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MODELING THE IMPACT OF DELAY ON THE AGGREGATION OF AD PROTEINS
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Abstract

Accumulation of the amyloid-# (AB ) peptide in the brain gives nise to a cascade of
key events in the pathogenesis of Alzheimer's disease (AD). It is verified by different
research trials that the sleep-wake cycle directly affects A8 levels in the brain. The
catalytic nature of amyloidosis and the protein aggregation can be understood with the
help of enzyme kinetics. During this research, the chemical kinetics of the enzyme and
substrate are used to explore the initiation of Alzheimer’s disease, and the associated
physiological factors, such as the sleep wake cycles, related to this symptomatology.
The model is based on the concentration of the A fibrils, such that the resulting
solution from the mathematical model may help to monitor the concentration gradients
{deposition) during sleep deprivation. The model proposed here analyzes the existence
of two phases in the production of amyloid fibrils in the sleep deprivation condition: a
first phase in which the soluble form of amyloid Af is dominant and a second phase
in which the fibrillar form predominates and suggests that such product is the result of
a strong imbalance between the production of amyloid A8 and its clearance. The time
dependent model with delay, helps to explore the production of soluble Af amyloid
form by a defective circadian cycle. The limitations of the ime dependent model are
facilitated by the artificial intelligence ( Al) time series forecasting tools.
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1 Introduction
1.1 Background

Alzheimer's disease (AD) is actually promoted by the pathological accumulation of
Afl amyloid in the brain. It is believed to initiate a cascade of key events that lead to
the symptoms of the disease. The main mechanism underlying amyloid aggregation
15 an imbalance between “clearance™ and production of Af amyloid which results in
synaptic and neuronal damage due to the accumulation of toxic amyloid aggregates [ 1].
Evidence is available in the literature that the sleep-wake cycle directly affects Af
levels in the brain [2]. Sleep and circadian rhythm disturbances often compromise the
quality of life and safety of individuals with Alzheimer’s disease (AD).

Nocturmal insomnia, restless behavior, and excessive sleep during the day affect
25-40% of patients with mild to moderate dementia due to community-based AD,
and the intensity of these changes correlates with the severity of the dementia.

There is a decrease in the amplitude of the circadian rhythms and delayed phase is
also reported, in people having dementia in advanced stages of AD. In experimental
models, sleep deprivation increases soluble A8 concentration, that gives nise to chronic
Af accumulation.

Additionally, once A builds up, the following patterns develop:

e wakefulness
e disturbed sleep cycles

Individuals with early A# deposition, who still show normal cognitive function,
report sleep abnormalities as do individuals with very mild dementia due to AD [3].

Therefore, there is a correlation between the sleep cycle and the neuro-degenerative
diseases. This relation can help to identify several ways for the accurate diagnosis and
treatment of the Alzheimer disease.

1.2 Motivation

In the early stage of preclinical AD, soluble Af amyloid becomes insoluble and
aggregates into amyloid plaques, initially manifesting as a reduction in cerebrospinal
fluid (CSF) soluble Af levels [4].

Changes in sleep appear to precede the onset of cognitive symptoms in AD patients,
and sleep quality or circadian function further declines in parallel with both cognitive
dysfunction and disease progression. However, the time course of sleep changes, from
preclinical AD to the clinical stages of dementia due to AD, is yet to be analyzed and
defined.

In the work of Juet’al. [2] linkage between Alzheimer's disease and disturbed sleep
15 reported. The data extracted from the guinea pigs expenments , as well as from
the patients suffering from dementia (due to AD), indicated that the accumulation of
amyloid disturbs sleep and the interrupted sleep increases the nsk of A f accumulation.

The motivation for the current research strategy is to explore the A S form, under the
assumption of delay. The hypothesis can be well understood with the aid of schematic
depiction.
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Fig.1 The schematic of the soluble amyloid production and the neurodegencration
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Fig.2 Interaction between sleep deprivation and conditions facilitating Alzheimer's discase

Figure | shows the production cycle by nucleation of amyloid fibrils and the negative
interaction of their clearance in the case of the dysfunction of “circadian cycle™.
This negative mediation is operated due to orexin which works by stimulating an
overproduction of apoE, which inhibits the recovery of soluble amyloid by astrocytes.
In this way the accumulation of soluble amyloid accelerates the formation of fibrils
by nucleation.

Figure 2 shows the network of interactions that exists between sleep deprivation,
due to the dysfunction of the circadian cycle, and the consequent increase in neuronal
activity which leads, in turn, to a greater production of amyloid, to a cellular damage
from oxidative stress and systemic dysfunction of the nervous system.



