A 
very slightly larger bolus structure is observed for the SWCNT (KSWCNT) 
relative to the MWCNT (KMWCNT). In Fig. 8 it is observed that the size of 
the dual trapped boluses increases with the increase in the Helmholtz- 
Smoluchowski velocity, Uhs from negative (opposing electrical field) 
to positive values (assisted electrical field), although the number of 
boluses is not modified. Also, the boluses are not fully formed and morph 
from the upper and lower walls expanding into the core zone. Greater 
streamline intensities are computed for the SWCNT case (lower row) 
compared with the MWCNT case (upper row). The interplay between 
electro-osmotic forces (Uhs) and CNT nanofluid properties determines 
the efficiency of bolus trapping and drug transport. Electro-osmotic ef
fects dominate bolus expansion and movement, while CNT properties 
influence viscosity and diffusion control. These insights are crucial for 
designing precise drug delivery mechanisms, ensuring efficient, targeted 

transport in microfluidic and biomedical system. Based on these find
ings, optimal control of bolus formation for drug delivery applications 
can be achieved by: Tuning the applied electric field (Uhs) to control 
bolus expansion and transport speed. Optimizing CNT concentration to 
balance viscoelastic properties without suppressing electro-osmotic ef
fects. Adjusting peristaltic wave parameters to ensure stable bolus 
transport in microfluidic or biomedical applications. Fig. 9 also presents 
streamlines for increasing values of the CNT volume fraction ϕ and again 
thermal conductivity of MWCNT (KMWCNT) for the top row of streamlines 
and SWCNT (KSWCNT) for the base row. A decrease in the size of trapped 
zones (boluses) is noticed at the upper and lower walls of the microtube 
with greater volume fraction, although again the partially formed dual 
upper and lower boluses expand considerably in the core zone. There is 
an expansion in bolus structure with increasing volume fraction from 0.3 
through 0.4 to 0.5, although very little difference is computed in trapped 
zone structures for the (KSWCNT) and SWCNT (KSWCNT) cases. In targeted 
cancer therapy, where nanocarriers deliver chemotherapy drugs, 
adjusting ϕ could control how long drugs remain in specific regions, 
optimizing treatment efficacy while minimizing side effects. The domi
nance of electro kinetic effects (m, Uhs) over thermal conductivity 
(KMWCNt , KSWCNT) indicates that electric field modulation is more 
effective for controlling particle transport than modifying CNT compo
sition. This is critical in electro-osmotic pumps, where fluid flow is 
driven by an applied electric field.

The validation of the current model is demonstrated in Fig. 10 and 
Table 2, which depicts the axial velocity distribution. The results in 
Fig. 10 indicate a close alignment between the present model and the 
results of Akbar and Butt [40] for different volume flow rates (Q̃), 

Fig. 8. Streamlines computed with different Hemholtz-Smoluchowski velocity Uhs and thermal conductivity of MWCNT (KMWCNT) and SWCNT (KSWCNT).

M.M. Channakote et al.                                                                                                                                                                                                                       Results in Engineering 26 (2025) 104739 

14 



validating the present model and its results.

5. Conclusions

A mathematical model has been developed to study electro-osmotic 
peristaltic streaming flow of a fractional second grade ionic nanofluid in 
a ciliated tube, considering metachronal propulsion with an elliptic cilia 
model. The model includes analysis of a sinusoidal peristaltic wave form 
and investigates the effects of single-walled carbon nanotubes (SWCNTs)
and multi-walled carbon nanotubes (MWCNTs). The fractional model 
uses Caputo’s definition, and heat generation and thermal buoyancy are 
considered. The Debye- Hückel linearization approximation is used for 
the electro-osmotic model with lubrication theory in the wave reference 
frame. Analytical solutions are obtained for various parameters such as 
electrical potential, axial velocity, temperature, volumetric flow rate, 
axial pressure gradient, pressure rise, and friction force. Numerical 
evaluations in Mathematica software show the combined effects of 
peristalsis, CNT type and volume fraction, and electro-osmosis on hy
drodynamic and thermal characteristics. The study provides insights 

Fig. 9. Streamline for carbon nanotube volume fraction (ϕ) and thermal conductivity of MWCNT (KMWCNT) and SWCNT (KSWCNT).

