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Abstract

The present work deals with the impact of hybrid nanoparticles (Au-Al2O3/Blood) on the

blood flow pattern through a porous cylindrical artery with bell-shaped stenosis in the pres-

ence of an external magnetic field, Joule heating, and viscous dissipation by considering two-

dimensional pulsatile blood flow. The temperature-dependent viscosity model is utilized in this

model. The blood flow is assumed to be unsteady, laminar, viscous, and incompressible. The

mild stenotic presumption normalizes and reduces the bi-directional flow to uni-directional.

The Crank-Nicolson scheme is applied to solve the continuity, momentum, and energy equa-

tions with appropriate initial and boundary conditions. The acquired results of the work are
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presented graphically. They have been examined for several values of the dimensionless pa-

rameters such as Magnetic number (M2), Darcy number (Da), Grashof number (Gr), viscosity

parameter (β0), Reynolds number (Re), Eckert Number (Ec), Prandtl number (Pr), different

concentration of both the nanoparticles (φ1, φ2), and pressure gradient parameter (B1). The

velocity contours for different emerging parameters have been drawn to analyze the overall be-

havior of blood flow patterns. The non-dimensional velocity profile enhances with increment

in values of Da, implying that the medium’s permeability provides less barrier to flow. The

cumulative impact of Joule Heating and viscous dissipation are discussed. It demonstrates that

increasing viscous dissipation (Ec) and Joule heating (M2) parameter simultaneously raise the

nanofluid temperature since the mechanical energy is transformed to thermal energy within

molecules, which causes a hike in temperature. The findings reveal that hybrid nanoparticles

(Au-Al2O3/blood) effectively reduce hemodynamic variables such as wall shear stress and

resistance impedance. Results indicate that nanoparticles may be helpful to keep the blood

velocity under control and allow the surgeons to adjust it as and when required. The present

work aims to get insight into the treatment of atherosclerosis without surgery, lower medical

costs, and reduce post-surgical complications. Also, it has broad implications in treating var-

ious conditions, including cancers, infections, and the removal of blood clots. The current

findings are consistent with recent findings in earlier blood flow research studies.

Keywords: MHD, heat transfer, bell-shaped stenosis, temperature-dependent viscosity, drug de-

livery.

1. Introduction

A nanoparticle is a tiny particle undetectable by the human eye, and its size ranges between 1 to

100 nanometers. Nanoparticles can occur naturally and be created in laboratories with the desired

properties. They can exhibit different physical and chemical properties. In contrast to bulk mate-



3

Nomenclature t∗1 Time (s)
T̃ ∗ Temperature of the base fluid (K)

B0 Uniform Magnetic Field (T ) T̃ ∗
1 Reference temperature (K)

B1 Pressure gradient parameter (Pa/m) T̃ ∗
w Temperature at the wall (K)

C̃∗
p Specific heat at constant pressure (Jkg−1K−1) u∗1 Velocity component in radial direction (m/s)

Da−1 Inverse Darcy Number (-) U0 Reference velocity (m/s)
Ec Eckert Number (-) w∗

1 Velocity component in axial direction (m/s)
g Acceleration by virtue of gravity (m/s2) z∗1 Axial direction (m)
Gr Grashof Number (-) Greek Letters
k∗1 Permeability of the porous medium (m2) β0 Viscosity parameter (-)
kf Thermal conductivity (W/(mK)) γ Thermal expansion coefficient (K−1)
M2 Hartmann Number (-) δ Stenosis depth (m)
p∗1 Pressure (Pa) θ̃ Non-dimensional temperature (-)
Pr Prandtl Number (-) λ Resistance Impedance (Pa.s/m3)
qw Heat transfer Coefficient (W/(m2K)) µ0 Reference viscosity (Pa.s)
Q1 Flow Rate (m3/s) µf Blood’s viscosity (Pa.s)
r∗1 Radial direction (m) ρ Density (kg/m3)
R Radius of artery in stenotic region (m) σ Electrical conductivity (S/m)
R0 Radius of artery in non-stenotic region (m) τw Shear stress at the wall (Pa)
Re Reynolds Number (-) φ Nanoparticle Concentration (mol/m3)

rials, they have a high surface-to-volume ratio. Nanomaterials are used in various fields, including

healthcare, the environment, and cosmetics. Drug delivery is one of the many applications of

nanomaterials in healthcare. One example of this technology is developing nanoparticles to help

carry chemotherapy drugs directly to malignant growths and provide pharmaceuticals to damaged

regions of arteries to address cardiovascular disease. Ijaz et al. [1] addressed how Cu-nanoparticles

affect the blood flow through a porous artery with composite stenosis. Using an appropriate math-

ematical model, Nadeem et al. [2] examined the impact of nanoparticles on blood flow properties

through an artery with bell-shaped stenosis. Eid et al. [3] discusses the heat transfer character-

istics of gold nanoparticles with Sisko bio-nanofluid flow subject to non-linear thermal radiation.

To characterize the dynamical behavior of the blood, Zaman et al. [4] considered Carreau fluid

model and incorporated the effects of nanoparticles mathematically employing Buonjiornio’s for-

mulation. Ayub et al. [5] studied the flow of blood mathematically in a curved stenotic artery

along with a balloon regarding blood as a viscous fluid. This exploratory research aimed to look at
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the applications of Cu-blood nanofluid in overlapping stenosis. Chatterjee et al. [6] contemplated

Bernstein polynomial approximation to depict Au-blood nanofluid transport characteristics via a

stenosed artery subject to the magnetic field. Tripathi et al. [7] presented a thermal examination of

Cu-CuO/blood nanofluids flow in a microvessel considering nanoparticle shape effects. Elkhair et

al. [8] investigated the effect of magnetic force and non-linear thermal radiation considering gold

and copper nanoparticles on hybrid bio-nanofluid flow subject to an applied magnetic field. Khan

et al. [9] investigated bioconvection in Oldroyd-B nanofluid using a convectively heated surface

considering partial slip effects. Jamshed et al. [10] explored thermal transfer to enrich the research

of the solar aircraft wings by using hybrid nanofluid via parabolic trough solar collector (PTSC).

Hybrid nanofluids have been a prominent topic of study for several researchers ([11, 12, 13, 14]).

Blood is a convoluted fluid. Blood flow into stenotic arteries has attracted much interest from

researchers over the last few decades and has developed into an appealing research subject. The in-

termittent pumping action of the heart causes the pulsatile character of blood flow in arteries. With

the aid of numerical simulation, Alimohamadi et al. [15] investigated pulsatile blood flow subject

to a transient magnetic field through a coupled free and porous media, which was overlooked in

previous studies. The impact of nanoparticles (Cu, TiO2, Al2O3) through a curved stenosed chan-

nel on unsteady pulsatile blood flow was studied by Zaman et al. [16]. Varmazyar et al. [17]

performed numerical simulation and investigated the impact of magneto-nanoparticles distribu-

tion on atherosclerotic plaques. Somasundaram and Reddy [18] used the Maxwell Garnett model

for nanofluid thermal conductivity to investigate the MHD pulsing flow of blood-carrying Al2O3

nanoparticles in a channel with thermal radiation, viscous dissipation, and Joule heating effects.

The viscosity of blood in a biological system is not constant and is affected by various factors,

including vessel width, axial or radial coordinates, temperature, and hematocrit ratio. In reality,

as blood circulation increases, blood thickness decreases, maximizing blood flow and lowering

coagulation factors. Synder et al. [19] analyzed the temperature effects on viscosity of blood us-
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ing glass tube viscometers. Since lizards are naturally exposed to temperature changes, they were

chosen for this research. Eckmann [20] tried to figure out the effects of temperature, hematocrit,

and shear rate on viscosity of blood in conditions that resembled profound hypothermia for cardiac

surgery. The transport of nanoparticles via a stenosed artery with porous walls and variable viscos-

ity was examined by Akbar et al. [21]. Tiwari et al. [22] examined how dependency of viscosity

on hematocrit affects blood flow via a narrow tube.

