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ABSTRACT  

Spin coating of engineering components with advanced functional nanomaterials which 

respond to magnetic fields is growing. Motivated by exploring the fluid dynamics of such 

processes, a mathematical model is developed for chemically reactive Cu−H2O 

magnetohydrodynamic (MHD) nanofluid swirl coating flow on a revolving vertical electrically 

insulated cone adjacent to a porous medium under a radial static magnetic field.  Heat and mass 

transfer is included and Dufour and Soret cross diffusion effects are also incorporated in the 

model. Thermal and solutal buoyancy forces are additionally included. The Tiwari-Das 

nanoscale model has been used. To simulate chemical reaction of the diffusing species 

encountered in manufacturing processes, a higher order chemical reaction formulation is also 

featured. Via suitable scaling transformations, the governing nonlinear coupled partial 

differential conservation equations and associated boundary conditions are reformulated as a 

nonlinear ordinary differential boundary value problem. MATLAB-based shooting quadrature 

with a Runge-Kutta method is deployed to solve the emerging system. Concentration, 

temperature, velocity variations for various non-dimensional flow parameters have been 

visualized and analysed. In addition, key wall characteristics i. e. radial and circumferential 

skin friction, Nusselt number, Sherwood number have also been computed. Validation with 

earlier studies is also included. The simulations indicate that when compared to a lower order 

chemical reaction, a higher order chemical reaction allows a greater rate of heat and mass 

transfer at the cone surface.  Increasing Dufour (diffuso-thermal) and Soret number generally 

reduce radial and circumferential skin friction and also Nusselt number whereas they elevate 

Sherwood number. Both skin friction components are also suppressed with increasing 

Richardson number. Strong deceleration in the tangential and circumferential velocity 

components is induced with greater magnetic field.  

KEYWORDS: Higher order chemical reaction, Porous medium, magnetic nanofluid, swirl 

nano-coating manufacturing; vertical cone; Dufour and Soret effects; Sherwood number. 
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1 INTRODUCTION  

In numerous manufacturing process systems, chemical reactions arise. These include reaction-

bonding of ceramics, chemical vapour deposition in diamond coating, direct laser melting 

processes for fuel cell bipolar plate fabrication, reaction injection moulding, electro-chemical 

machining, photopolymerization and magnetohydrodynamic spin coating with 

electroconductive functional materials [1-5]. Mathematical models of the multi-physico-

chemical transport phenomena inherent to such processes are very beneficial in optimizing 

designs. The order of a chemical reaction explains the relationship between the concentration 

of a species and the rate at which the reaction takes place. There is a wide range of applications 

for heat and mass transfer in porous media in particular with higher order chemical reactions 

including filtration, distillation, cooling, drying and coating deposition. Many of the reactions 

that take place in these systems cannot be simulated with a first order homogenous destructive 

model. Nth order models are required in which chemical reaction rate is proportional to the nth 

power of species’ concentration. Chemical reactions occur at a faster rate as the reaction order 

increases which in turn influences the heat, mass and momentum characteristics and this 

effectively modifies the final constitution of engineered products. Higher order chemical 

reaction influence in porous media and purely fluent media have previously been investigated 

by a number of researchers. Rahman and Al-Lawatia [6] studied the influence of higher order 

chemical reaction on micropolar convection from a nonlinear stretching sheet in a Darcian 

porous medium. They showed that wall mass transfer rate is reduced with greater Darcy 

parameter and is also strongly influenced by higher order reaction and wall concentration 

parameter. Palani et al. [7] computed the time-dependent hydromagnetic viscoelastic flow from 

a stretching surface in the presence of higher order chemical reaction. They noted that species 

(concentration) boundary layer thickness is greatly increased for a third order chemical reaction 

as compared to either first or second-order chemical reactions. Sastry [8] used MATLAB bvp4c 

quadrature to simulate the phase change in mixed convective dissipative flow from a vertical 

surface adjacent to a non-Darcian porous medium with higher order chemical reaction. He 

showed that increasing order of chemical reaction reduces velocity and increases momentum 

boundary layer thickness whereas it enhances concentration and species boundary layer 

thickness. He also observed that melting (phase change) accelerates the flow but reduces 

thermal boundary layer thickness. 

 With the increasing demand for the manufacturing more sustainable products, heat transfer 

using fluids must be efficient with minimal energy losses. To transport heat more effectively, 
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conventional liquids such as polymers, gels and water can be mixed with metals that have a 

high thermal conductivity. This is particularly critical in coating operations since the wall heat 

transfer (and mass transfer) rates can be manipulated via thermal conductivity and viscosity to 

achieve more robust designs. Choi and Eastman [9] developed nanofluids as colloidal 

suspensions of nanometer-sized particles engineered into a base fluid (liquid solvent), in order 

to achieve overall elevation in thermal performance. Nanoparticles may be caron-based e.g. 

silicon carbide or metallic/metallic oxides e.g. copper, titaniu, molybdenum, aluminium oxide, 

silver oxide etc. Further advantages offered by nano-based materials are enhanced chemical 

resistance, erosion and abrasion resistance, agglomeration reduction, resistance to UV light, 

anti-fouling, durability and anti-bacterial (sterilization) properties [10]. Nano-coatings are 

defined as coatings which feature any nano-material component e. g. nanotubes, nanofillers, 

nanoparticles, nanowires etc. A further key characteristic of nanoparticles embedded in liquid 

coatings is the considerable surface area: volume ratio which achieves enhanced surface 

activity, improved interactions and allows optimized protection with lower concentrations. In 

parallel with laboratory-based studies of nanofluids, a variety of mathematical models have 

been developed to simulate nanoscale characteristics, from a continuum view-point. The most 

popular are the Buongiorno two-component model [11] (which emphasizes thermophoretic 

body force and Brownian motion dynamics) and the Tiwari-Das volume fraction model [12]. 