Slesp deprivation —— 'I Heurl:-nalll:tiu‘it:p

' Concentration of AR amylaid in soluble form [sAR)

L_ T Rate of sAR amyloidin cerebra-spinal fluid ﬁ

§ Mean rate of sA amyloid | Concentration of

secrated by neurons Microglia
|_.. 1 Concentration of AR arvloid in fibeillar form (fAp) |
1 Risk of amyloid - | T Clearanceof
plagus formation | A3 amylaid
by Micraglia

# Alzheimer Disease symptoms

Fig.3 The relationship of production of amyloid fibrils in relation to sleep deprivation

Figure 3 shows a general quantitative representation of the detectable amyloid con-
centrations and their increase in the case of sleep deprivation. Note the positive effect
of increasing the concentration of microglia which could affect a greater clearance
of the amyloid fibrils formed and decrease the nsk of formation of amyloid plaques,
“typical” of Alzheimer’s disease.

The circadian cycle regulates sleep-wake activity over 24 hours and synchronizes
the relative light-dark cycle. In Alzheimer's disease, the circadian cycle and sleep
deprivation seem to be strongly linked to the disease through the accumulation of
amyloid A protein (the cause of this type of dementia).

Symptoms resulting from sleep-wake dysfunction are typical in Alzheimer’s disease
mainly these symptoms are related to lack of sleep during the night (on the contrary,
excess sleep durning the day) with reduced REM and slow-wave sleep loss.

Studies have shown that sleep-related symptoms are associated with an increased
future risk of dementia over a period of one to nine years.

The sleep-wake cycle is linked to the accumulation of amyloid Af and parallel
to the deprivation of sleep or the alteration of the sleep-wake cycle, there 1s a strong
increase in amyloid Af fAbnls. Parallel to this, there is a stress that induces further
neuronal damage given by the phosphorylation of the amyloid proteins themselves,
1.e. the synaptic lesions and mitochondrial oxidative stress that can induce neuronal
death. A dysfunction of the circadian cycle and an abnormality in the secretion of
melatonin are common symptoms in Alzheimer’s disease.

Certainly, improving the quality of sleep in Alzheimer's patients is of undoubted
benefit in a possible slowdown of the disease or in a possible form of prevention.
Therefore, the Sleep and circadian function could represent the noteworthy parameters
of the nsk factors for the future development of Alzheimer's disease.



1.3 Current Research Strategy

In the fields of modeling, simulation and data science [25-31] computational tools
have always helped to forecast the dynamics of the research problems in a realistic
manner. During this research, to address the complex kinetics of the life threatening
disease, the enzyme and substrate basic concepts of catalysis are modeled by keeping
in view the delays associated with the production of the resulting products, the vicious
cycles of Alzhimer, associated with the circadian cycles.

2 Model Development and Analysis

Nonlinear mathematical models play important role in understanding biological phe-
nomena [5=12].

Inspired by the literature [ 13], data based studies [6,8-11, 14-21], and the dynamics
presented through the schematic description (Figs. 1, 2 and 3), the model presented
here is highly non-linear. Let X be the concentration of A # oligomers in soluble form,
and ¥ be their concentration in fibrillar form (see Fig. 1). Let § be the production
rate of X per day, the mathematical model for the rate of change of these vanables is
presented as:

dX

— =85 — XY —yuX —nx X,

dt (1)
dY

= = ¥y XY + yuX —ny¥.

Where ny = Mdy + e, and ny = Md,. Description of vanables and parameters is
in Table 1.

2.1 Positivity

Theorem 2.1 Assume that initial selution X{(0) = 0 and Y(0) = 0, then the solution
af madel (1) are non-negative ¥ t = 0, which satisfied

lim sup X{1) =< .
fﬂﬂpi}_m+H (2)

8
lim sup(Xit)+ ¥(1) = —,
F—+ 00 r||
where n = min{ny. gy}
Proof As § = 0, the first equation of model (1) gives

dX
d—f—}-"ﬁﬁ'}"—ﬁ'}fn—xq'x.
f

Thus, separating variable and integrating above inequality gives



Xin) = X(Dexpli—ype ¥ — yu — nx 1} (3)

which demonstrate that X (r) will non-negative if X{0)) non-negative ¥ time 7. The
second equation of model (1) gives

—_— = =y ¥
dt "
by integrating both sides
Yir) = ¥(0)exp{—ny} (4)

It is demonstrated that X = Oand ¥ = 0¥ ¢ = 0. Now we proves boundedness of
solution of model (1), from first equation

adX
E=5—}’x“"}’—}’nf—ﬂxﬁ'

=85 —(ya +nx)X.