MHD is a physical-mathematical system that studies the dynamics of magnetic fields in elec-

trically conducting fluids, such as plasmas and liquid metals. The basic idea of MHD theory is

that conductive fluids can support magnetic fields. Magnetic fields produce forces that act on

the fluid (usually plasma), potentially changing the geometry and strength of the magnetic fields.

Bhatti et al. [23] explored the MHD effects on peristaltic blood flow of the Jeffrey fluid model

in a porous channel. Mirza et al. [24] used a magneto-hydrodynamic approach to investigate

non-Newtonian blood flow in a stenosed artery in conjunction with magnetic particles. Abdol-

lahzadeh et al. [25] employed the Carreau formulation to depict the non-Newtonian behavior in a

stenosed artery. The developed model incorporates both ferro-hydrodynamic (FHD) and magneto-

hydrodynamic (MHD) concepts, taking blood conductivity and magnetization into account. The

MHD and shape factor effects on a fluid containing hybrid nanoparticles were explored analyti-

cally and numerically by Khentout et al. [26]. Jha and Gwandu [27] studied MHD free convective

flow down a vertical micro-channel with one channel wall surface having no slip and the other

having super-hydrophobic properties. The impact of MHD with various other influential factors

such as variable viscosity, Joule heating, radiation, and chemical reaction was studied by Tripathi

et al. ([28],[29], [30]).

Porous media has a wide range of applications in a variety of disciplines. Nanofluid is a mod-

ern form of working fluid that can be used to improve thermal properties. There are many ap-

proaches for modeling nanofluids in a porous medium. One of the more efficient ways is the
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Darcy model used in this article. Beg et al. [31] investigated the micropolar blood flow through a

two-dimensional square bound by impermeable walls. Sharma et al. [32] studied non-Newtonian

hydromagnetic biofluid flow with the Joule effect in a non-Darcian porous medium. El-Dabe et

al. [33] examined the effect of slip on the motion of Sisko fluid by assuming moderate stenosis

via a porous material. To show nanofluid MHD flow through a porous enclosure, Sheikholeslami

[34] used an innovative numerical approach CVFEM. In the presence of non-linear thermal radia-

tion and heat source/sink, Eid et al. [35] investigated MHD flow through a circular cylinder using

three different nanoparticles forms. Bhatti et al. [36] employed the Differential Transform Method

(DTM) to analyze the nanofluid flow and microbe swimming via rotating circular plates placed

parallelly in porous media. Zhang et al. [37] investigated magnetic nanofluid dynamics with Ar-

rhenius kinetics and Lorentz forces using a non-linear porous stretching sheet. Bilal et al. [38]

optimized the entropy of a non-Darcian Williamson nanofluid with non-linear thermal radiation,

considering the effects of viscous dissipation, chemical reaction, and Joule heating.

Cardiovascular diseases come in a category of hazardous illnesses for humans. It is mandatory

first to understand them properly and then find remedies to cure them. There is a traditional drug

delivery system to cure such illnesses, but many side effects come. So, in the modern era, the

nanoparticle drug delivery system is more accurate than the traditional drug delivery system. It is

accurate in the sense that we can deliver the drug and target the drug with the help of nanoparticles

to a precise location. In this way, the side effects are reduced to the extent that the other healthy

organs are not affected by medication delivered to the damaged part. In a computational study of

unsteady magnetic drug targeting in partially occluded blood arteries, Bose et al. [39] examined

the impact of particle-fluid coupling on magnetic particle transport using an Eulerian-Lagrangian

approach. ANSYS FLUENT is used to determine the hemodynamic flow and the mobility of the

magnetic particles in the flow in this study. Chakravarty [40] depicted the role of mathematical

modeling in the elucidation of drug release mechanisms and promoting the creation of new thera-

peutic drugs through a systematic approach. Ponalagusamy [41] investigated a theoretical model
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of the stenosed artery assuming blood as Herschel–Bulkley fluid-carrying iron oxide nanoparticles

under periodic body acceleration. Dinarvand et al. [42] investigated the mixed convection flow

of an electrically conducting hybrid nanofluid (CuO-Cu/blood) subjected to an external magnetic

field and induced magnetic field effects in biomedical applications, especially drug delivery.

Drug delivery with the help of nanoparticles has gained a lot of attention in the past few

decades. The main reason behind this is that there are many side effects in the traditional drug

delivery system. The amount of the drug received by the diseased organ is less as the drug is

distributed uniformly throughout the body. Also, this affects other healthy organs of the human

body. This research work is also motivated by the benefits of the nanoparticle drug delivery system.

In this work, we have considered the gold(Au) and alumina(Al2O3) nanoparticles and have taken

their combination with blood to form Au-Al2O3/Blood hybrid nanofluid. Present research work is

divided into four parts, which are as follows: The first part is the introduction, which includes var-

ious physical parameters considered in this work, and the other related work done by researchers.

The second part represents mathematical modeling which includes geometrical representation of

the model and governing equations. It also consists of the non- dimensionalization part and ra-

dial coordinate transformation. Next is the numerical solution part, which includes the numerical

scheme and discretization of modified equations. Lastly, there is the results and graphical analysis

part. The validation of the work done is necessary, represented in this part. Also, the results are

plotted graphically with the help of MATLAB and then elaborated these graphical results.

To the best of our knowledge, no work has yet been done in a bell-shaped stenosed artery us-

ing Au-Al2O3 hybrid nanoparticles suspended in the blood flow as a porous media considering

temperature-dependent viscosity model. Most studies have also disregarded the effects of Joule

heating and viscous dissipation. As a result, the work’s novelty is analyzing the cumulative impact

of Joule heating and viscous dissipation by incorporating Au-Al2O3 nanoparticles in the blood

flow as a porous media on hemodynamical quantities such as wall shear stress, flow rate, resis-
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tance impedance, heat transfer coefficient for an occluded bell-shaped artery. The present work

aims to get insight into the treatment of atherosclerosis without surgery, lower medical costs, and

reduce post-surgical complications. Also, it has broad implications in treating various conditions,

including cancers, infections, and the removal of blood clots.

2. Mathematical Modeling

In this article, an axisymmetric artery with bell-shaped stenosis is under consideration, and the

blood flow through the artery is assumed to be unsteady, laminar, viscous, and incompressible.

The mathematical equations are expressed in a cylindrical coordinate system (r∗1, θ̃, z
∗
1), in which

the r∗1 signifies the radial coordinate, θ̃ is a circumferential (azimuthal) coordinate, and z∗1 is an

axial (longitudinal) coordinate, respectively. The radial and axial components of velocity are u∗1

and w∗
1, respectively. The flow is assumed to be independent of θ̃ due to the axisymmetry of the

artery. A uniform magnetic field B0 is applied perpendicular to the axial direction of the blood

flow. The strength of the induced magnetic field is very small in contrast to the applied magnetic

field strength due to the low electrical conductivity of blood. Therefore, the induced magnetic

field has been neglected in the current analysis. The impact of heat transfer phenomena in blood

flow has also been considered. The thermal energy equation includes viscous dissipation due to

the incorporation of the temperature-dependent variable viscosity. The blood flowing through an

occluded bell-shaped stenosed artery is injected with gold (Au) and alumina (Al2O3) nanoparticles.