Fig. 10. Comparison of present work when m = 0, UHs = 0.ϕ = 0.

Table 2 
Comparison of velocity profiles with Akbar and Butt [40] for various values of Q̃.

Akbar and Butt [40] Present work m = 0,Uhs = 0

Q = 1 Q = 2 Q = 3 Q = 4 Q̃ = 1 Q̃ = 2 Q̃ = 3 Q̃ = 4

− 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1
1.24702 2.74503 4.24304 5.74105 1.250 2.750 4.250 5.75
1.98417 3.97361 5.96306 7.95251 2 4 6 8
1.24702 2.74503 4.24304 5.74105 1.250 2.750 2.750 2.750
− 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1
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into the behavior of nanofluid transport in ciliated tubes under electro- 
kinetic effects. 

i] The axial velocity decreases in the core region of the duct when 
the Helmholtz-Smoluchowski parameter (Uhs) is negative and 
there is a reverse axial electrical field. Conversely, the velocity 
increases when the parameter is positive and the electrical field is 
aligned axially. The opposite effect is observed in the peripheral 
zones.

ii] With elevation in cilia length (β) parameter and electro-osmotic 
parameter (m) the core axial flow is consistently suppressed 
whereas the peripheral flow is accelerated.

iii] Increasing thermal source parameter (B), thermal Grashof num
ber (Gr) and nanotube volume fraction (ϕ) significantly elevate 
the axial velocity magnitudes in the central (core) region.

iv] Invariably, slightly greater axial velocities are computed for 
MWCNTs relative to SWCNTs.

v] The magnitude of dual trapped boluses increases with the in
crease in the Helmholtz-Smoluchowski velocity, Uhs from nega
tive (opposing electrical field) to positive values (assisted 
electrical field), although the number of boluses is not modified.

vi] A marginally larger bolus structure is observed for the SWCNT 
(KSWCNT) case relative to the MWCNT (KMWCNT) case.

vii] The primary alteration in bolus structures is attributed to the 
effects of electrical potential and the electric field (m,Uhs), rather 
than the thermal conductivity of carbon nanotubes (CNTs) or 
their volumetric proportion (percentage doping, ϕ).

viii] Temperature is strongly boosted across the duct with increasing 
thermal source/sink parameter (B), whereas it is significantly 
depleted with carbon nanotube (CNT) volume fraction (ϕ) and 
MWCNTs generally achieve higher temperatures than SWCNTs.

ix] Axial pressure gradient is consistently elevated with electro- 
osmotic parameter i.e. inverse Debye length (m), positive 
Helmholtz-Smoluchowski parameter (Uhs), Grashof number (Gr), 
thermal source parameter and cilia length (β) whereas it is sup
pressed with higher carbon nanotube (CNT) volume fraction (ϕ).

x] Pressure rise exhibits an inverse linear relationship with mean 
flow rate Q̃ and the former is strongly boosted with electro- 
osmotic parameter (m), positive Helmholtz-Smoluchowski 
parameter Uhs and thermal source (B) whereas pressure rise is 
strongly suppressed with increasing viscoelastic material 
parameter (λ1) and cilia length (β).

The study reveals fascinating aspects of cilia-peristaltic electro-os
motic thermal pumping in micro-tube systems, relevant to bio- 
microfluidics and hazardous waste transport. Future research should 
incorporate Brownian motion and thermophoresis effects to better 
simulate nanoparticle transport in bio-fluids. Alternative non- 
Newtonian models like Pan-Thien-Tanner viscoelastic, Eringen micro
polar, and couple stress theories could be explored. This study serves as 
a foundation for investigating bioheat transfer in electro-osmotic 
nanofluid pumping. Further studies should integrate nonlinear electro- 
osmotic forces and fluid dynamics for a more realistic depiction of 
biological interactions. Expanding to multiphase fluid models could 
enhance understanding of blood cell-plasma interactions.
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