Integrate both sides
Iim sup X () = ; (5)
I—+ a0 P ¥ —|—:M-
Now adding both equations of model (1)
d
—(X+¥)=85—nxX —m¥
dt
where = min{ny, ny} integrating both sides
: 5
lim sup{X(t) + ¥ (1)) = —. (6)
I— 00 ]’J
O

2.2 Stability of equilibrium point

The model (1) has an equilibrium point, which is obtained by putting right-hand side
of the equations in model equal to zero, given by

+ 5 By, —
E:{x*.'}":]:('ﬂ F.l':'- ]{l., ﬁ)- [.?-'
2yenx  2yenx
Where:
B = ‘flfts}’g + 1y (yn +nx)) 2 — 4Syenxiy + 0y (vu +nx) - (8)

The endemic equilibrium point 15 exists if



SYs +y (7 +2x) > \/(S¥e + Av (va + Ax)) 2 — 4Syehxiy.

The linear stability of the model (1) is established by using method of the next-
generation operator. It follow that basic reproduction number of model (1), represented
by R, is calculated as

B—Sye—2(yn+nx)ny B+Syx
F= Tny Y T K
T\ ZBESyet2imtnndny BSye—2uxuy |7 T \ Ay 0 )°

2ny 2nx

(9

‘/(Syx + 1y (va +10x))2 —4Syenxny
nxny -

R=1-—

The equilibrium point E of the model (1) is locally asymptotically stable if and only
if B > 1. Itis shown in following:

. 0y
o E’jn—,&—Yn—')X —Q;TJTY& 10
By _B=Syy  Bi+Sys _ g (10)
Vi <y 2 "
The quadratic equation of Jg is
P 1 - SIRPT
PG) =1+ (—A1— ADi+ 7 (A1 + A7 - A3) =0 (11)
where: P
] e N s
2ny Yo — 10
S
o i ¢ SR
2nx
_ B— Sy (12)
Az =yn — o
S
ap DS
2nx

As = (A — A2) 2 + 4A3A,.

The model (1) is locally asymptotically stable if R > 1.

2.3 Sensitivity Analysis

We can analyze sensitivity analysis by taking derivative with respect to each parameter
of basic reproductive number

\/(5)’3 + 0y (Ya + nx)) 2 — 4Syenxny

nxny

Ro=1-




that 1s defined as follows

dRg _ _ Syg + 0y (ya +1x) o

7 Hx\a’r{S}fg +ny (yn +1x)) 2 — 45y nxny
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It is clearly shows that the basic reproductive number is increase with the increment of
nx and ny. It will decrease with mean rate of sA# secretion by neurons, rate constant
of Af fiber growth and rate constant of A# fiber nucleation.

2.4 Model with delay

daX

T = _FRILFL - xl]‘"ﬂ + 5 — IJT_;I;'_

3
Y =Xt —o)¥Y(t —1)ye + Xyn — ¥ry.

2.5 Stability of equilibrium point E

Theorem 2.2 The model {14) is locally asymptotically stable if R = 1.

Proof Linearizing model (14) around equilibrium point E, the Jacobian matrix is

—C] — ¥u —NX —ore
J = . . 15
({E_TA T 1]' a) + ¥r {E_n'l + Ij or — ’H’) (12)
Where:

Sy — B

¥ = 2]‘]1—5-"-
B+ Sy, (16)

oy = —,

Inx



The transcendental characteristic equation of Jacobian matrix is
Ptaht+ayt (hii+b)e ™ =0 (17)
where coefficients are

] =& —ay+ ¥+ 0x 0y,

ax = ny (a1 + ¥ +nx) —a2 (2 (o) + yu) +9x), (18)
b = —awa,

by = —2oyoey — @y, — o20)x.

For bifurcation analysis of model (14), first of all it is assume that r = 0, equation
(17) give all the roots that are real negative. In this case theorem by Routh-Hurwitz
can be use to find the roots. The equation (17) have negative roots if

(ay + b)) =0, and (az + b)) =0

15 holds, then it is stable. As delay is continuously increase from zero. The equation
{17) have no real non-negative solutions for any value of t. Suppose that for some
values of 1 there is exists a real number W such that &4 = i is the root of (17), after
simplify we have

Cral+o=04 =t (19)
where the constants are . .
¢y =aj — 2ay — by,
Lo (20)
2 =a; — b,

According to the Descartes’ rule of signs (20) has atleast one positive root if ﬂf -
2a; — b7 = 0 and a3 — b3 < 0 is hold. We have

2
g (b2 —ayby) — axbs 2w j
= —amcm'.lﬂr“[ — ﬂjl L) — 8ona + J”,j=ﬂ. 1,2,... (21)
v by + b ¥o

Differentiate equation { 17) with respect to t at W = g, the transversality condition
is obtain

. (dl)_l _ Vo (263 (Vi —a) + 0 (aivg a3 +¥5)

dt g (W5 — a2) — ajvig) (Bivrg + b3)

Hopf bifurcation occur for delay 1 if {5";‘}4 = (). The above analysis is summarized
in following theorem. O

Theorem 2.3 Assume that B = | if either

if)ep = 0or

ey =00rey <0

is satisfied and vy is the largest positive number, then the eguilibrium point E is
asymptotically stable when t < v’ and unstable for T = v’ where T = min{r;}.