2.1 Geometrical Representation of the model

The mathematical equation that represents the geometry of the artery [43, 44] is:

R(z∗1) =


[
R0 − δExp

(
−m2ε2

R2
0

(
z∗1 − 3l0

2

)2)]
d ≤ z∗1 ≤ d+ l0,

R0 otherwise.

(1)
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where R(z∗1) represents the radius of the stenosed portion of the arterial segment, R0 is the radius

of the normal artery in the non-stenotic region, l0 is the length of the stenosis, d is the location

of the stenosis, m is a parametric constant, ε characterizes the relative length of the constriction,

defined as the ratio of the radius to the length of the stenosis, δ is the critical height of the stenosis.

Figure (1a) highlights the geometry of the artery with suspended nanoparticles and blood cells,

whereas the combination of nanoparticles used in this study is depicted in pictorial form as given

in Figure (1b).

B0

(a)

(b)

Figure 1: (a) The physical sketch of the bell-shaped constricted artery with nanoparticles, (b)
Combination of nanoparticles with blood as base fluid to form hybrid nanofluid

2.2 Governing Equations

The velocity and temperature fields for the present study are defined as follows in the case of

unsteady and axisymmetric hybrid nanoparticle-doped blood flow:

Ṽ ∗ = ṽ∗[u∗1(r
∗
1, z

∗
1 , t

∗
1), 0, w∗

1(r
∗
1, z

∗
1 , t

∗
1)] , T̃ ∗ = T̃ ∗(r∗1, z

∗
1 , t

∗
1),
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where u∗1 and w∗
1 are the radial and axial components respectively.

The flow is assumed to be governed by Darcy’s law, modified by buoyancy, and subject to the

Boussinesq approximation. Thus, for buoyancy-driven convection, the governing equations for

fluid motion and temperature field are given as ([45],[46],[47]):

Continuity Equation:
∂u∗1
∂r∗1

+
u∗1
r∗1

+
∂w∗

1

∂z∗1
= 0, (2)

Momentum Equation:

r-direction:

ρhnf

[
∂u∗1
∂t∗1

+u∗1
∂u∗1
∂r∗1

+w∗
1

∂u∗1
∂z∗1

]
= −∂p

∗
1

∂r∗1
+

1

r∗1

∂

∂r∗1

[
µhnf (T̃

∗)
∂u∗1
∂r∗1

]
+

∂

∂z∗1

[
µhnf (T̃

∗)

(
∂u∗1
∂z∗1

+
∂w∗

1

∂r∗1

)]
− 2µhnf (T̃

∗)
u∗1
r∗21

, (3)

z-direction:

ρhnf

[
∂w∗

1

∂t∗1
+ u∗1

∂w∗
1

∂r∗1
+ w∗

1

∂w∗
1

∂z∗1

]
= −∂p

∗
1

∂z∗1
+

1

r∗1

∂

∂r∗1

[
r∗1µhnf (T̃

∗)

(
∂u∗1
∂z∗1

+
∂w∗

1

∂r∗1

)]
+

∂

∂z∗1

[
2µhnf (T̃

∗)
∂w∗

1

∂z∗1

]
+ (ργ)hnfg(T̃ ∗ − T̃ ∗

1 )− σhnfB2
0w

∗
1 −

µhnf
k∗1

w∗
1, (4)

Energy Equation:

(ρCp)hnf

[
∂T̃ ∗

∂t∗1
+ u∗1

∂T̃ ∗

∂r∗1
+ w∗

1

∂T̃ ∗

∂z∗1

]
= khnf

[
∂2T̃ ∗

∂r∗21
+

1

r∗1

∂T̃ ∗

∂r∗1
+
∂2T̃ ∗

∂z∗21

]
+ σhnfB

2
0w

∗2
1 + φ∗, (5)

where

φ∗ = µhnf

[
2

(
∂u∗1
∂r∗1

)2

+

(
∂u∗1
∂z∗1

+
∂w∗

1

∂r∗1

)2

+ 2

(
∂w∗

1

∂z∗1

)2]
. (6)
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The equations for the thermophysical parameters of unitary nanofluid and hybrid nanofluid are

described as given in Table (1a).

The geometry is subject to the following boundary and initial conditions ([46],[47]):

w∗
1(r

∗
1, t

∗
1)|r∗1=R = 0,

∂w∗
1(r

∗
1, t

∗
1)

∂r∗1

∣∣∣∣
r∗1=0

= 0, w∗
1(r

∗
1, 0) = 0, (7)

T̃ ∗(r∗1, t
∗
1)|r∗1=R = T̃ ∗

w,
∂T̃ ∗(r∗1, t

∗
1)

∂r∗1

∣∣∣∣
r∗1=0

= 0, T̃ ∗(r∗1, 0) = 0. (8)

The first condition in Equation (7) indicates that there is no slip at the wall, the second is imposed

due to the symmetry of the flow concerning the central plane, and the third suggests that the flow

starts from the rest. The three temperature criteria in Equation (8) indicate the stated wall temper-

ature, symmetry of temperature concerning the central plane, and a constant value of temperature

inside the artery before the start of the flow.

Here, the temperature-dependent viscosity with Reynolds viscosity model [48] is considered, which

is given as:

µf (θ̃) = µ0e
−β0θ̃ = µ0[1− β0θ̃] where β0 << 1. (9)

2.3 Non-dimensionalization

To achieve a numerical solution, the preceding governing Equations (2)-(5) are non-dimensionalized

by introducing the following transformation variables ([46]):

r̄∗1 =
r∗1
R0

, w̄∗
1 =

w∗
1

U0

, ū∗1 =
l0u

∗
1

δ∗U0

, t̄∗1 =
U0t

∗
1

R0

, z̄∗1 =
z∗1
l0
, p̄∗1 =

R2
0p

∗
1

U0l0µ0

, θ̃ =
T̃ ∗ − T̃ ∗

1

T̃ ∗
w − T̃ ∗

1

, R̄ =
R

R0

, d̄ =
d

l0
,

Re =
U0ρfR0

µf
,M2 =

σfB
2
0R

2
0

µf
,Gr =

ρfR
2
0gγf (T̃

∗
w − T̃ ∗

1 )

µfU0

,Da−1 =
R2

0

k∗1
,Ec =

U2
0

Cp(T̃ ∗
w − T̃ ∗

1 )
,Pr =

µfCp
kf

.

(10)
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Properties Mathematical expression for nanofluid and hybrid nanofluid
Viscosity µnf =

µf
(1−φ1)2.5

µhnf = µnf
(1−φ1)2.5(1−φ2)2.5

Density ρnf = (1− φ1)ρf + φ1ρs1
ρhnf = [(1− φ2){(1− φ1)ρf + φ1ρs1}] + φ2ρs2

Heat Capacity (ρCp)nf = (1− φ1)(ρCp)f + φ1(ρCp)s1
(ρCp)hnf = [(1− φ2){(1− φ1)(ρCp)f + φ1(ρCp)s1}]

Thermal Conductivity knf

kf
=

ks1+2kf−2φ1(kf−ks1 )
ks1+2kf+φ1(kf−ks1 )

khnf

kbf
=

ks2+2kf−2φ2(kf−ks2 )
ks2+2kf+φ2(kf−ks2 )

where kbf
kf

=
ks1+2kf−2φ1(kf−ks1 )
ks1+2kf+φ1(kf−ks1 )

Electrical Conductivity σnf

σf
=

σs1+2σf−2φ1(σf−σs1 )
σs1+2σf+φ1(σf−σs1 )

σhnf

σbf
=

σs2+2σf−2φ2(σf−σs2 )
σs2+2σf+φ2(σf−σs2 )

where σbf
σf

=
σs1+2σf−2φ1(σf−σs1 )
σs1+2σf+φ1(σf−σs1 )