The latter has the advantage that actual nanoparticle materials can be simulated via the use of 

specific relations for thermal conductivity, heat capacity, density, viscosity etc. Copper 

nanoparticles in particular have the advantage of very high thermal conductivity, excellent anti-

corrosion ability and proven anti-bacterial properties which make them ideal for biomedical 

coating operations [13]. Other popular combinations are cobalt and iron [14]. Both Buongiorno 

and Tiwari-Das models have been deployed extensively in recent years for simulating nano-

coating manufacturing flows where chemical reactions are also considered. These studies have 

also featured an extensive range of numerical methods which are required to solve the nonlinear 

boundary value problems that arise in such flows. Shamshuddin et al. [15] used the Adomian 

decomposition method (ADM) to compute the non-Newtonian (Sisko) nanofluid from a bi-

directional stretching sheet in a porous medium, with radiative flux, homogeneous–

heterogeneous chemical reactions and convective wall heating. They noted that greater 

homogenous chemical reaction parameter values weakly suppress concentration whereas 

higher heterogeneous reaction strongly depletes it (and also species boundary layer thickness). 

Swain et al. [16] used the Buongiorno model to study the hydromagnetic nanofluid stretching 

sheet coating flow with radiative flux and higher order chemical reaction. They observed that 
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stronger magnetic field and mass transfer parameter boosts the skin friction coefficient and 

mass flux at the wall whereas it suppresses heat flux to the wall. They also showed that with 

higher order chemical reaction and Prandtl number, both heat flux and mass flux to the wall 

are suppressed. Eid et al. [17] examined the 3-dimensional laminar boundary layer flow of a 

Prandtl nanofluid flow over a convectively heated sheet in a permeable medium with nonlinear 

radiation and high-order chemical reaction. They noted that Sherwood number (mass transfer 

rate to the wall) diminishes with greater order of the chemical reaction whereas both velocity 

and temperature fields are assisted. Pattnaik et al. [18] used MATLAB bvp5c quadrature and 

Adams-Moulton predictor–corrector numerical schemes with the Tiwari-Das model to 

simulate the catalytic reactive species diffusion in axisymmetric coating enrobing forced 

convection boundary layer magnetic titanium dioxide-water nanofluid flow from an axially 

stretching horizontal cylinder in Darcy-Forchheimer porous media. They considered dual 

chemical reacting species and showed that different mass transfer rates are induced with a 

variety of chemical reactions. They further showed that increasing Darcian parameter depletes 

local Nusselt number magnitudes at the cylinder surface whereas greater volume fraction of 

titanium oxide nanoparticles enhances temperatures significantly. 

The above studies did not consider rotation of the substrate i. e. the body being coated was not 

rotating. The use of a rotating cone features in a variety of coating and other processes in 

manufacturing engineering including spin deposition of ferromagnetic nanocoatings [19], 

electrodeposition of copper from an acid electrolyte via limiting current mass transport 

techniques [20], high quality finishing of aerospace components [21], polymer synthesis [22] 

and sublimation processes from naphthalene-coated rotating conical configurations [23].  The 

rotation of the cone invokes centrifugal body forces which strongly manipulate the heat, mass 

and momentum characteristics. Inspired by these applications, a number of investigations of 

hydromagnetic rotating cone viscous flows have been communicated. Roy et al. [24] examined 

the transient magnetohydrodynamic flow from a rotating cone in a rotating Newtonian fluid 

using a finite difference method. They showed that tangential and azimuthal directions skin 

friction coefficients increase when the angular velocity of the fluid or body increases with time. 

They also found that for the case where the angular velocity of the fluid exceeds that of the 

body, the velocity profiles attain asymptotic values at the free stream in an oscillatory manner, 

whereas increasing magnetic field or cone surface suction reduces these oscillations. Bég et al. 

[25] used the Keller-box finite difference method to simulate natural convection 

magnetohydrodynamic flow from a spinning vertical cone to an anisotropic Darcian porous 
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medium They showed that tangential and azimuthal (swirl) velocity are boosted with increasing 

permeability whereas temperatures are depressed. They also observed that stronger magnetic 

field damps the tangential velocity field and Nusselt number at the cone surface but boosts 

thermal boundary layer thickness. Several articles addressing rotating cone magnetic nanofluid 

dynamics have also been presented in recent years. Ahmed et al. [26] used the Blottner finite 

difference method to numerically evaluate the swirling flow of magnetized Ellis rheological 

nanofluids doped with micro-organisms from a rotating cone with Ohmic dissipation and heat 

generation. They showed that Nusselt and Sherwood numbers are accentuated with increasing 

rotation parameter whereas velocity and temperature gradients are suppressed with increasing 

bioconvection Rayleigh number and magnetic parameter. Zohra et al. [27] used MATLAB 

software and the Tiwari-Das model to compute the steady laminar natural convective 

anisotropic slip boundary layer flows from a rotating vertical cone embedded in ethylene glycol 

bionanofluid with Stefan wall blowing effects. They considered four different non-particles i.e. 