Furthermore, the svstem is undergoes hopf bifurcation when v = v’ where

2
by —aiby) —axb
" = — arccos ﬂrﬂ('zﬂzl ”2 4% . (23)
Yo by + b3

3 Results

The mathematical model and the associated parameters (the sources of the parametric
values and the relevent units are provided in table 1 in detail), helped to generate the
concentrations of the fibrils and the substrates for a limited ime peniod. To forecast
the dynamics further, we have used the time series forecasting tool. Forecasting of the
key players of a model is an important step in the field of computational biology [22,
23]. We forecasted in time and fibrils concentration (¥ ) domains to see the rise in ¥
concentration with time to observe the fibnllization behaviour of Af oligomers. The
numerical results are presented in Fig. 4, d.

Sleep deprivation is a very common condition in people with Alzheimer’s disease.
In the present work, based on the available literature, an assumption is made that
Af amyloid fibrils accumulate, subject to the sleep-wake cycle defectiveness (the
parameters of circadian control were not taken into account [2, 13].

The mathematical model is non-linear and its evolution admits the limiting values
of the production of the soluble and fibril forms of the amyloid (Eq. 6). The underlying
assumption was that the model 1s continuous. The important results are as follows:

e We analyze non negativity of model, behavior of equilibrium point and stability
of model.

e Dynamics of the ordinary differential equations is analyzed via basic reproductive
number By as follows:

e If basic reproductive number Ry > | the endemic equilibrium point is stable.

e Here we conclude criteria for Hopf bifurcation with the help of delay which is
used as the bifurcation parameter.

e Endemic equilibrium point is asymptotically stable when delay parameter is small.

e Instability increases as delay parameter increases and Hopf bifurcation arises.

e With the help of Hopf bifurcation we can find a region or area of instability in
zone of endemic equilibrium point.

We have given variation to the key parameters and obtained dynamics as shown in
Figs. 5, d. From Fig. 5, we can see the variation in the dynamics, over time for the
reduced rate of nucleation (j). Next, the dynamics for with and without delay are
presented in Fig. 77 and 77. We can see that the model with delay proved to be more
realistic since it is anticipated that with the passage of time and for ascending values of
¥g (see dotted line for 0.4y, and thick line for y, for comparison), the concentration
of the soluble form will reduce whereas the fibril form will increase in a diseased
case. From Figs. 6 and d, we can understand the impact of delay on the change in the
concentration of the two forms.

This is of fundamental importance since Alzheimer’s disease 1s characterized by
considerable fibrillar deposits of Af amyloid and understanding the dynamics of their

10
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Table 1 Summary of model variables and Parameters
Symbols Description Value Ref
A mean rate of sAfi secretion by neurons uMday" -
M The number density of microglia 6.7x10°mL ™"
ex rate of sA# effiux through the cerebro-spinal fluid 1.9da _v" -
dy rate of sA S clearance by microglia 53x l()'gda_\-'lmL -
d
dy clearance of fAS by microglia 3—‘;da_\" ImL -
Ve Af fiber growth rate 2.1x10' g M~! day™! [24]
Vi Ap fiber nucleation rate 22x107! uM~! day™! [24]

formation is one of the key points to fully understand the disease. The intervention of
microglia in the control of amyloid fibril deposits induces a delay that quantifies the
phenomenon in its complexity.

Furthermore, in the computation of the equilibrium state in the model, the coordi-
nates relative to the same cannot be negative so that, although they identify an intrinsic
instability, the steady state concentration of the amyloid fibrils depend on the rate of
production of the soluble form of the amyloid Af and any oscillation of the time-
dependent parameters that somehow affect the production speed of the soluble form
of the amyloid in some way. This result can have a significant impact on the quantity of
amyloid fibrils produced allowing the quantification of the behavior in the production
of fibrils themselves.

11
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4 Conclusions

The model proposed here analyzes the existence of two phases in the production of
amyloid fibrils in the sleep deprivation condition:

e a first phase in which the soluble form of amyloid A8 1s dominant

e a second phase in which the fibrillar form predominates and suggests that such
product is the result of a strong imbalance between the production of amyloid A8
and its clearance

The results of the model provide a preliminary step toward the qualitative analysis of
the physiology of AD. The study provides an insight of the formation of A amyloid
in the disease and in conditions of sleep deprivation that however, account of the
neuronal damage induced by this process.

It is really challenging to develop a compact model to demonstrate the spatial
expansion of amyloids (a crucial parameter in the pathology). We have made a basic
model, that is time dependent and also takes into account the delays. The resulting
dynamics helps to understand both the pathogenesis of the disease and the disabling
symptoms associated with it.
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