Thermal Expansion Coefficient γnf = (1− φ1)γf + φ1γs1
γhnf = [(1− φ2){(1− φ1)γf + φ1γs1}] + φ2γs2

(a)

Parameters Range References
Hartmann Number (M2) 0-5 [45],[6]
Grashof Number (Gr) 0-0.5 [46],[7]
Inverse Darcy Number (Da−1) 0.1-3 [47]
Reynold’s Number (Re) 1-10 [46]
Eckert Number (Ec) 0.1-1 [49]
Prandtl Number (Pr) 14-25 [45],[4]

(b)

Parameters Value
φ1 0.03
φ2 0.03
B1 1.41
c1 1
e 0.2
δ 0.1
β0 0.5

(c)

Thermophysical Properties Blood Gold Alumina
Density [ρ(kg/m3)] 1063 19320 3970
Thermal Conductivity [K(W/mK)] 0.492 314 40
Electrical Conductivity [σ(S/m)] 0.667 4.10 ×107 3.5 ×107

Thermal Expansion Coefficient [γ × 10−5(K−1)] 0.18 1.4 0.85
Heat Capacitance [Cp(J/kgK)] 3594 129 765

(d)

Table 1: (a) Thermophysical parameters of nanofluid and hybrid nanofluid, (b) Range for various
dimensionless parameters, (c) Default Values of emerging parameters, (d) Thermophysical prop-
erties of nanoparticles.
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After incorporating the above defined variables and neglecting the bars, the non-dimensionalized

form of governing equations (2)-(5) are:

Continuity Equation:

δ

[
∂u∗1
∂r∗1

+
u∗1
r∗1

]
+
∂w∗

1

∂z∗1
= 0, (11)

Momentum Equation:

r-direction:

Re
ρhnf
ρf

δε2
[
∂u∗1
∂t∗1

+ (δε)u∗1
∂u∗1
∂r∗1

+ εw∗
1

∂u∗1
∂z∗1

]
= −∂p

∗
1

∂r∗1
+
δR0

l20

1

r∗1

∂

∂r∗1

[
µhnf (θ̃)

µ0

∂u∗1
∂r∗1

]
+ ε2

∂

∂z∗1

[
µhnf (θ̃)

µ0

(
δε

l0

∂u∗1
∂z∗1

+
1

R0

∂w∗
1

∂r∗1

)]
− 2δε2

µhnf (θ̃)

µ0

u∗1
r∗21

, (12)

z-direction:

Re
ρhnf
ρf

[
∂w∗

1

∂t∗1
+ δεu∗1

∂w∗
1

∂r∗1
+ εw∗

1

∂w∗
1

∂z∗1

]
= −∂p

∗
1

∂z∗1
+

1

r∗1

∂

∂r∗1

[
r∗1
µhnf (θ̃)

µ0

(
δε2

∂u∗1
∂z∗1

+
∂w∗

1

∂r∗1

)]
+ ε2

∂

∂z∗1

[
2
µhnf (θ̃)

µ0

∂w∗
1

∂z∗1

]
+

(ργ)hnf
(ργ)f

Grθ̃ − σhnf
σf

M2w∗
1 −

µhnf
µ0

Da−1w∗
1, (13)

Energy Equation:

(ρCp)hnf
(ρCp)f

[
∂θ̃

∂t∗1
+ δεu∗1

∂θ̃

∂r∗1
+ εw

∂θ̃

∂z∗1

]
=

1

RePr
khnf
kf

[
∂2θ̃

∂r∗21
+

1

r∗1

∂θ̃

∂r∗1
+ ε2

∂2θ̃

∂z∗21

]
+
σhnf
σf

EcM2

Re
w∗2

1

+
µhnf
µ0

Ec
Re

[
2δ2ε2

(
∂u∗1
∂r∗1

)2

+

(
δε2

∂u∗1
∂z∗1

+
∂w∗

1

∂r∗1

)2

+ 2ε2
(
∂w∗

1

∂z∗1

)2]
. (14)

The geometric parameters δ and ε in the above non-dimensionalized Equations (11)-(14) are steno-

sis height parameter and vessel aspect ratio, respectively. The mathematical expression represent-

ing them is δ = δ∗/R0 and ε = R0/l0.

The non-dimensional form of geometry of stenosis is:
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R(z) =


1− δ∗Exp

(
−m2

(
z − 3

2

)2)
d ≤ z ≤ d+ 1,

1 otherwise.

(15)

Two further assumptions are implemented for the modification of the non-dimensionalized Equa-

tions (11)-(14): The maximum height of stenosis is lesser as compared with the radius of the artery

i.e. δ << 1, and the magnitude of the radius of the artery and the length of the stenotic region are

comparable i.e. ε = O(1).

After implying the above made assumptions, the non-dimensionalized Equations (11)-(14) reduce

to the following Equations (16)-(19):

Continuity Equation:
∂w∗

1

∂z∗1
= 0, (16)

Momentum Equation:

r-direction:
∂p∗1
∂r∗1

= 0, (17)

z-direction:

Re
ρhnf
ρf

∂w∗
1

∂t∗1
= −∂p

∗
1

∂z∗1
+

1

r∗1

∂

∂r∗1

[
r
µhnf (θ̃)

µ0

(
∂w∗

1

∂r

)]
+

(ργ)hnf
(ργ)f

Grθ̃− σhnf
σf

M2w∗
1−

µhnf
µ0

Da−1w∗
1,

(18)

Energy Equation:

(ρCp)hnf
(ρCp)f

∂θ̃

∂t∗1
=

1

RePr
khnf
kf

[
∂2θ̃

∂r∗21
+

1

r∗1

∂θ̃

∂r∗1

]
+
σhnf
σf

EcM2

Re
w∗2

1 +
µhnf
µ0

Ec
Re

[(
∂w∗

1

∂r∗1

)2]
. (19)

The axial pressure gradient can be expressed as follows [50]:

− ∂p∗1
∂z∗1

= A0 + A1cos(2πwp)t
∗
1, t

∗
1 > 0 (20)

where A0 represents the mean pressure gradient and A1 represents the amplitude of the pulsatile
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component that controls systolic and diastolic pressures.

The normalized form of the pressure gradient after substituting the non-dimensionalized variables

becomes:

− ∂p∗1
∂z∗1

= B1[1 + ecos(c1t
∗
1)], (21)

where

e =
A1

A0

, B1 =
A0R

2
0

µ0U0

, c1 =
2πR0wp
U0

. (22)

Using Equation (21) in Equation (18), we have:

ρhnf
ρf

Re
∂w∗

1

∂t∗1
= B1[1 + ecos(c1t

∗
1)] +

1

r∗1

∂

∂r∗1

[
r∗1
µhnf (θ̃)

µ0

(
∂w∗

1

∂r∗1

)]
+

(ργ)hnf
(ργ)f

Grθ̃ − σhnf
σf

M2w∗
1

− µhnf
µ0

Da−1w∗
1. (23)

The Equations (19) and (23) are subject to following boundary and initial conditions:

w∗
1(r

∗
1, t

∗
1)|r∗1=R = 0,

∂w∗
1(r

∗
1, t

∗
1)

∂r∗1

∣∣∣∣
r∗1=0

= 0, w∗
1(r

∗
1, 0) = 0, (24)

θ̃(r∗1, t
∗
1)|r∗1=R = 1,

∂θ̃(r∗1, t
∗
1)

∂r∗1

∣∣∣∣
r∗1=0

= 0, θ̃(r∗1, 0) = 0. (25)