Copper (Cu), Alumina (Al2O3), Copper Oxide (Cuo), Titanium Oxide (TiO2). They showed 

that skin friction factor is elevated with tangential slip, magnetic field and Schmidt number 

whereas it is strongly depleted with stronger blowing parameter and spin parameters. 

Additionally, they showed that maximum skin friction and Nusselt number heat transfer rates 

are attained for copper nanoparticles whereas they are minimal for TiO2nanoparticles. Further 

studies of rotating magnetic nanofluid flows have been communicated by Rana et al. [28] (for 

time-dependent revolving stretching sheets in nanocoating fabrication), Moatimid et al. [29] 

(for viscoplastic nanofluids in the conical gap zone) and Abdal et al. [30] (for non-Fourier 

Sutterby polymeric nanofluid slip transport from a rotating cone). All these analyses have 

confirmed the profound influence of rotational body force on transport characteristics in 

magnetized nanofluid coating systems.  

In the present study, motivated by swirl coating with magnetic nanofluids, a mathematical 

model is developed for laminar steady-state chemically reactive Cu−H2O 

magnetohydrodynamic (MHD) nanofluid swirl coating flow from a rotating vertical 

electrically insulated cone adjacent to a porous medium under a radial static magnetic field.  

Higher order chemical reactions have been studied in the context of magnetic nanofluids by 

Jagadha et al. [31], Alaidrous and Eid [32], Gopal et al. [33] and Rajani and Hemalatha [34]. 

However, these studies neglected body rotation effects and furthermore did not include Dufour 

and Soret cross diffusion effects. Thermo-diffusion and diffuso-thermal effects are important 

in mass transfer coating operations. The Soret effect is associated with mass flux phenomena 
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induced by heat diffusion, whereas the Dufour effect is related to the energy flux generated by 

the concentration (solute) difference. Both effects have been shown to have a significant 

influence on magnetic nanofluid coating flows in a range of studies including Bhatti et al. [35] 

(who considered magnetic Fe3O4-water-based nanofluids), Sulochana et al. [36] (who 

examined magnetic titanium oxide nanofluids) and Siddique et al. [37] (who considered 

viscoelastic magnetic nanofluids). All these studies identified that Dufour and Soret effects 

modify the heat and mass diffusion rates substantially. In the present simulations, therefore the 

novelties are the simultaneous consideration of cross diffusion, cone rotation and furthermore 

thermal and solutal buoyancy forces are additionally incorporated for the case of Cu − H2O  

nanofluid. To simulate chemical reaction of the diffusing species encountered in 

manufacturing processes, a higher order chemical reaction formulation is also featured. The 

Tiwari-Das model is deployed and a Darcian formulation utilized for porous media drag 

effects. Using appropriate similarity variables, the governing nonlinear coupled partial 

differential conservation equations and associated boundary conditions are reformulated as a 

nonlinear ordinary differential boundary value problem. MATLAB-based shooting quadrature 

with a Runge-Kutta method is deployed to solve the emerging system. Concentration, 

temperature, velocity variations for various non-dimensional flow parameters have been 

visualized and analysed. In addition, key wall characteristics i. e. radial and circumferential 

skin friction, Nusselt number, Sherwood number have also been computed. Validation with 

earlier studies is also included. Copper nanoparticles (Cu) are examined in this study as they 

offer excellent anti-viral properties in biomedical coatings [38-41]. The breakdown of the 

paper is as follows: The mathematical boundary layer swirl hydromagnetic nano-coating 

model with nanoscale properties is developed in section 2. In section 3, the nonlinear equations 

that govern the system are solved numerically with MATLAB bvp4c quadrature and the 

Runge-Kutta shooting method. Validation with earlier studies is included [42]. In section 4, 

extensive graphical illustrations for all thermofluid characteristics are presented in addition to 

tables. Detailed interpretation of all the numerical results is provided. Section 5 lists the 

principal conclusions of the present investigation with some suggested future pathways for 

extending the analysis.  

 

2 MATHEMATICAL MODEL  
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Consider the laminar, incompressible, steady-state swirling magnetohydrodynamic coating 

boundary layer flow of copper-water nanofluid from a rotating vertical cone with a vertex angle 

α, radius r and slant height L as shown in Figure 1. An (x,y,z) coordinate system is adopted. 

The velocity components in these directions are u,v,w, respectively.  