The wall shear stress (WSS), volumetric flow rate, resistance impedance, and heat transfer coeffi-

cient can be expressed mathematically as follows:

τw = −
(
∂w∗

1

∂r∗1

)
r∗1=R

, (26)

Q = 2π

∫ 2π

0

w∗
1r

∗
1dr

∗
1, (27)
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λ =

L

(
∂p∗1
∂z∗1

)
Q

, (28)

qw =

(
∂T

∂r∗1

)
r∗1=R

. (29)

2.4 Radial Coordinate Transformation

To apply the computational scheme, the physical geometry is transformed into a rectangular do-

main using a suitable coordinate transformation given by
(
x∗1 =

r∗1
R(z∗1 )

)

Re
ρhnf
ρf

∂w∗
1

∂t∗1
= B1[1 + ecos(c1t

∗
1)] +

(
µhnf (θ̃)

µ0

)(
1

R∗2
1

)[
∂2w∗

1

∂x∗21
+

1

x∗1

∂w∗
1

∂x∗1

]
+

(ργ)hnf
(ργ)f

Grθ̃

− σhnf
σf

M2w∗
1 −

µhnf
µ0

Da−1w∗
1, (30)

(ρCp)hnf
(ρCp)f

∂θ̃

∂t∗1
=

1

RePr
khnf
kf

(
1

R2

)[
∂2θ̃

∂x∗21
+

1

x∗1

∂θ̃

∂x∗1

]
+
σhnf
σf

EcM2

Re
w∗2

1 +
µhnf
µ0

Ec
Re

(
1

R2

)(
∂w∗

1

∂x∗1

)2

.

(31)

The associated boundary and initial conditions (24) and (25) becomes:

∂w∗
1

∂x∗1

∣∣∣∣
x∗1=0

= 0, w∗
1|x∗1=1 = 0,

∂θ̃

∂x∗1

∣∣∣∣
x∗1=0

= 0, θ̃|x∗1=1 = 1, (32)

w∗
1|t∗1=0 = 0, θ̃|t∗1=0 = 0. (33)

The wall shear stress (WSS), volumetric flow rate, resistance impedance, and heat transfer coeffi-

cient are expressed as:
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τw = − 1

R

(
∂w∗

1

∂x∗1

)
x∗1=1

, (34)

Q = 2πR2

∫ 2π

0

w∗
1x

∗
1dx

∗
1, (35)

λ =

L

(
∂p∗1
∂z∗1

)
Q

, (36)

qw =
1

R

(
∂θ̃

∂x∗1

)
x∗1=1

. (37)

3. Numerical Solution

The partial differential equations (30) and (31) are coupled equations, therefore finding an exact

solution for them is challenging. Hence, numerical methods are used for solving such coupled

partial differential equations defined by (30) and (31). A reasonably advisable numerical scheme

based on the finite difference method is Crank-Nicolson scheme, an implicit scheme. This method

is well-known and has already been employed by several researchers ([45], [51]) in their studies.

The Crank-Nicolson method is just an amalgamation of the Forward Euler and Backward Euler

methods at nth and (n+ 1)th levels, respectively. One of the main reasons for using this method is

that it is unconditionally stable [52]. Further, it is second-order convergent both in time and space.

Let us just ignore the subscripts and superscripts in Equations (30) and (31) and simply consider

w∗
1, x∗1 and t∗1 as w, x and t for discretization.
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Figure 2: Schematic representation of the mathematical model using flow chart
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3.1 Discretization of governing equations

The discretization of the governing equations (30) and (31) is performed as follows:

[
(1− φ2)

[
(1− φ1) + φ1

ρs1
ρf

]
+ φ2

ρs2
ρf

]
Re
[
wk+1
i − wki
dt

]
= B1[1 + ecos(c1t

k)]+

(1− β0θ̃ki )
(1− φ1)2.5(1− φ2)2.5

(
1

R2

)[
1

2

(
wk+1
i+1 − 2wk+1

i + wk+1
i−1

dx2
+
wki+1 − 2wki + wki−1

dx2

)
+

1

2x(i)

(
wk+1
i+1 − wk+1

i−1

2dx
+
wki+1 − wki−1

2dx

)]
+

[
(1− φ2)

[
(1− φ1) + φ1

(ργ)s1
(ργ)f

]
+ φ2

(ργ)s2
(ργ)f

]
Grθ̃ki

− 1

2

σhnf
σf

M2(wki + wk+1
i )− 1

2

(1− β0θ̃ki )
(1− φ1)2.5(1− φ2)2.5

Da−1(wki + wk+1
i ), (38)

[
(1− φ2)

[
(1− φ1) + φ1

(ρCp)s1
(ρCp)f

]
+ φ2

(ρCp)s2
(ρCp)f

][
θ̃k+1
i − θ̃ki
dt

]
=

1

RePr
khnf
kf

(
1

R2

)[
1

2

(
θ̃k+1
i+1 − 2θ̃k+1

i + θ̃k+1
i−1

dx2
+
θ̃ki+1 − 2θ̃ki + θ̃ki−1

dx2

)
+

1

2x(i)

(
θ̃k+1
i+1 − θ̃k+1

i−1

2dx
+
θ̃ki+1 − θ̃ki−1

2dx

)]
+
σhnf
σf

EcM2

Re

[
1

2

(
wk+1
i + wki

)]2
+

(1− β0
2

(θ̃ki + θ̃k+1
i ))

(1− φ1)2.5(1− φ2)2.5
Ec
Re

(
1

R2

)[
1

2

(
wk+1
i+1 − wk+1

i−1

2dx
+
wki+1 − wki−1

2dx

)]2
. (39)

The associated boundary conditions are also discretized and they get reduced as follows:

wk+1
−1 + wk−1 = wk+1

1 + wk1 , w
k+1
N = 0,

θ̃k+1
−1 + θ̃k−1 = θ̃k+1

1 + θ̃k1 , θ̃
k+1
N = 1. (40)

Here, the spatial variable is discretized into N+1 grid points considering the step size as x =

1/N+1. The time instant is determined by the value of tk, which is given as tk = (k− 1)dt, where

dt denotes a small increment in time. Although the method is stable for all values of dt and dx,

the values have been chosen very precisely as dt = 0.0001 and dx = 0.0001. Also, no further
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change is noticed in the results with a decrement in these values. As mentioned earlier, the method

is implicit one, therefore the governing Equations (38) and (39) constitute a tri-diagonal system of

equations and can be solved easily using the Tri-diagonal Matrix Algorithm(TDMA) [53].

Equation (38) corresponds to a tri-diagonal system, which is given by

Akiw
k+1
i−1 +Bk

i w
k+1
i + Ck

i w
k+1
i+1 = A

′k
i w

k
i−1 +B

′k
i w

k
i + C

′k
i w

k
i+1 +Dk

i (41)

where

Aki = − (1−β0θ̃ki )
(1−φ1)2.5(1−φ2)2.5

(
1

2R2

)(
dt
dx2
− 1

2x(i)
dt
dx

)
Bk
i = Re

[
(1−φ2)

[
(1−φ1)+φ1

ρs1
ρf

]
+φ2

ρs2
ρf

]
+

(1−β0θ̃ki )
(1−φ1)2.5(1−φ2)2.5

1
R2

dt
dx2

+dt
2

σhnf

σf
M2+dt

2

(1−β0θ̃ki )
(1−φ1)2.5(1−φ2)2.5 Da−1

Ck
i = − (1−β0θ̃ki )

(1−φ1)2.5(1−φ2)2.5

(
1

2R2

)(
dt
dx2

+ 1
2x(i)

dt
dx

)
A
′k
i =

(1−β0θ̃ki )
(1−φ1)2.5(1−φ2)2.5

(
1

2R2

)(
dt
dx2
− 1

2x(i)
dt
dx

)
B
′k
i = Re

[
(1−φ2)

[
(1−φ1)+φ1

ρs1
ρf

]
+φ2

ρs2
ρf

]
− (1−β0θ̃ki )

(1−φ1)2.5(1−φ2)2.5
1
R2

dt
dx2
−dt

2

σhnf

σf
M2−dt

2

(1−β0θ̃ki )
(1−φ1)2.5(1−φ2)2.5 Da−1

C
′k
i =

(1−β0θ̃ki )
(1−φ1)2.5(1−φ2)2.5

(
1

2R2

)(
dt
dx2

+ 1
2x(i)

dt
dx

)
Dk
i = dtB1[1 + ecos(c1t

k)] + dt

[
(1− φ2)

[
(1− φ1) + φ1

(ργ)s1
(ργ)f

]
+ φ2

(ργ)s2
(ργ)f

]
Grθ̃ki

The tri-diagonal system corresponding to Equation (39) is given by

P k
i θ

k+1
i−1 +Qk

i θ
k+1
i + Ski θ

k+1
i+1 = P

′k
i θ

k
i−1 +Q

′k
i θ

k
i + S

′k
i θ

k
i+1 + F k

i (42)

where P k
i = − 1

RePr
khnf

kf

(
1

2R2

)(
dt
dx2
− 1

2x(i)
dt
dx

)
Qk
i =

[
(1− φ2)

[
(1− φ1) + φ1

(ρCp)s1
(ρCp)f

]
+ φ2

(ρCp)s2
(ρCp)f

]
+ 1

RePr
khnf

kf

1
R2

dt
dx2

+ dt
(1−φ1)2.5(1−φ2)2.5

β0
2

Ec
Re

(
1
R2

)[
1
2

(
wk+1

i+1 −wk+1
i−1

2dx
+

wk
i+1−wk

i−1

2dx

)]2
Ski = − 1

RePr
khnf

kf

(
1

2R2

)(
dt
dx2

+ 1
2x(i)

dt
dx

)
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P
′k
i = 1

RePr
khnf

kf

(
1

2R2

)(
dt
dx2
− 1

2x(i)
dt
dx

)
Q
′k
i =

[
(1− φ2)

[
(1− φ1) + φ1

(ρCp)s1
(ρCp)f

]
+ φ2

(ρCp)s2
(ρCp)f

]
− 1

RePr
khnf

kf

1
R2

dt
dx2

− dt
(1−φ1)2.5(1−φ2)2.5

β0
2

Ec
Re

(
1
R2

)[
1
2

(
wk+1

i+1 −wk+1
i−1

2dx
+

wk
i+1−wk

i−1

2dx

)]2
S
′k
i = 1

RePr
khnf

kf

(
1

2R2

)(
dt
dx2

+ 1
2x(i)

dt
dx

)
F k
i = dt

σhnf

σf

EcM2

Re

[
1
2

(
wk+1
i +wki

)]2
+ dt

(1−φ1)2.5(1−φ2)2.5
β0
2

Ec
Re

(
1
R2

)[
1
2

(
wk+1

i+1 −wk+1
i−1

2dx
+

wk
i+1−wk

i−1

2dx

)]2

4. Results and Graphical Analysis

This investigation aimed to see the behaviour of blood flow through an artery with stenosis under

the influence of pulsatile blood flow subject to an external magnetic field. The influence of various

dimensionless parameters such as Magnetic number (M2), Darcy number (Da), Grashof number

(Gr), viscosity parameter (β0), Reynolds number (Re), Eckert Number (Ec), Prandtl number (Pr),

different concentration of both the nanoparticles (φ1, φ2), and pressure gradient parameter (B1)

has been examined graphically for velocity, temperature, wall shear stress, volumetric flow rate,

impedance and heat transfer coefficient profiles. The velocity contours for different emerging

parameters have been drawn to analyze the overall behavior of blood flow patterns. The range for

various non-dimensional parameters is represented in Table (1b). The computational work has been

carried out by using the data illustrated in the Table (1c) and (1d). The schematic representation of

the work plan is depicted in Figure (2) with the aid of a flow chart.

4.1 Validation of the numerical results

The validation of the present finite difference numerical code is conducted by benchmarking with

Tripathi’s published work [46] for the Au-nanoparticles, which is common in both the research

work. For authentication, the graphs (3a-3b) have been plotted for non-dimensional velocity and

temperature profiles against the Grashof number (Gr=0.2) and Prandtl number (Pr=21), respec-

tively. To compare both the research work, we have neglected Magnetic number (M2), Darcy
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number (Da), and Eckert number (Ec). There is a good agreement between our results and [46].
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Figure 3: Comparison graphs for (a) non-dimensional velocity profile for Grashof Number
(Gr=0.2), (b) non-dimensional temperature profile for Prandtl Number (Pr=21)

4.2 Axial Velocity Profiles

The effect of various flow parameters such as Magnetic Number (M2), Darcy Number (Da),

Grashof Number (Gr), viscosity parameter (β0), Reynolds Number (Re), different concentrations

of both nanoparticles (φ1, φ2) and pressure gradient parameter (B1) on non-dimensional velocity

profile is depicted in Figure (4). The non-dimensional velocity profile for M2 is shown in Figure

(4a). The profiles reveal that increasing the strength of the magnetic field causes a reduction in

blood velocity. A stronger magnetic field boosts the Lorentzian magnetic drag force, producing

greater deceleration in the blood flow. Lorentz force is generated when charged particles pass

through a strong magnetic field fastly, counteracting blood motion. As a result, the magnetic field

plays a critical role in blood flow dynamics in arteries. It is thus utilized as a valuable tool in treat-

ing various cardiovascular disorders. In MRI, static magnetic fields are utilized to reduce the time

it takes to heal fractures and regenerate nerves. Comparing the profiles for Au-blood nanofluid and

Au-Al2O3/blood hybrid nanofluid, it is analyzed that hybrid nanofluid effectively decreases blood

velocity, which is very advantageous for blood flow regulation in arterial illnesses. The illustration

of Da is given in Figure (4b). With increasing Da, the velocity profile enhances, indicating that

the medium’s permeability provides less barrier to the flow, and hence the velocity rises. Darcy
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Figure 4: Influence of (a) Magnetic Number (M2), (b) Darcy Number (Da), (c) Grashof Number
(Gr) , (d) viscosity parameter (β0), (e) Reynolds Number (Re), (f) different concentrations of
both nanoparticles (φ1, φ2), (g) pressure gradient parameter (B1) on non-dimensional velocity at
z∗1 = 1.5 and t∗1 = 1.3
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number is physically related to the permeability of a porous surface. The matrix resistance pro-

vided by solid fibers in the porous media is reduced as the Darcy number increases, increasing

the non-dimensional blood velocity. Figure (4c) outlines the impact of Gr on the non-dimensional

velocity profile. A rise in non-dimensional velocity is observed with increasing Gr values since

the increase in Gr values results in a higher thermal buoyancy force and stronger thermal convec-

tion currents in the blood flow. As a result, thermal buoyancy significantly impacts hemodynamic

momentum parameters. The maximum value of velocity is observed at the centerline of the artery

in all the cases. Figure (4d) describes the effect of β0 on the non-dimensional velocity profile. The

parameter β0 causes the blood flow velocity to accelerate. The increase in velocity indicates that

the resistance among the particles has decreased as the viscosity parameter’s magnitude has in-

creased. With the enhancement in β0, the fluid becomes less viscous, and therefore an acceleration

in the flow velocity is witnessed. The temperature-dependent viscosity model is employed in this

work as a variable viscosity model (Equation(9)). The variation of the non-dimensional velocity

profile for different values of Re is demonstrated in Figure (4e). A rise in Re values from 3 to 7

results in a velocity declination since for low Re values, the regime becomes viscous-dominated.