 

Fig. 1 Geometry of cone magnetic nanofluid spin coating process 

The cone is engulfed in a porous medium (filtration regime) saturated with the nanofluid and 

containing a reactive species. The cone spins with a constant rotational velocity, Ω. Relative to 

the ambient conditions, the cone wall temperature and species concentration are taken to be 

higher. An nth order chemical reaction is considered. Dufour and Soret effects are present. The 

imbalance in the temperatures and species concentrations generates thermal and solutal 

buoyancy forces (natural convection). The magnetic Reynolds number is sufficiently small to 

neglect the induced magnetic field in comparison to the applied magnetic field, Bo which acts 

in the circumferential direction (z). Since there is no applied or polarisation voltage imposed 

on the flow field, the electrical field vanishes, and the cone surface is electrically insulated. 

Ohmic and viscous dissipation and Maxwell displacement current effects are neglected. The 

boundary layer equations governing the flow (mass, momentum, energy and species 

conservation) may be presented as follows: 
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The prescribed wall (cone surface) and free stream boundary conditions, take the form: 

 

Here C is the species concentration; Cp-specific heat at constant pressure; Cs-concentration 

susceptibility; Cw - nanoparticle concentration at wall; C∞-nanoparticle concentration in free 

stream; Dm-molecular diffusivity; g-gravitational acceleration; KT -thermal diffusivity ratio; 

kr-chemical reaction rate; K∗ -permeability of porous medium; n-an integer which denotes 

order of the chemical reaction; r-cone radius; T-nanofluid temperature; Tw-nanofluid wall 

temperature; T∞-nanofluid temperature in free stream; Tm-mean fluid temperature; σnf -

nanofluid electrical conductivity. Thermophysical properties of the dilute nanofluid are given 

by [12]:  

 

Here the following notation applies: φ-nanoparticle volume fraction; µnf -nanofluid dynamic 

viscosity; µf -base fluid dynamic viscosity; βnf -nanofluid thermal expansion coefficient; βf -

base fluid thermal expansion coefficient; βs-nanoparticle thermal expansion coefficient; ρf -

base fluid density; ρs-nanoparticle (copper) density; ρnf -nanofluid density; νnf -nanofluid 

kinematic viscosity; νf -base fluid kinematic viscosity; κnf -nanofluid thermal conductivity. The 

equations (1-4) are highly coupled, non-linear partial differential equations. The equation (4) 
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is of order n. To solve these equations efficiently and easily, we convert them into ordinary 

differential equations, using suitable similarity transformation. 

 

Similarity transformations (8) are used to simplify the equations (1-5), thus facilitating the 

solution. Buckingham’s π theorem is applied to deduce similarity transformations (8). Using 

(7) and (8), equations (1-5) become: 

 

The transformed boundary conditions: 

 

Here primes denote derivatives with respect to the normalized coordinate, η; Here: 

   (14) 

Where K-inverse permeability parameter; GrL- thermal Grashof number; ReL-rotational 

Reynolds number; Ri - Richardson number; Du-Dufour number; Sr-Soret number; Tw-cone 

wall temperature; T-free stream temperature; L-cone slant height; Cw-concentration at wall 

(cone surface); N is buoyancy ratio parameter, M-dimensionless magnetic field parameter; 

Cw-cone surface (wall) concentration; γ-dimensionless chemical reaction parameter; Pr-
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Prandtl number; Sc-Schmidt number; a1,a2,a3,a4 and a5 are coefficients based on the Tiwari-

Das volume fraction relations. Local skin friction coefficient in the tangential direction is: 

 

Local skin friction coefficient in circumferential (azimuthal) direction is: 

 

Local Nusselt number (heat transfer rate at the cone surface) is: 

 

Local Sherwood number (mass transfer rate at the cone surface) is: 

 

Thermodynamical properties of Cu and H2O are displayed in Table-1 and extracted from [43].  

Table 1: Thermophysical properties of water and copper nanoparticles 

 

3 METHOD OF SOLUTION AND VALIDATION  

The dimensionless boundary value problem defined by Eqns. (9-12) along with boundary 

conditions (13) is non-linear, coupled and features multi-degree and nth order terms. Analytical 

solutions are intractable. A computational approach is therefore adopted to provide efficient 

solutions quickly. The numerical approach uses MATLAB bvp4c package to calculate the 

solution. This solver implements the exceptionally stable and highly convergent Runge-Kutta 
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method with shooting technique. An overview of the procedure is given in Fig. 2. Further 

details are provided in [44-46] including convergence criteria, stepping distances etc. 

Consider:  f = f(1); f ′ = f(2); f ′′ = f(3); g = f(4); g ′ = f(5); θ = f(6); θ ′ = f(7); ϕ = f(8); ϕ ′ = 

f(9);  

We use these functions to compute the solutions to the differential equations using bvp4c in 

relevance to the boundary conditions. The non-linear differential equations (9-12) are cast as 

1st order equations: 

          (19) 

          (20) 

  (21) 

          (22) 

     (23) 

          (24) 

   (25) 

          (26) 

  (27) 

The shooting technique effectively converts the boundary value problem into an equivalent 

initial value problem. So, we redefine the boundary conditions as follows: 

    (28) 
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Fig 2: MATLAB bvp4c numerical methodology  

The MATLAB bvp4c solver divides the given boundary into mesh points and estimates the 

solution at the divided mesh intervals. To confirm the accuracy of the solutions, benchmarking 

with the earlier results of Verma et. al [42] is performed. Table 2 provides the comparison of 

our results with Verma et. al [42] for the special case wherein Ri = 0; N = 0 (buoyancy effects 

negated); K = 0 (infinite permeability i. e. vanishing solid matrix fibres); Pr = 0.72 (air); Du 

= 0; Sc = 0; γ = 0; Sr = 0; ϕ0 = 0 (mass transfer, Soret/Dufour and nanoparticle effects 

negated). Our results are in good agreement with the existing literature justifying confidence 

in the MATLAB bvp4c code implemented.  