Even though inertial force increases with Reynolds number, flow retardation is the dominant ef-

fect due to stenotic occlusion and the presence of nanoparticles. The Reynolds number is used to

classify fluid systems in which the effect of viscosity is crucial in determining fluid velocities or

flow patterns. The impact of nanoparticle concentration for Au-Al2O3/blood hybrid nanofluid on

the non-dimensional velocity profile is illustrated in Figure (4f). The minimum value of velocity

is depicted for φ1 = 0.01, φ2 = 0.05 and maximum value is observed for φ1 = 0.05, φ2 = 0.01

which shows that both the nanoparticles have opposite effect on velocity. An increment in the

concentration of Au-nanoparticles increases the velocity, while a decrease in the concentration of

Al2O3-nanoparticles enhances velocity. This gives the advantage of putting blood velocity under

control and allows the surgeons to adjust it as and when needed. Figure (4g) displays the influence

of B1 on non-dimensional velocity profiles. The profile of axial blood velocity shows a hike with

increasing values of B1, as depicted in the Figure (4g). In particular for B1 = 1.41 represents coro-
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nary artery andB1 = 6.6 for femoral artery as described in [54], at a specific position in the stenotic

zone (z = 1.5). The blood flow is accelerated as the pressure parameter is increased, demonstrat-

ing that the femoral artery reaches its maximum value and considerably exceeds the axial velocity

computed for the coronary artery.

4.3 Temperature Profiles

The influence of different parameters such as Eckert Number (Ec), the combined effect of Joule

heating (M2) and viscous dissipation (Ec), Prandtl Number (Pr), Reynolds Number (Re), and

different concentrations of both nanoparticles (φ1, φ2) on non-dimensional temperature profile is

illustrated in Figure (5). Figure (5a) represents the effect of Ec on non-dimensional temperature

profile. The increase in the Ec illustrates an increase in the temperature distribution in the flow

region as frictional heating causes heat energy to build in the fluid. The temperature rises signif-

icantly due to viscous dissipation in the flow, which also causes an increase in the thickness of

the thermal boundary layer. Physically, nanoparticles disperse energy in the form of heat, which

raises the temperature. As a result, adding additional nanoparticles (e.g., hybrid nanofluid) can

use more energy, improving the temperature and thickness of the boundary layer even more. Fig-

ure (5b) depicts the cumulative impact of Joule Heating and viscous dissipation. It demonstrates

that increasing viscous dissipation (Ec) and Joule heating (M2) simultaneously raises the nanofluid

temperature since the mechanical energy is transformed to thermal energy within molecules, which

causes a hike in temperature. The profiles demonstrate a good agreement with Venkatesan’s [49]

findings. Joule heating, also known as Ohmic dissipation characterizes the supplementary destruc-

tion in mechanical energy with work done in dragging against the action of the magnetic field.

This generates heat and boosts temperatures. The impact of Pr on non-dimensional temperature

profiles is expressed by Figure (5c). The heat transmission from the artery diminishes when the

Prandtl number increases as the Pr varies inversely with the heat transmission from the artery’s

wall to the fluid(blood), resulting in a decrease in arterial blood temperature. As a result, we may

physically deduce that when Pr is small, heat diffuses relatively quickly compared to velocity. As
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Figure 5: Influence of (a) Eckert Number (Ec), (b) combined effect of Joule heating (M2) and
viscous dissipation (Ec), (c) Prandtl Number (Pr), (d) Reynolds Number (Re), (e) different con-
centrations of both nanoparticles (φ1, φ2) on non-dimensional temperature at z∗1 = 1.5 and t∗1 = 1.3

Pr rises, heat diffusibility decreases, allowing the temperature of blood flowing through the artery

to increase. Figure (5d) portrays the non-dimensional temperature profile for various values of Re.

A decrease in the temperature profile is observed with the increase in Re values. It is the ratio of

inertial forces to viscous forces, determined by the fluid’s characteristic length, velocity, density,

and viscosity. Low Reynolds numbers indicate that the viscous forces are more significant than in-
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ertial forces resulting in a decrement of the non-dimensional temperature profile. The influence of

nanoparticle concentration on the non-dimensional temperature profile for Au-Al2O3/blood hybrid

nanofluid is shown in Figure (5e). The minimum temperature value is for φ1 = 0.01, φ2 = 0.01,

while the maximum value is for φ1 = 0.05, φ2 = 0.05, indicating that as the concentration of both

nanoparticles falls, the temperature drops, which has the advantage of regulating temperature and

allows to make adjustments as needed.

4.4 Wall Shear Stress
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Figure 6: Effect of (a) Magnetic number (M2), (b) Grashof number (Gr), (c) Reynolds number
(Re), (d) different concentrations of both nanoparticles (φ1, φ2) on non-dimensional velocity on
Wall Shear Stress at t∗1=1.3

In arterial blood flow, the force per unit area exerted on the fluid by the wall in a direction

parallel to the local tangent plane is known as the wall shear stress. The atherogenic process

is controlled by the pulsatile blood flow, which causes wall shear stress. According to recent
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research, low wall shear stress or oscillating wall shear stress vessel segments appear to be the

most vulnerable to atherosclerotic plaques [55]. The wall shear stress decreases downstream of

the stenotic zone, reaches a minimum at the stenosed region’s midpoint (z = 1.5), and increases

upstream of the stenosis. Figure (6) represents wall shear stress profiles for different parameters

such as Magnetic Number (M2), Grashof Number (Gr), Reynolds Number (Re), and different

nanoparticle concentration (φ1, φ2). There is a reduction in wall shear stress as there is an increment

in M2 values (Figure(6b)) because an opposing force to the flow, known as the Lorentz force, is

generated, resulting in decreased velocity and hence a decrease in wall shear stress. The wall shear

stress profiles for Gr are represented in Figure(6b). The Grashof number (Gr) is the proportion of

buoyancy to viscous force. The thermal buoyancy force is increased because nanoparticle species

diffusion is impacted by nanoparticle concentration changes inside the blood. This phenomenon

also causes a decrease in blood flow resistance and, as a result, an acceleration and, therefore, an

increase in wall shear stress profiles. Figure (6c) marks the variation in wall shear stress profiles

for different Re values. Wall shear stress decreases with an increment in Re values as low Re values

indicate that the viscous forces are more significant than inertial forces resulting in a decrement

of the velocity and hence wall shear stress profiles. Therefore, the wall shear stress profiles get

retarded due to reduced blood velocity. Figure (6d) shows the variation in wall shear stress for

different nanoparticle concentrations. Increases in Au-nanoparticle concentration lead to a rise

in wall shear stress, whereas increases in Al2O3-nanoparticles lead to a declination in wall shear

stress profiles.