Table 2 Comparison of present results with Verma et. al [42] with Ri = 0; N = 0; K = 0; P r 

= 0.72; Du = 0; Sc = 0; γ = 0; Sr = 0; ϕ0 = 0. 

 

4 RESULTS AND DISCUSSION 

We have obtained extensive numerical solutions for the boundary value problem. Copper (Cu) 

nanoparticles are suspended in H2O with 0.15 (15%) prescribed as the copper metallic 

nanoparticle volume fraction to maximize thermal conductivity enhancement in the coating. 

[42] 
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The impacts of M, K, Ri, Du, Sr, Sc, γ, n on all key boundary layer characteristics i.e. f, g, f′ , 

f′′(0), g′ (0), −θ ′ (0), ϕ′ (0) are presented in Figures 3-26. Furthermore skin friction coefficients 

i.e. f ′′(0), g ′ (0), Nusselt number function, −θ ′ (0) and Sherwood number function,  −ϕ ′ (0) 

with variation in selected parameters i.e. γ, Du, So and n are documented in Tables 3-5 

respectively. In the computations, the default parameter values are: Ri = 1 (equivalence of 

thermal Grashof and rotational Reynolds number); N = 1; M = 2; P r = 6.785; Du = 5; Sc = 

0.6; n = 1; Sr = 5; γ = 1; K = 1. These are representative of actual magnetic nanomaterial spin 

coating processes [10, 31, 33]. Slow rotation of the cone is considered since this achieves 

improved deposition and consistency of coatings [27] and avoids boundary layer separation. A 

major focus of the simulations is to determine the influence of nth order chemical reaction 

impacts on transport characteristics and the collective influence of other thermal, magnetic and 

solutal parameters.  

 

Fig. 3 Tangential velocity variation with magnetic body force parameter, M 
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Fig. 4: Circumferential (azimuthal) velocity variation with magnetic body force parameter, M 
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Fig. 5 Normal velocity variation with magnetic body force parameter, M 

 

Fig. 6 Tangential velocity variation with permeability parameter, K 

 

Fig. 7 Circumferential velocity variation with permeability parameter, K  
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Fig. 8 Normal velocity variation with permeability parameter, K  

 

Fig. 9 Tangential velocity variation with Richardson number, Ri 
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Fig. 10 Circumferential velocity variation with Richardson number, Ri  

 

Fig. 11 Normal velocity variation with Richardson number, Ri 
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Fig. 12 Temperature variation with Dufour number, Du 

 

Fig. 13 Temperature variation with Soret number, Sr 
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Fig. 14 Temperature variation with chemical reaction parameter, γ 

 

Fig. 15 Temperature variation with Schmidt number, Sc 
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Fig. 16 Concentration variation with Dufour number, Du 

 

Fig. 17 Concentration variation with Soret number, Sr 
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Fig. 18 Concentration variation with Schmidt number, Sc 

 

Fig. 19 Concentration variation with chemical reaction parameter, γ 
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Fig. 20 Concentration variation with order of chemical reaction, n 
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Fig. 21 Tangential skin friction coefficient variation with Richardson number Ri and 

magnetic parameter, M 

 

Fig. 22 Circumferential skin friction coefficient variation with Richardson number Ri and 

magnetic parameter, M 
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Fig. 23 Tangential skin friction coefficient variation with permeability parameter K and 

magnetic parameter, M 

 

Fig. 24 Circumferential skin friction coefficient variation with permeability parameter K and 

magnetic parameter, M 
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Fig. 25 Nusselt number variation for with Schmidt number Sc and magnetic parameter, M 

 

Fig. 26 Sherwood number variation with Schmidt number Sc and magnetic parameter, M 
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Figure 3-5 depict the tangential velocity, circumferential velocity and normal velocity profiles 

with increasing magnetic parameter, M. M defines the relative influence of the Lorentz 

magnetic body force and the rotational inertial force in the regime. It is a modification of the 

Stuart magnetic interaction parameter [47]. When M = 1 both forces contribute equally. For M 

> 1 the magnetic drag force dominates the rotational inertial force. Since this force acts in the 

tangential-circumferential plane, these velocity components experience the inhibiting effect i. 