4.5 Volumetric Flow Rate and Resistance Impedance

The volumetric flow rate is the amount of fluid(blood) that flows in a given amount of time, while

the ratio of pressure drop to flow rate is known as fluid resistance. Changes in resistance are the

most common way for organs to regulate blood flow. Impedance and flow rate are inversely pro-

portional. Flow rate and impedance profiles for different parameters such as Magnetic Number

(M2), Grashof Number (Gr), Reynolds Number (Re), and stenotic depth (δ), are displayed in Fig-
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Figure 7: Effect of (a) Magnetic Number (M2), (b) Grashof Number (Gr), (c) Reynolds Number
(Re), (d) stenotic depth (δ) on Flow rate and Impedance at t∗1=1.3
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ure (7). Figure (7a) and (7b) demonstrates the influence of M2 on flow rate and impedance profiles

respectively. It is realized that when M2 increases, the flow rate reduces due to the generation of

Lorentz force, which resists the flow, and the resistive impedance increases as M2 increases since

the generation of Lorentz force increases the flow resistance. The flow rate and impedance profiles

for distinct Gr values are illustrated in Figure (7c) and (7d). There is an increment in flow rate and

declination in resistive impedance profiles with increasing Gr values since concentration variations

of nanoparticles inside blood control the diffusion of nanoparticle species, increasing the thermal

buoyancy force. This process also results in a reduction in blood flow resistance and, as a result,

an increase in volumetric flow rate. Flow rate and impedance profiles for different values of Re are

portrayed in Figure (7e) and (7f). An increase in the values of Re from 1 to 5 results in a constant

suppression of flow rate, corroborating the axial velocity results computed before. Because inertial

effects are more significant at higher Reynolds numbers, flow retardation and decreased flux are

the primary consequences. The resistance impedance profiles rise as expected because viscous

forces overcome the inertial forces. Figure (7g) and (7h) demonstrate the variation in flow rate

with δ. The flow rate drops, and the resistive impedance profiles show an increasing trend with

increasing δ values because an increase in δ causes a hindrance in the blood flow near the stenotic

throat, lowering the flow rate and enhancing the resistance impedance profiles.

4.6 Heat Transfer Coefficient

In thermodynamics and mechanics, the heat transfer coefficient, also known as the film coefficient

or film effectiveness, is the proportionality constant between the heat flux and the thermodynamic

driving force for the movement of heat. The effects of parameters like Eckert number (Ec), Prandtl

number (Pr), and Reynolds number (Re) are shown in Figure (8). Figure (8a) depicts the combined

effect of Ec and Pr. With a significant increase in the Ec and Pr, the heat transfer coefficient

displays a downward trend. Because there is a base fluid in nanoparticles, the particles travel in a

crisscross pattern, causing particle collisions inside the fluid, generating additional heat. However,

colliding particles produce more and more heat due to viscous dissipation, slowing the rate of heat
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Figure 8: Influence of (a) Eckert Number (Ec) and Prandtl Number (Pr), (b) Reynolds Number
(Re) on Heat Transfer Coefficient at t∗1=1.3

transfer and raising the temperature. In contrast to Re, Figure (8b) shows the profiles for heat

transfer coefficient. With the enhancement in Re values, a declination in heat transfer coefficient

can be seen, which clearly illustrates that there is a decrease in temperature with increasing Re

values since low Reynolds number indicate that the viscous forces are more significant than inertial

forces and agreeing with the results shown in Figure (5d).

4.7 Velocity Contours

The velocity contours are intriguing, and they accurately portray the research efforts. With the

help of these contours, we can see what the true profiles are. These contours are depicted in

Figure (9) for different values of Magnetic Number (M2), Darcy Number (Da), stenotic depth

(δ), different concentrations of both the nanoparticles (φ1, φ2). Figures (9a-9c) show a comparison

of blood flow for various values of M2. These contours show how the strength of the magnetic

field affects blood flow in both the radial and axial directions. The blood velocity is maximum

when M2=1, and it slowly decreases as M2 value rises. It is self-evident that when the value

of M2 increases, the Lorentz force causes a hindrance in the velocity zone, which is consistent

with the data in Figure (4a). Figures (9d-9f) depicts the streamline contours for various values

of Da. As the value of Da increases, so does the velocity since the resistance provided by solid

fibers in the porous media is reduced as the Da increases, increasing the non-dimensional blood
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(b) M2 = 3
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(c) M2 = 5
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(d) Da = 0.1
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(e) Da = 1
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(f) Da = 2
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(i) δ = 0.3
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(j) φ1 = 0, φ2 = 0
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(k) φ1 = 0.01, φ2 = 0
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(l) φ1 = 0.01, φ2 = 0.01

Figure 9: Variation in blood flow patterns for various values of different parameters
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velocity as seen in Figure (4b). With increasing Da values, the maximum velocity area expands

as well. The contours for δ are illustrated in Figures (9g-9i). When comparing Figures (9g-9i),

it can be seen that velocity is impacted at the stenotic throat (z=1.5) and decreases as δ increases

because an increase in δ causes a hindrance in the blood flow near the stenotic throat. The effect

of φ1 and φ2 on blood flow is depicted in Figure (9j-9l). The pure blood instance is depicted

in Figure (9j), in which no nanoparticle is added to the blood. Figure (9k) depicts the insertion

of Au-nanoparticles, demonstrating that inserting the Au-nanoparticle increases blood velocity.

Moreover, Figure (9l) depicts the addition of Al2O3-nanoparticle, which demonstrates that adding

the second nanoparticle reduces blood velocity.

5. Conclusions

This study investigates the consequences of hybrid nanoparticles on base fluid (blood) passing

through an artery with mild stenosis. The hybrid nano-fluid model aims to stimulate nanoparticle

medication delivery in a stenosed artery of the human circulatory system. The Crank-Nicolson

approach has been used to achieve the computational solutions of unsteady coupled partial differ-

ential equations. The axial blood velocity, temperature profile, volumetric flow rate, arterial wall

shear stress (WSS), resistance impedance, and heat transfer coefficient have been estimated for a

wide variety of physical parameters. The key findings of the study may be summarized as follows:

• In comparison to unitary nanoparticles (Au-blood), adding hybrid nanoparticles (Au-Al2O3/blood)

in the blood reduces axial velocity more effectively.

• The flow rate decreases as the stenosis height increases, whereas the impedance increases be-

cause an increase in δ causes a hindrance in the blood flow near the stenotic throat, lowering

the flow rate and enhancing the resistance impedance profiles.

• Streamlines depict that velocity decreases on increasing Magnetic number because with an

increase in the value of M2, the Lorentz force causes a hindrance in the velocity zone. In
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contrast, it increases with an increase in Darcy number since the resistance provided by solid

fibers in the porous media is reduced.

• With an enhancement in pressure gradient parameter (B1), the increment in non-dimensional

axial velocity is observed since the blood flow is accelerated as the pressure parameter is

increased.

• The non-dimensional temperature profiles declines with an increment in both Prandtl num-

ber and Reynolds number since the heat transmission from the artery diminishes when the

Prandtl number increases and viscous forces are more significant than inertial forces in case

of low Reynolds number resulting in a decrement of the non-dimensional temperature pro-

file.

• As the concentration of both nanoparticles falls, there is a declination in non-dimensional

temperature profiles. In contrast, the velocity increases with an increase in the concen-

tration of Au-nanoparticles and decreases with an increase in the concentration of Al2O3-

nanoparticles.

• The heat transfer coefficient declines with simultaneous increment in Eckert and Prandtl

number because the particles travel in a crisscross pattern, causing particle collisions inside

the fluid, generating additional heat. However, colliding particles produce more and more

heat due to viscous dissipation, slowing the heat transfer rate.

The present work deals with blood flow through a bell-shaped stenosed artery using Au-Al2O3

hybrid nanoparticles suspended in the blood flow as a porous media considering temperature-

dependent viscosity model. Although temperature-dependent viscosity is addressed in the current

simulations, more complex non-Newtonian features of the blood are not explicitly examined. As

a result, future research will look into other rheological models for magnetized blood flow. Fur-

thermore, the shape factor effects of the nanoparticles were not considered in this investigation.

Moreover, this research is limited to a bell-shaped non-tapered artery, but it could be expanded in

the future to include both converging and diverging arteries.
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