e. both tangential (f’) and circumferential (g) velocities are suppressed. However, the Lorentz 

force does not act in the normal direction (z-axis) since the magnetic field is applied in this 

direction. The destruction in momentum in the tangential and circumferential directions is re-

distributed in the normal direction which manifests in a strong acceleration effect, although the 

flow direction is reversed (negative values of f). For the case M = 0 the magnetic effect is 

negated, and tangential and circumferential velocity magnitudes are maximum. Conversely the 

normal velocity is minimized for the non-magnetic case.  No flow reversal is induced in either 

the tangential, and circumferential flow fields. The tangential flow always peaks at some 

distance from the cone surface exhibiting a parabolic profile. With increasing magnetic field, 

the peak progressively migrates towards the cone surface. The circumferential velocity 

topology is however a classical monotonic decay from the wall (cone surface) into the free 
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stream. A more prominent modification in tangential flow is instigated with stronger magnetic 

field relative to the circumferential (azimuthal) flow. For the normal (axial) flow, a monotonic 

decay is also observed from the cone surface to the freestream, although the topologies are 

inverted compared with the circumferential flow. The profiles consistently converge smoothly 

in the free stream indicating the prescription of an adequately large infinity boundary condition 

in the MATLAB code. The imposition of an external static magnetic field clearly exerts a 

significant impact on velocity distributions. This non-intrusive technique therefore afford 

coating engineers with a powerful mechanism for regulating the flow and in turn manipulating 

boundary layer thickness and coating homogeneity [4, 487].  

Figure 6-8 visualize the evolution in the tangential, circumferential, normal velocities with 

permeability parameter, K. The Darcian linear porous drag components in the tangential and 

circumferential momentum Eqns. (9) and (10) i. e. a1f 
//K and a1g/K, respectively, are inhibiting 

forces. As K increases, both these forces are reduced and this assists in percolation of the 

magnetic nanofluid in the porous medium. Tangential velocity is therefore boosted strongly. A 

weak elevation in circumferential velocity is also computed. Conversely the normal velocity 

component is suppressed since momentum is drained away from the swirling regime in the 

normal direction. Careful manipulation of the actual permeability of the porous medium, K*, 

which is simulated via K, enables successful modification in all three tangential, 

circumferential and normal velocity fields. The boundary layer structure can therefore also be 

adjusted in coating deposition operations in magnetic nanofluids.   

Figs. 9-11 display the impact of Richardson number, Ri, on tangential, circumferential and 

normal velocities. Ri expresses the relative contribution of natural convection to forced 

convection. Usually natural (free) convection becomes negligible when Ri < 0.1, and forced 

convection is negligible when Ri > 10. In the plots shown, Ri is varied from 1 to 4 and therefore 

both free and forced convection are present. Increasing Ri strongly boosts the tangential 

velocity, and the peak magnitude is migrated closer to the cone surface. Thermal buoyancy 

therefore accelerates the tangential flow. However, it has the converse effect on the 

circumferential flow and produces a weak deceleration effect. A much stronger retarding effect 

is generated in the normal flow velocity. Ri features in the coupling term, in the tangential 

momentum eqn. (9), viz, -a3/a2 Ri (). It is absent in the circumferential momentum equation 

(10) and this explains the relatively weak influence on circumferential velocity since the 

influence is indirect, not direct.  
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Figure 12 illustrates the variation in the temperature with Dufour number, Du. It is seen that 

as Du rises, the temperature also rises and thermal boundary layer thickness is accentuated on 

the cone surface. Thermal enhancement is generated by the mass concentration gradient 

associated with the movement of the nanofluid particles. This produces an energy flux in the 

concentration field which is irreversible. Du features in multiple terms in the energy 

conservation (thermal boundary layer) eqn. (11), for example, Du f /Sc , Du   n, fScDu  / 

which all contribute to the modification in energy distribution (thermal diffusion). With greater 

values of Du there is also a morphing in the temperature profile from inverted parabolic 

distributions to essentially a linear decay from the cone surface to the free stream. It is 

important to include this effect in coupled coating transport processes and neglection will lead 

to erroneous computations of temperature distributions.  

Figure 13 illustrates the temperature variation with Sr. The Soret or thermo-diffusion effect is 

the reciprocal phenomenon to the Dufour effect. Both are intimately connected to the molecular 

diffusivity of species. Soret effect produces a thermal gradient which influences the 

concentration field. It features again in several terms, but this time in the species diffusion 

(concentration boundary layer) eqn. (12), viz a5Pr f /Sr , - a4 f 
/Sc, a5Pr f Sr/. As Sr is 

increased this exacerbates molecular diffusion and simultaneously alters the temperature 

distribution, albeit negatively. As Sr rises, the temperature is therefore suppressed, and thermal 

boundary layer thickness is depleted. Profiles transform from a gradual monotonic decay to a 

strongly inverted parabolic profile with higher values of Sr. 

Figure 14 shows the temperature profiles through the boundary layer regime transverse to the 

rotating cone surface with various chemical reaction strength parameter, γ. An increase in 

destructive chemical reaction intensity produces a greater quantity of new species. This 

influences the temperature diffusion via coupling of the concentration eqn. (12) with the 

temperature equation (11) in the term, - a4 n, and furthermore explicitly via the term, Du n, 

appearing in the energy eqn. (11). The profiles are morphed from strongly parabolic to gentle 

monotonic topology with higher values of . Concentration boundary layer thickness is also 

significantly reduced with more intense chemical reaction.  

Figure 15 illustrates the temperature profiles with a variation in Schmidt number, Sc. As Sc 

increases, the molecular (species) diffusivity of the reactive nanoparticles is reduced relative 

to the momentum diffusivity. Sc also expresses the ratio of these two diffusion rates. When Sc 

> 1 momentum diffusion dominates molecular diffusion. However, for Sc < 1 molecular 
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diffusion dominates momentum diffusion. For Sc = 1 both diffusion rates are equivalent as are 

the momentum (hydrodynamic) and species boundary layer thicknesses. The diffusivity 

decreases considerably with increasing molecular weight, while the viscosity increases.  With 

molecular diffusion exceeding momentum diffusion, as shown in Fig. 14, the heat diffusion is 

inhibited since the convection transport is coupled. This influences the temperature field 

adversely and depletes both temperature and thermal boundary layer thickness. In all cases 

maximum temperature arises at the cone surface and minimum temperature is computed away 

from the wall in the free stream (edge of the coating boundary layer). 

Figures 16 and 17 display the impact of Dufour number and Soret number on concentration. 

With augmentation in Du, the species diffusion is opposed in the regime. This reduces the 

concentration magnitudes and decreases nanoparticles species boundary layer thickness. 

Again, there is a sizeable contribution to the modification in temperature distribution due to 

the nonlinear terms, Du f /Sc , Du   n, fScDu  /, in eqn. (11). For low values of Du the 

temperature decay is approximately linear from the wall to the free stream. However, 

increasing curvature is induced in the profiles with greater Du values indicating a nonlinear 

interplay with more intense Dufour effect. Concentration is on the contrary enhanced with 

increasing Soret number, Sr. Temperature gradient (which drives nanoparticles from hotter to 

colder zones) is therefore assistive to the molecular diffusion of nanoparticles whereas 

concentration gradient is inhibitive towards heat diffusion. Concentration boundary layer 

thickness rises under the driving influence of thermal gradient. Again, the primary terms 

contributing to this behaviour are a5Pr f /Sr , - a4 f 
/Sc, a5Pr f Sr/.With regard to coating 

consistency, to optimize thermal, hydrodynamic and species diffusion behavior, Soret and 

Dufour effects can be manipulated via the selection of appropriate nanoparticles and also wall 

temperature conditions to ensure that the deposition rate is high and spatially uniform, and that 

the coating film has the desired physicochemical properties [47].  

Figure 18 reflects the concentration profiles for different Schmidt number, Sc. With a rise in 

Sc, the molecular diffusivity of the nanoparticles is depleted relative to the momentum 

diffusion. Higher Sc implies smaller molecular diffusivity. This curtails the motion of 

nanoparticles within the swirling boundary layer coating regime which manifests in a reduction 

in the concentration (although transport to the cone surface will be boosted). Enhanced 

nanoparticle concentration can therefore be only achieved with lower molecular diffusion rates 

of the nanoparticles [48]. Concentration boundary layer thickness also exhibits a decrement 
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with greater Schmidt number. Linear descents in the concentration profiles are computed at all 

values of Schmidt number.  

Figure 19 and 20 plot the response in nanoparticle concentration profiles with an increment in 

reaction intensity parameter, γ and the order of chemical reaction, n. The nature of the chemical 

reaction as defined in Eqn. (5) is homogenous and destructive. This transforms the original 

nanoparticle species into a new species and therefore the concentration magnitudes of the 

original species are significantly reduced. As  increases the profiles also transition from a 

curved nature to a linear nature and the concentration (solutal) boundary layer thickness is also 

depleted. As the order of the chemical reaction morphs from a linear (n =1), through quadratic 

(n = 2) to cubic (n = 3) and finally quartic (n =4), there is a marked decrease in concentration 

magnitudes. The key term in eqn. (12) is - a4 n, which exerts a tangible effect on 

concentration distribution. A significant depletion in concentration boundary layer thickness 

will also arise. The implication is that for conventional models in the coating literature where 

only first order reactions are studied, concentrations are over-predicted. The significant 

depletion in concentrations with higher order chemical reaction cannot be captured with such 

models and as testified to by the plots, is simulated accurately with n >1. The nature of higher 

order chemical reaction is relevant to other chemical synthesis techniques deployed in 

nanomaterial coating [47].  

Figures 21 and 22 represent the variation in tangential and circumferential skin friction for a 

rise in Richardson number, Ri and magnetic interaction parameter, M. As Ri rises, thermal 

buoyancy force is accentuated, and the tangential flow is accelerated which increases the 

surface skin friction at the cone surface i. e. values become progressively less negative. 

However, the converse effect is induced in the circumferential skin friction which becomes 

more negative with increment in Richardson number. Increasing magnetic body force 

parameter, M, considerably boosts the tangential skin friction (linear ascents are plotted) 

whereas it suppresses strongly the circumferential skin friction (linear decays). M features in 

the Lorentzian body force components, Mf //a2 in eqn (9) and Mg/a2 in eqn. (10). Although 

both forces are linear, they impart a profound influence on the electrically conducting nanofluid 

swirling flow. The former is found to accelerate the tangential flow whereas the latter depletes 

the circumferential flow.  

Figures 23 and 24 display the variation in tangential and circumferential skin friction on the 

rotating cone surface with simultaneous increase in permeability parameter, K, and magnetic 
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parameter, M. As K rises, the tangential Darcy body force (porous medium drag force) is 

modified, and this decelerates the flow. Tangential skin friction is therefore impeded. However, 

the converse pattern is produced in the circumferential skin friction which is found to be 

increased (values are progressively less negative) with greater permeability parameter and this 

is once again attributable to the re-distribution in momentum in the swirling regime. Again, the 

tangential skin friction grows with higher values of magnetic parameter whereas the 

circumferential skin friction is depleted. A combination of magnetic field, permeability and 

Richardson number (thermal buoyancy) can therefore be achieved where desired 

characteristics in either tangential or circumferential (azimuthal) flow fields is required during 

coating deposition.   

Figures 25 and 26 depict the evolution in local Nusselt number (local rate of heat transfer at 

the cone surface) and local Sherwood number (local rate of mass transfer at the wall) with a 

simultaneous increment in Schmidt number, Sc, and magnetic interaction parameter, M. When 

Sc rises, the suppression in molecular diffusivity results in local heat transfer rate being 

considerably accentuated indicating that greater heat flux to the cone surface is achieved from 

the boundary layer regime. The relative influence of thermal convection to thermal conduction 

(which is also expressed by Nusselt number) will also be boosted. Conversely there is a 

decrement in the local mass transfer values with greater Schmidt number.  

Tables 3-5 present the variation in skin friction components i.e. f ′′(0), g ′ (0), Nusselt number, 

−θ ′ (0) and Sherwood number,  −ϕ ′ (0) with a change in γ, Du, Sr and n respectively. For a 

particular value of n, an elevation in chemical reaction rate parameter () reduces both 

tangential and circumferential skin friction values and Nusselt number but increases the 

Sherwood number (Table 3). An increase in the order of chemical reaction (n) consistently 

increases tangential and circumferential skin friction values, Nusselt number and Sherwood 

number. Overall compared to low order chemical reactions (n =1), high order chemical 

reactions (n = 2,3,4) produce considerable elevation in heat and mass transfer rates to the 

revolving cone surface which is beneficial in achieving more consistent coatings during spin 

manufacture operations. Table 4 shows that with increasing Dufour number, both tangential 

and circumferential skin friction are suppressed, as is local Nusselt number whereas the local 

Sherwood number (wall mass transfer rate) is enhanced. Finally with increasing Soret number, 

Table 5 shows that a similar effect is induced in all wall transport characteristics as with 

increasing Dufour number, at any value of the order of chemical reaction, n. 
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5. CONCLUSIONS 

Inspired by emerging technologies in rotating magnetic nanofluid coatings, a theoretical and 

computational study of chemically reactive Cu−H2O magnetohydrodynamic (MHD) nanofluid 

swirl coating boundary layer flow, heat and mass transfer from a revolving vertical electrically 

insulated cone adjacent to a porous medium under a radial static magnetic field, has been 

presented. Dufour and Soret cross diffusion effects and thermal and solutal buoyancy forces 

have been included. To simulate chemical reaction of the diffusing species encountered in 

manufacturing processes, a higher order chemical reaction formulation is also featured. Via 

suitable scaling transformations, the governing nonlinear coupled partial differential 

conservation equations and associated boundary conditions have been transformed to a 

nonlinear ordinary differential boundary value problem. MATLAB-based shooting quadrature 

with a Runge-Kutta method has been employed to solve the emerging system. Verification of 

the accuracy of the MATLAB solutions has been achieved with existing literature. The present 

analysis has shown that: 

(i) Compared to low order chemical reactions, high order chemical reactions achieve 

greater rates of heat and mass transfer at the cone surface.  

(ii) Tangential velocity and circumferential velocity are reduced with increment in 

magnetic parameter whereas normal velocity is enhanced. 

(iii) Tangential velocity and circumferential velocity are enhanced with greater values of 

permeability parameter whereas normal velocity is depleted. 

(iv) Tangential velocity is boosted with Richardson number (thermal buoyancy effect) 

whereas both circumferential velocity and normal velocity are decreased. 

(v) Temperature and thermal boundary layer thickness are enhanced with increment in 

Dufour (diffuso-thermal) number and chemical reaction rate parameter whereas they 

are reduced with increasing Soret (thermo-diffusion) and Schmidt numbers.  

(vi) Increasing Soret number elevates the concentration magnitudes (and species boundary 

layer thickness) whereas the opposite trend is observed with increasing Dufour 

number, chemical reaction rate parameter and Schmidt number. 

(vii) A rise in chemical reaction rate enhances the local Sherwood number whereas it 

suppresses the local Nusselt number and both tangential and circumferential skin 

friction components at the cone surface.  

(viii) An increment in Dufour number and Soret number elevates local Sherwood number 

but depletes the local Nusselt number and both skin friction components.  
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The present simulations have identified some intriguing phenomena in spin coating with 

copper-water magnetic nanofluids. Attention has however been confined to Newtonian 

behaviour. Future studies may explore rheological behaviour [44] with a range of models and 

also address wall slip effects [49] and alternative magnetic nanoparticles e. g. silver, zinc [46] 

etc. These will be communicated imminently.  
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